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Theorems on Carlitz’s twisted ¢-Euler polynomials under

S5
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Abstract. In this paper, we consider Carlitz’s twisted g-Euler polynomials and present some new
symmetric identities for Carlitz’s twisted ¢-Euler polynomials using the fermionic p-adic invariant
integral on Z, under symmetric group of degree five.
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1. Introduction

The Euler polynomials FE, () are defined by means of the Taylor expansion about
t=0:

[e.e]

t" 2 ‘.

ZE”(CE)E = mem with (|t] < 7). (1)
n=0

When = = 0, we have E,(0) := E,, that are known as Euler numbers (see, e.g., [3], [5], [6],

7, [8], [9).

Let Z be the set of the all integers, C be the set of all complex numbers and p be
chosen as a fixed odd prime number. Throughout this paper, the symbols Z,, Q, Q, and
C, shall denote topological closure of Z, the field of rational numbers, topological closure
of Q and the field of p-adic completion of an algebraic closure of QQ,, respectively.

For d an odd positive number with (d,p) = 1, let

X=X, = li%nZ/deZ and X1 = 7,
and

t—i—deZp:{$€X|xzt(m0dde)}

where t € Z lies in 0 < t < dp”. See, for more details, [1,2, 4-9].
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The normalized absolute value according to the theory of p-adic analysis is given by
|p|p = p~!. The notation ¢ can be considered as an indeterminate, a complex number

1
q € C with |¢| < 1, or a p-adic number ¢ € C,, with |q — 1\p < p 71 and ¢* = exp (zlogq)
for |zf, < 1.

For fixed x, let us introduce the following notation

2], = =2 2)

which is known as g-number of = (or g-analogue of x), see [1-11]. Notice that as ¢ — 1,
the notation [z], reduce to the z.

For
feUD(Zy) ={f|f:Z, — C, is uniformly differentiable function },
Kim [5] defined the p-adic invariant integral on Z,, as follows:
Jm 1) =0 = [ F@dna ) = i Siwey

By Eq. (3), we have

n—1
Ia(fa) = ()" Ta(f)+2> (=)™ " f(k)
k=0

where f,,(z) implies f(x + n). For more details, take a look at the references [1], [2], [4],
[51, [6], [7], [8], [9].

Let
T,=J G = lim Cpr,
N>1
where C)n = {w L = 1} is the cyclic group of order p”¥. For w € T),, we show by

¢w : Z, — Cp the locally constant function z — w®. For ¢ € C, with |1 — q]p <1
and w € T), the Carlitz’s twisted g-Euler polynomials are defined by the following p-adic
invariant integral on Z, in [9], with respect to p_1:

Enguol) = /Z W oty dua () (n>0). (4)

If we let © = 0 into the Eq. (4), we then get &, 4., (0) := &, 4.0 called as n-th Carlitz’s
twisted g-Euler numbers.
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Notice that when w = 1 and ¢ — 1 in the Eq. (4), we observe that

En (@) = En() i= /Z (@ +y)"dp1 ().

Recently, symmetric identities of some special polynomials, such as ¢-Genocchi polyno-
mials of higher order under third Dihedral group D3 in [1], g-Frobenious-Euler polynomials
under symmetric group of degree five in [2], weighted g-Genocchi polynomials under the
symmetric group of degree four in [4], Carlitz’s ¢-Euler polynomials invariant under the
symmetric group of degree five in [6], have been studied extensively.

In the next section, we give some new symmetric identities for Carlitz’s twisted g-Euler
polynomials associated with the fermionic p-adic invariant integral on Z, symmetric group
of degree five denoted by Ss.

