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Î ñìåøàííûõ çàäà÷àõ äëÿ âîëíîâîãî óðàâíåíèÿ, ñîäåð-

æàùèõ â ãðàíè÷íûõ óñëîâèÿõ ïðîèçâîäíûå ïî âðåìåíè

Ð.Ò. Çóëüôóãàðîâà

Àííîòàöèÿ. Â ðàáîòå äëÿ âîëíîâîãî óðàâíåíèÿ ðàññìîòðåíû äâå ñìåøàííûå çàäà÷è, íà îä-

íîì èç êîòîðûõ â êðàåâûõ óñëîâèÿõ ñîäåðæàòñÿ ïðîèçâîäíûå ïî âðåìåíè òðåòüåãî ïîðÿäêà,

à íà âòîðîì - ïðîèçâîäíûå âòîðîãî ïîðÿäêà. Íàéäåíû ÿâíûå ïðåäñòàâëåíèÿ ýòèõ çàäà÷, âû-

ðàæåííûõ â âèäå ïîëíîãî èíòåãðàëüíîãî âû÷åòà îò ðåøåíèé ñîîòâåòñòâóþùèõ ñïåêòðàëüíûõ

çàäà÷ è çàäà÷ Êîøè.
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Ðàññìîòðèì ñëåäóþùóþ ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=

∂2u

∂x2
, (1)

u(0, t) +
∂3u

∂t3
= 0, uxx(0, t)− uxx(1, t) = 0, (2)

u|t=0 = φ0(x),
∂u

∂t

∣∣∣∣
t=0

= ϕ1(x). (3)

Ê ðåøåíèþ ñìåøàííîé çàäà÷è (1)-(3) óäàåòñÿ ïðèìåíèòü âû÷åòíûé ìåòîä [1]. Ïî
îáùåé ñõåìå âû÷åòíîãî ìåòîäà ðàññìàòðèâàåìîé ñìåøàííîé çàäà÷å ñîïîñòàâëÿåòñÿ
ñíà÷àëà äâå çàäà÷è ñ êîìïëåêñíûì ïàðàìåòðîì λ:

1. Ñïåêòðàëüíàÿ çàäà÷à íàõîæäåíèÿ ðåøåíèÿ óðàâíåíèÿ

d2y

dx2
− λ2y = λΦ0(x) + Φ1(x) (4)

ïðè ãðàíè÷íûõ óñëîâèÿõ
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L1(y) = y(0) + λy′′(0) = Φ′′
0(0),

L2(y) = y′′(0)− y′′(1) = 0;
(5)

2. Çàäà÷à Êîøè íàõîæäåíèÿ ðåøåíèÿ óðàâíåíèÿ

∂2z

∂t2
− λ2z = 0, t ∈ [0, T ] , (6)

ïðè íà÷àëüíûõ óñëîâèÿõ

∂2z

∂tk

∣∣∣∣
5=0

= Φk(x), k = 0, 1, 0 < x < 1. (7)

Äëÿ âñåõ λ òàêèõ, ÷òî ∆(λ) ̸= 0 (âûðàæåíèå äëÿ ∆(λ) çàïèñàíî íèæå) çàäà÷à
(4),(5) èìååò åäèíñòâåííîå ðåøåíèå y(x, λ), îïðåäåëÿåìîå ôîðìóëîé

y(x, λ) = y1(x, λ) + y2(x, λ), (8)

ãäå y1(x, λ) è y2(x, λ), ñîîòâåòñòâåííî, ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùèõ çàäà÷:

d2y1
dx2

− λ2y1 = 0, (9)

y1(0) + λy′′1(0) = Φ′′
0(0),

y′′1(0)− y′′1(1) = 0;

}
(10)

d2y2
dx2

− λ2y2 = λΦ0(x) + Φ1(x), (11)

y2(0) + λy′′2(0) = 0,
y′′2(0)− y′′2(1) = 0,

}
(12)

à

∆(λ) =

∣∣∣∣ 1 + λ3 1 + λ3

λ2 − λ2eλ λ2 − λ2e−λ

∣∣∣∣ = λ2
(
λ3 + 1

) [
eλ − e−λ

]
.

