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On the elementary solutions for one operator-differential

equation of the second order
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Abstract. Sufficient conditions of the completeness of decreasing elementary solutions for one
class elliptic type operator-differential equations of the second order, considered on the semi-axis
with an operator in the boundary condition, are obtained in this paper.
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Let H be a separable Hilbert space, A be a self-adjoint positive-defined operator in H,
i.e. A = A∗ ≥ cE, c > 0, E be an identity operator. We denote by Hγ , γ ≥ 0, a scale
of Hilbert spaces, generated by the operator A, i.e. Hγ = D (Aγ), (x, y)γ = (Aγx, Aγy),
x, y ∈ D (Aγ).

We suppose

L2 (R+;H) =

{

u (t) : ‖u‖2L2(R+;H) =

∫ +∞

0
‖u (t)‖2H dt < +∞

}

,

W 2
2 (R+;H) =

{

u (t) : ‖u‖2W 2
2
(R+;H) =

∫ +∞

0

(

∥

∥u′′ (t)
∥

∥

2

H
+
∥

∥A2u (t)
∥

∥

2

H

)

dt < +∞

}

(see [1, ch. 1]), where R+ = (0,+∞). Here and further the derivatives are understood in
sense of distributions theory.

Let L(X,Y ) be a set of the linear bounded operators, acting from Hilbert space X to
another Hilbert space Y ; σ∞(H) is an ideal of absolutely continuous operators in L(H,H);
σp(H) is Shatten-von Neumann ideal (see [2, ch. 3]); σ(·) is the spectrum of the operator
(·).

We consider the polynomial operator pencil of the second order in H:

P (λ) = − (λE − ω1A) (λE − ω2A) + λBA, (1)
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and connect with it the operator-differential equation

P (d/dt) u (t) = 0, t ∈ R+, (2)

with the boundary condition at zero

u(0) − Tu′(0) = ϕ, (3)

where

ω1 < 0, ω2 > 0, A = A∗ ≥ cE, c > 0,

B ∈ L(H,H), T ∈ L(H1/2,H3/2),

ϕ ∈ H3/2, u (t) ∈W 2
2 (R+;H) .

We suppose

W 2
2,T (R+;H) =

{

u (t) : u (t) ∈W 2
2 (R+;H) , u(0) = Tu′(0)

}

.

From the theorem on traces [1, ch. 1] and from the condition T ∈ L(H1/2,H3/2) it follows
that W 2

2,T (R+;H) is the closed subspace of the space W 2
2 (R+;H).

Definition. If the vector-function u (t) ∈W 2
2 (R+;H) satisfies the equation (2) almost

everywhere in R+, and the boundary condition (3) is satisfied in sense of

lim
t→0

∥

∥u (t)− Tu′ (t)− ϕ
∥

∥

H3/2
= 0,

then u(t) is called the regular solution of the boundary value problem (2), (3).

The conditions, for which the boundary value problem (2), (3) has unique regular
solution, are shown in the paper [3]. Namely, the following theorem is true.

Theorem 1. Let 1
ω1

/∈ σ(C), C = A3/2TA−1/2 and ‖B‖ < N−1
T . Then the boundary

value problem (2), (3) has the unique regular solution for any ϕ ∈ H3/2. Here

NT = (ω2 − ω1)
−1,

if Q(ξ) ≥ 0 and

NT = (ω2 − ω1)
−1

(

1−

∣

∣

∣

∣

inf
‖ξ‖=1

Q(ξ)

(ω2 − ω1)(1 + |ω1ω2| ‖Cξ‖
2

∣

∣

∣

∣

2
)−1/2

,

if inf
‖ξ‖=1

Q(ξ) < 0, where

Q(ξ) = 4 |ω1ω2|Re(Cξ, ξ) + (ω1 + ω2)
(

1− |ω1ω2| ‖Cξ‖
2
)

, ‖ξ‖ = 1.

In the present paper the theorem on the completeness of decreasing elementary solu-
tions of the equation (2) with the boundary condition (3) is proved in the space of all
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regular solutions of the boundary value problem (2), (3) with A−1 ∈ σp(H). We use the
research methods of the paper [4] here.

We note that if A−1 ∈ σp(H) and ‖B‖ < N−1
T , then the operator pencil (1) has only

discrete spectrum with unique limit point at infinity.

Let λn, n = 1, 2, ..., be the eigenvalues of the operator pencil (1) from the left semi-plane
and e0,n, e1,n, ..., em,n be the eigen and adjoint vectors, corresponding to the eigenvalues
λn, i.e.

P (λn)e0,n = 0 (e0,n 6= 0),

P (λn)e1,n +
P ′(λn)

1!
e0,n = 0,

P (λn)ek,n +
P ′(λn)

1!
ek−1,n +

P ′′(λn)

2!
ek−2,n = 0, k = 2, 3, ...,m.