2. Results on &, () under S

Let w € T}, and w; are odd natural numbers where i € {1,2,3,4,5}. By the Eqgs. (3)
and (4), we acquire

/ W1 W2W3 Wy (5)
Zp

W1 W2W3W4Y+HW] W2W3WAW5T+HWsWAW2 W3 T+ WsWwaw1 w3 J+wswawi wek+wswzwiwses] t
xel ltdp_y(y)  (6)
pN-1
= lim Y (—1)Ywrrerearay (7)
N—oo
y=0

% e[wl W W3W4Y+W] W2 W3W4 W5 L+HW5W4W2W3T+WsWAW] W3 J+wswawi wak+wswawi wa s}qt

ws—1 pN—l

— lim E : E :<_1)l+yww1w2w3w4(l+wsy)
=0 y=0
X6[w1w2w3w4(l+w5y)+w1w2w3w4w5x+w5w4w2wgi+w5w4w1w3j+w5w4w1w2k+w5w3w1wgs]qt

Taking

w1—1we—1wz—1wg—1

Z E E Z (_1)i+j+k+8ww5w4w2w3i+w5w4w1w3j+w5w4w1wzk—i—wswgwlwgs

i=0 j=0 k=0 s=0
on the both sides of Eq. (6) gives

w1 —1we—1ws—1wg—1

i+j+k4+s, wswiwawsi+wswiwi wsj+wswawi wrk+wswzwi wa s
> > >yttt ®)

x / W1 W2wIWay
Zp
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Xe[w1w2w3w4y+w1w2w3w4w5x+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1wgs]qtdu 1( )

wi1—1 wo— 1w3 1wya— 1w571p

= ]\}1—I>noo Z Z Z Z Z Z 1)iHithtsty+l

i=0 j=0 k=0 s=0 [=0 y=0

W W1 W2wswa (IH+wsy) +wswawrwsi+wswaw w3 j+wswawi wek+wswswi we s

% e[11)1 W2wW3 W4 (l+w5y) F w1 w2 w3w4wsT+WsWaW2W3i+WsW4AW1 W3 JH+Wwswawi w2 k+wswzwi wa s]qt

Observe that the equation (8) is invariant for any permutation o € S5. Therefore, we
obtain the following theorem.

Theorem 2.1. Let w € T}, and w; are odd natural numbers where i € {1,2,3,4,5}. Then
the following

wa(l)—lwa(g)—lwo(g)—lwou)—l

X > ) Ly

i=0 j=0 k=0  s=0
Xwwa(5)wa(4)wo‘(2)wa(?))i+wo(5)wo'(4)wa(l)wU(S)j+wo(5)wo’(4)wo'(1)w0(2)k+wa(5)wa(3)wo(1)wa(2)s

x/ W (1) Wo(2)Wo (3)Wo () (1o (5)Y)
z

P
X exp ([wa(l)wa(Z)wa(3)wa(4)y + Wy (1) We (2) Wer (3) Wo (4) Wo (5) L F W (5) We(4) Wo (2) We (3)%
HWe (5)Wer (4) Wor (1) Wer(3)] F Wor(5)Wo (1) Wor (1) Wo(2) K + W (5)Wo(3) Wo(1) Wa(2) Slgt) dpi—1(y)

holds true for any o € Ss.
By using Eq. (2), we obtain the following equality:
[w1w2w3w4y + W1WaW3W4WET + w5w4w2w3i + w5w4w1w3j + w5w4w1w2k + w5w3w1w25]q

(9)

= [w1w2w3w4] [y “+ wsx + 71 + — + 7]{: + fS .
2 W4 qW1W2w3wy

By virtue of Egs. (6) and (9), we derive

/ WP W2WIWaY
ZP

e[w1w2w3w4y+w1wgw3w4w5x+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1wgs}qtdu 1( ) (10)
00
= [wiwowswy]]
n=0
n mn
% / W1 W2w3way [y + wsx + 72 + _° + 7]{ + _° dﬂ—l(?/) —
Lp w4 qU1waw3wwy n:
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= ws . | Ws ws \ £
n .
= § [wlw2w3w4]q gn,qw1w2w3w47ww1wQW3w4 W5 T + UTZ + wf " k‘ + — 4 —.
1 2 3

On account of Eq. (10), we have

/ W1W2w3way (11)
Z

P

X [w1w2w3w4y + W1 WW3WAWET + WsW4W2w3t + Wywawiw3j+

Fwswiwiwak + wswswiwas]y du—1(y)

— [w1w2w3w4]g gn’qw1w2w3w4’ww1w2w3w4 <’U)5.’E + 71 + 7] + w73k —+ w—4 ) , (n > O) .