Îáùåå ðåøåíèå óðàâíåíèÿ (9) ïðåäñòàâëÿåòñÿ â âèäå

y1 = c1e
λx + c2e

−λx. (13)

Ó÷èòûâàÿ êðàåâûå óñëîâèÿ (10), íàõîäèì, ÷òî

c1 =

[
1− e−λ

]
∆λ

λ2Φ′′
0(0), c2 =

[
1− eλ

]
∆λ

λ2Φ′′
0(0) (14)

è äëÿ y1(x, λ) èìååì
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y1(x, λ) =
2Φ′′

0(0) [shλ(1− x) + shλx]λ2

(∆λ)
. (15)

Ðàññìàòðèâàÿ (11),(12), êàê êðàåâóþ çàäà÷ó äëÿ íåîäíîðîäíîãî óðàâíåíèÿ ñ îäíîðîä-
íûìè êðàåâûìè óñëîâèÿìè, ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé íàõîäèì ñëåäóþùåå
ïðåäñòàâëåíèå äëÿ ðåøåíèé y(x, λ):

y(x, λ) =
2λ2Φ′′

0(0) [shλ(1− x) + shλx]

∆(λ)
+

∫ 1

0

∆(x, ξ, λ)

∆(λ)
[λΦ0(ξ) + Φ1(ξ)] dξ, (16)

ãäå ∆(x, ξ, λ) =

∣∣∣∣∣∣∣∣
g(x, ξ, λ) eλx e−λx

L1(g)x
... · · ·

L2(g)x
... ∆(λ)

∣∣∣∣∣∣∣∣ ,
g(x, ξ, λ) = ±1

2

[
e−λ(x−ξ) − eλ(x−ξ)

]
·
(
− 1

2λ

)
, (17)

L1(g)x = g(0, ξ, λ) + λg′′(0, ξ, λ) = 1
4λ

[
eλξ − e−λξ

]
+ λ2

4

[
eλξ − e−λξ

]
=

= 1
2λshλξ +

λ2

2 shλξ,

L2(g)x = g′′(0, ξ, λ)− g′′(1, ξ, λ) = λ
4

[
eλξ − e−λξ

]
+ λ

4

[
e−λ(1−ξ) − eλ(1−ξ)

]
=

= λ
2 shλξ −

λ
2 shλ(1− ξ),

∆(x, ξ, λ) = g(x, ξ, λ)∆(λ)−
[

1
2λshλξ +

λ2

4 shλξ
] [

2λ2shλx+ 2λ2shλ(1− x)
]
+

+
[
λ
2 shλξ −

λ
2 shλ(1− ξ)

] [
2shλx+ 2λ3shλx)

]
= g (x, ξ, λ)∆(λ)−

−λ2
[
1
λshλξ + λ2shλξ)

]
[shλx+ shλ(1− x)] + λ [shλξ − shλ(1− ξ)]

[
shλx+ λ3shλx

]
,

∆(x,ξ,λ)
∆(λ) =

−shλξ(λ3+1)[shλx+shλ(1−x)]·λ+λ[shλξ−shλ(1−ξ)](1+λ3)shλx
λ2(1+λ3)(eλ−e−λ)

=

= −shλξ[shλx+shλ(1−x)]+[shλξ−shλ(1−ξ)]shλx
λ(eλ−e−λ)

.
(18)

Êîðíÿìè óðàâíåíèÿ eλ − e−λ = 0 ÿâëÿþòñÿ λk = kπi; k = 0, 1, 2, · · · , è îíè áóäóò
ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è.