Then obviously, the vector-functions

uh,n (t) = eλn t

(

th

h!
e0,n +

th−1

(h− 1)!
e1,n + ...+ eh,n

)

, h = 0, 1, ...,m,

belong to the space W 2
2 (R+;H) and satisfy the equation (2). They are called the elemen-

tary solutions of the equation (2). Obviously, the elementary solutions uh,n (t) satisfy the
following boundary conditions:

u0,n(0)− Tu′0,n(0) = e0,n − λnTe0,n ≡ ψ0,n, (4)

uh,n(0)− Tu′h,n(0) = eh,n − λnTeh−1,n ≡ ψh,n, h = 1, 2, ...,m. (5)

The system {ψh,n}
∞
n=1 is called the derivative chain of the eigen and adjoint vectors of the

operator pencil (1), corresponding to the boundary value problem (2), (3).

The following theorem takes place.
Theorem 2. Let 1

ω1
/∈ σ(C), C = A3/2TA−1/2, ‖B‖ < N−1

T , where the number NT is

defined in the theorem 1, and one of the following conditions:

1) A−1 ∈ σp(H)(0 < p ≤ 1);

2) A−1 ∈ σp(H)(0 < p <∞), B ∈ σ∞ (H)

is satisfied. Then the system of elementary solutions of the boundary value problem (2),
(3) is complete in the space of all its regular solutions.

Proof. First we denote by W2 (P ) the set of all regular solutions of the boundary
value problem (2), (3). From the theorems on intermediate derivatives and on traces [1,
ch. 1] it follows that W2 (P ) is the closed subspace of the space W 2

2 (R+;H).

Let u(t) ∈ W2 (P ). Obviously, u(t) ∈ W 2
2 (R+;H) and u (0) − Tu′(0) = ϕ ∈ H3/2.

Thus, if the conditions of the theorem are satisfied, i.e. 1
ω1

/∈ σ(C), C = A3/2TA−1/2,

‖B‖ < N−1
T , then according to the theorem 1 u(t) will be the regular solution of the

boundary value problem (2), (3).
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From the theorem on traces [1, ch. 1] and from the uniqueness of the solution of the
boundary value problem (2), (3) we obtain the following inequalities:

c1 ‖ϕ‖H3/2
≤ ‖u‖W 3

2
(R+;H) ≤ c2 ‖ϕ‖H3/2

. (6)

The completeness of the system {ψh,n}
∞
n=1 in the space H3/2 has been determined

in the paper [3] for satisfying all conditions of the theorem. As the system is complete
{ψh,n}

∞
n=1 in H3/2, then for given ε > 0 there exist a number N and the numbers cNh,n such

that
∥

∥

∥

∥

∥

ϕ−
N
∑

n=1

∑

h

cNh,nψh,n

∥

∥

∥

∥

∥

H3/2

< ε. (7)

Taking into consideration the equalities (3), (4), (5) in (6), and from the inequality (7)
we obtain

∥

∥

∥

∥

∥

u (t)−

N
∑

n=1

∑

h

cNh,nuh,n (t)

∥

∥

∥

∥

∥

W 2
2
(R+;H)

< c2ε.

It means that the system of elementary solutions is complete in W2 (P ). Theorem is
proved.

We note that the problem of the completeness of elementary solutions for the boundary
value problem (2), (3) for ω1 = −1, ω2 = 1 has been investigated in the paper [4].

References

[1] J. L. Lions, E. Magenes, Non-homogeneous boundary value problems and applications,
Dunod, Paris, 1968; Mir, Moscow, 1971; Springer-Verlag, Berlin, 1972.

[2] I. C. Gohberg, M. G. Krein, Introduction to the theory of linear nonselfadjoint oper-

ators in Hilbert space, Nauka, Moscow, 1965; American Mathematical Society, Prov-
idence, R. I., 1969; Dunod, Paris, 1971.

[3] Kh. V. Jafarova, On the completeness of the derivative chain corresponding to the
boundary-value problem for one class operator-differential equations of the second
order, Journal of Contemporary Applied Mathematics, 2013, vol. 3, no. 2, pp. 62-67.

[4] M. G. Gasymov, S. S. Mirzoev, Solvability of boundary value problems for second-
order operator-differential equations of elliptic type, Differentsial’nye Uravneniya,
1992, vol. 28, no. 4, pp. 651-661. (in Russian) (English Transl.: Differential Equations,
1992, vol. 28, no. 4, pp. 528-536.)

Kh. V. Jafarova
Baku Higher Oil School, Azerbaijan

E-mail: xanum.ceferova@socar.az, khjafarova@mail.ru

Received 10 June 2015
Accepted 15 July 2015