Herewith, from Theorem 2.1 and Eq. (11), we have the following theorem.

Theorem 2.2. Let w € T, and w; are odd natural numbers where i € {1,2,3,4,5}. The
following expression

W (1)~ 1 we(2)—1 Wy 3y =1 wy(4)—1

[wo(l)wa(2)wa(3)wo(4) Z Z Z Z 1)itithts
; =

Vo (5)Wa(4) Yo (2)Wo(3) l+wg(5)wg(4) We (1) wa<3)3+wa(5) Wo(4) W (1) Wo(2) KT e (5) W (3) Yo (1) Yo (2) S

X W
Weo(5) . Weo(5) . a(5) a(5)
XE o (1)We(2) W (3)War(4) 40 (1) o (2) Yo (3) Yo (4) <w 5L + 1+ 7+ k+
i " TN o) we)” | Wez) | Woa)
holds true for any o € Ss.
We observe that
/ w"r sy [y + wsz + 71 —l— —J+ fk + ] dp—1(y) (12)
Zp W4 | quiwawzwy
n—m
[ws], . . .
= Z _— [wowswai + wiwswaj + wiwawek + W1WQ1U3S]qw5
[wiwewzwa],
X q (w5w4w2w32+wrw4w1w3]+w5w4w1w2k+w5w3w1w25)
/ RSy [y + w5x}7q?171)1w2w3w4 du—l(y)
n—m
[U)5]q . . n—m
= Z — 4 [wowswyi + wiwzwyj + wiwowek + w1w2w38]qw5
[w1wawzwy]

m=
m(w5w4w2w31+w5w4w1 w3 jtwswawi wek+wswswi was) (
X q 5m7q101u12w3“i47ww1“)2wzw4 w533) .
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In view of the Eq. (12), we acquire
w1—1was—1ws—1wyg—1
[w1w2w3w4]2 Z Z Z Z (_1)i+j+k+sww5w4w2w3i+w5w4w1w3j+w5w4w1w2k:+w5w3w1wgs
(13)

w5, Ws. Ws Ws
X / w RSy s + —i+ —j + —k+ —s
7 w1 w w3

] dp—1(y)
P 2 W4 qP1w2w3wWy

w1—1wo—1

n
n —
= E <m> [w1w2w3w4]zn [w5]g m 1m,qP1W2W3 W4 qpW1 W2W3 WY (w5x) E E
m=0 =0 75=0
w3z—1wg—1
§ : § :(_1)i+j+k+sww5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w23
k=0 s=0

> qm(w5w4w2w3i+w5w4w1 w3jtwswiwi wek+wswswiwas)

X [wowswai + wiwzwyj + wiwowek + wlwgwgs]gqfsm
n
o n m n—m
= m [w1w2w3w4]q [w5]q gmqu1w2w3w4 ,WW1W2w3we (’ll)5l‘) Un,q“’S ;w5 (wla w2, W3, W4 | m)a
m=0

where

Un,q,w (wla w2, W3, Wyq | m) (14)

w1—1we—1wz—1wg—1

— § : § : § : § :(_1)i+j+k+sww2w3w4i+w1w3w4j+w1w2w4k+w1w2w35

i=0 j=0 k=0 s=0

« qm(w2w3w4i+w1w3w4j+w1 wawgk+wiwawss) [

Wow3w4i + wiw3wsj + wiwowsk + wlwgwgs]g_m

As a result of the Eq. (13), we conclude the following theorem.

Theorem 2.3. Let w € T}, and w; are odd natural numbers where i € {1,2,3,4,5}. For
n > 0, the following

m=0

XE, 4o (1) Po(2)Po(3) Va(4) 4 o (1) o(2) o(3) o (4) (wa(s)x)

U q"05) 1" (W (1), W (2); Wo(3), Wa(4) | )

holds true for some o € Ss.
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