Ñîãëàñíî ðàáîòå [1] ðåøåíèå ñìåøàííîé çàäà÷è (1)-(3) ïðåäñòàâëÿåòñÿ â âèäå ïîë-
íîãî èíòåãðàëüíîãî âû÷åòà

u(x, t) = − 1

2π
√
−1

∑
V

∫
CV

λdλ

∫ 1

0

∆(x, ξ, λ)

∆(λ)
z(t, λ, ξ)dξ, (19)

ãäå z(t, λ, ξ) - ðåøåíèå çàäà÷è Êîøè (6), (7) è ÿâíûé âèä ýòîãî ðåøåíèÿ áóäåò:
z(t, λ, ξ) = Φ0(ξ)chλt +

1
λΦ1(ξ)shλt, à CV -äîñòàòî÷íî ìàëûå êðóãè ñ öåíòðîì â ñîá-

ñòâåííûõ çíà÷åíèÿõ.
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Çàïèøåì

u(x, t) = u1(x, t) + u2(x, t) + u3(x, t)

è ïðåäïîëîæèì, ÷òî Φi(x) = Φi, i = 0, 1, ïîñòîÿííûå. Òîãäà

u1(x, t) =

=
∑∞

k=−∞
∫ 1
0

[
−2i sin kπξ[2i sin kπx+2i sin kπ(1−x)]

2·(−1)k
+ [2i sin kπξ−2i sin kπ(1−ξ)]i sin kπx

2·(−1)k

]
×

×Φ0 cos kπtdξ,

∫ 1

0
sin kπξdξ = − 1

kπ

[
(−1)k − 1

]
,

∫ 1

0
sin kπ(1− ξ)dξ =

1

kπ

[
1− (−1)k

]
è

u1(x, t) =

= −
∑∞

k=−∞
∫ 1
0

{
−[(−1)k−1][sin kπx+sin kπ(1−x)]+[1−(−1)k+(−1)k−1] sin kπx

2kπ·(−1)k

}
· Φ0×

× cos kπt = −
∑+∞

k=−∞
−[(−1)k−1][sin kπx−(−1)k sinπx]

2kπ(−1)k
· Φ0 · cos kπt =

= −
∑+∞

k=−∞
[(−1)k−1]

2
sin kπx

kπ · Φ0 · cos kπt.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì äëÿ u2(x, t) èìååì:

u2(x, t) =

= −
∑∞

k=−∞

{
−[(−1)k−1][sin kπx+sin kπ(1−x)]+[1−(−1)k+(−1)k−1] sin kπx

2kπ·(−1)k

}
· Φ1
kπ sin kπt =

=
∑∞

k=1

−[(−1)k−1][sin kπx−(−1)k sinπx]
2kπ(−1)k

· Φ0 · cos kπt =

= −
∑+∞

k=−∞
−2[(−1)k−1] sin kπx

(kπ)2
· Φ1 · sin kπx · sin kπt.

À äëÿ u3(x, t) èìååì:

u3(x, t) =

= − 1
2π

√
−1

∫
CV

λdλ
∫ 1
0

2λ2Φ′′
0 (0)[shλ(1−x)+shλx]

∆λ · z(t, λ, ξ)dξ = 0,

ïîñêîëüêó

2λ2Φ′′
0 (0)[shλ(1−x)+shλx]

∆(λ) =

=
Φ′′

0 (0)e
−λ(1−x)[1−e−λ]

(λ3+1)[1−e−2λ]
+

Φ′′
0 (0)e

−λx[e−λ−1]
(λ3+1)[1−e−2λ]

= O
(

1
λ3

)
,

è äëÿ ýòîãî âûðàæåíèÿ ôîðìóëà ðàçëîæåíèÿ [2, 3] ðàâíà íóëþ. Â ðåçóëüòàòå, ïîëó-
÷àåòñÿ ÿâíîå ïðåäñòàâëåíèå ðåøåíèÿ
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u(x, t) =
∞∑
k=1

−2
[
(−1)k − 1

]
kπ

·
[
Φ0 cos kπt+

1

kπ
Φ1 sin kπt

]
sin kπx. (20)

Òåïåðü äëÿ óðàâíåíèÿ (1) ðàññìîòðèì ñëåäóþùèå íà÷àëüíûå êðàåâûå óñëîâèÿ:

u|t=0 = αx,
∂u

∂t

∣∣∣∣
t=0

= 0, u|x=0 = 0,
∂2u

∂t2

∣∣∣∣
x=1

+
∂u

∂x

∣∣∣∣
x=1

= 0.

Òîãäà ïîäîáíûå çàäà÷à Êîøè è ñïåêòðàëüíàÿ çàäà÷à áóäóò:

d2z

dt2
− λ2z = 0, z|t=0 = αx,

dz

dt

∣∣∣∣
t=0

= 0;

d2y

dx2
− λ2y = λαx,

y(0) = 0,
d2y(x)

dx2

∣∣∣∣
x=1

+ y′(1) = 0.

Â ýòîì ñëó÷àå,

∆(λ) =

∣∣∣∣ 1 1
λ2eλ + λeλ λ2e−λ − λe−λ

∣∣∣∣ = λ2e−λ − λe−λ − λ2eλ − λeλ =

= λ
[
(λ− 1)e−λ − (λ+ 1)eλ

]
= −2λ [shλ− chλ] ,

λ2eλ∆(λ) =

[
−
(
1 +

1

λ

)
e2λ +

(
1− 1

λ

)]
∼=

[
−e−2λ + 1

]
.

Äîñòàòî÷íî äàëåêèå íóëè ïðè Reλ ≤ 0 áóäóò λi = kπi; k = 0,±1,±2, · · · .
Ïðè áîëüøèõ λ,

∣∣λ2eλ∆(λ)
∣∣ ≥ 1:

g(x, ξ, λ) = ±1

2

(
e−λ(x−ξ) − eλ(x−ξ)

)
·
(
− 1

2λ

)
,

L1(g)x =
1

2λ
shλξ, L2(g)x =

1

2
chλ(1− ξ) +

λ

2
shλ(1− ξ),

∆(x, ξ, λ) =

±1
2

(
e−λ(x−ξ)− eλ(x−ξ)

)
· 1
(−2λ)∆(λ)−

− shλξ
2λ

[
λ2e−λ(1−x) − λe−λ(1−x) − λ2e−λ(1−x) − λeλ(1−x)

]
+

+
[
1
2chλ(1− ξ) + λ

2 sh(1− ξ)
] [

eλx − e−λx
]
,

G(x, ξ, λ) =
∆(x, ξ, λ)

∆(λ)
=

=
shλξ [λshλ(1− x) + chλ(1− x)] + [chλ(1− ξ) + λshλ(1− x)]

λ [(λ− 1)e−λ − (λ+ 1)eλ]
· shλx.
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Äëÿ ðåøåíèÿ çàäà÷è Êîøè èìååì

z(x, t, λ) = αxchλt.

Îêîí÷àòåëüíî äëÿ u(x, t) ïîëó÷àåì:

u(x, t) =

= − 1
2π

√
−1

∑
V

∫
CV

λdλ
∫ 1
0 G(x, ξ, λ)z(t, λ, ξ)dξ =

= −
∑∞

V=−∞
∫ 1
0

shλV ξ[λV shλV (1−x)+chλV (1−x)]+[chλV (1−ξ)+λV shλV (1−ξ)]shλV x
−2[2shλV +λV chλV ] × αx chλV tdξ

= −
∑1

V=−∞
∫ 1
0

{
shλV ξ[λV shλV (1−x)+chλV (1−x)]+[chλV (1−ξ)+λV shλV (1−ξ)]shλV x

−2[2shλV +λV chλV ]

}
×

×αx chλV tdξ −
∑∞

V=1

∫ 1
0

{
shλV ξ[λV shλV (1−x)+chλV (1−x)]+[chλV (1−ξ)+λV shλV (1−ξ)]shλV x

−2[2shλV +λV chλV ]

}
×

×αx chλV tdξ,

ãäå λV ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ λshλ− chλ = 0.
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