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äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

íà ïîëóîñè

Êàëåìêóø Ó.Î.

Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû óñëîâèÿ íà êîýôôèöèåíòû îïåðàòîðíî-äèôôåðåíöèàëüíîãî

óðàâíåíèÿ â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå, êîòîðûå îáåñïå÷èâàþò êîððåêòíóþ

ðàçðåøèìîñòü îäíîãî êëàññà êðàåâûõ çàäà÷ íà ïîëóîñè.
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íåíèå, ãðàíè÷íàÿ çàäà÷à, ðåãóëÿðíîå ðåøåíèå.

Ðàññìîòðèì â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H íà÷àëüíî êðàåâóþ çà-
äà÷ó

u(4) (t) + g (t)A4u (t) +
4∑

j=0

A4−ju
(j) (t) = f (t) , t ∈ (0,∞) , (1)

u (0) = u′′ (0) = 0, (2)

ãäå f (t) , u (t) ôóíêöèè îïðåäåëåííûå â èíòåðâàëå R+ = (0,∞) ïî÷òè âñþäó ñî çíà÷å-
íèÿìè â H, ïðîèçâîäíûå ïîíèìàþòñÿ â ñìûñëå òåîðèè ðàñïðåäåëåíèé, à îïåðàòîðíûå
êîýôôèöèåíòû óäîâëåòâîðÿþò óñëîâèÿì

1) A−ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð â H ñ îáëàñòüþ
îïðåäåëåíèÿ D (A);

2) Ñêàëÿðíàÿ ôóíêöèÿ g (t) îïðåäåëåíà íà èíòåðâàëå R+ = (0,∞) ïî÷òè âñþäó,
èçìåðèìà, îãðàíè÷åíà, ïðè÷åì 0 < α ≤ g (t) ≤ β < ∞;

3) Îïåðàòîðû Bj = AjA
−j

(
j = 0, 4

)
îãðàíè÷åíû â H.

Îòìåòèì, ÷òî ïðè âûïîëíåíèå óñëîâèå 1) îáëàñòü îïðåäåëåíèÿ îïåðàòîðà Aγ , ò.å.
D (Aγ) ïðåâðàùàåòñÿ â ãèëüáåðòîâî ïðîñòðàíñòâî Hγ îòíîñèòåëüíî ñêàëÿðíîãî ïðîèç-
âåäåíèÿ (x, y)γ = (Aγx,Aγy) , x, y ∈ D (Aγ) , γ ≥ 0. Ïðè γ = 0 ñ÷èòàåì, ÷òî H0 = H.

Ïóñòü L2 (R+;H) åñòü ãèëüáåðòîâî ïðîñòðàíñòâî âñåõ ôóíêöèé f (t) îïðåäåëåííûå
â R+ = (0,∞) ïî÷òè âñþäó, ñî çíà÷åíèÿìè â H, èçìåðèìûõ è êâàäðàòè÷íî èíòåãðè-
ðóåìûõ ïî Áîõíåðó ôóíêöèé ñ íîðìîé
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∥f∥L2(R+;H) =

(∫ 1

0
∥f (t)∥2 dt

)1/2

< ∞.

Äàëåå, ñëåäóÿ ìîíîãðàôèþ [1] îïðåäåëèì ãèëüáåðòîâî ïðîñòðàíñòâî

W 4
2 (R+;H) =

{
u : u(4) ∈ L2 (R+;H) , A4u ∈ L2 (R+;H)

}
ñ íîðìîé

∥u∥W 4
2 (R+;H) =

(∥∥∥u(4)∥∥∥2
L2(R+;H)

+
∥∥A4u

∥∥2
L2(R+;H)

)1/2

.

Î÷åâèäíî, ÷òî ëèíåéíîå ìíîæåñòâî [1]

◦
W 4

2 (R+;H) =
{
u : u ∈ W 4

2 (R+;H) , u (0) = u′′ (0) = 0
}

åñòü ïîëíîå ãèëüáåðòîâî ïðîñòðàíñòâî.

Îïðåäåëåíèå 0.1. Åñëè ïðè ëþáîì f (t) ∈ L2 (R+;H) ñóùåñòâóåò ôóíêöèÿ u (t) ∈
W 4

2 (R+;H) óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1) ïî÷òè âñþäó â R+ = (0,∞), ãðàíè÷íûì
óñëîâèÿì (2) â ñìûñëå ñõîäèìîñòè

lim
t→+0

∥u (t)∥7/2 = 0, lim
t→+0

∥∥u′′ (t)∥∥
3/2

= 0,

è èìååò ìåñòî îöåíêà

∥u∥W 4
2 (R+;H) ≤ const ∥f∥L2(R+;H) ,

òî çàäà÷à (1),(2) íàçûâàåòñÿ ðåãóëÿðíî ðàçðåøèì.

Â äàííîé ðàáîòå ìû íàéäåì óñëîâèÿ íà êîýôôèöèåíòû óðàâíåíèÿ (1), êîòîðûå
îáåñïå÷èâàþò ðåãóëÿðíî ðàçðåøèìîñòè çàäà÷è (1) , (2).

Îòìåòèì, ÷òî ïðè g (t) = 1 çàäà÷à èññëåäîâàíà â ðàáîòå [2]. Êîãäà g (t) ïðèíèìàåò
äâóì çíà÷åíèÿì, ò.å. g (t) = α, ïðè 0 ≤ t < t0 è g (t) = β, t > t0 çàäà÷à èññëåäîâàíà â
ðàáîòàõ [3, 4].

Â äàííîé ðàáîòå îò ôóíêöèè g (t) òðåáóåòñÿ òîëüêî îãðàíè÷åííîñòü è ïîëîæèòåëü-
íîñòü. Â ðàáîòå [5] èññëåäîâàíà äðóãàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1).

Îáîçíà÷èì ÷åðåç

P0u = P0 (d/dt)u (t) , = u(4) (t) + g (t)A4u (t) , u ∈
◦

W 4
2 (R+;H) ,

P1u = P1 (d/dt)u (t) , =
4∑

j=0

A4−ju (t) , u ∈
◦

W 4
2 (R+;H) .

Ñïåðâà äîêàæåì ñëåäóþùóþ òåîðåìó.
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Òåîðåìà 0.1. Îïåðàòîð P0 èçîìîðôíî îòîáðàæàåò ïðîñòðàíñòâî
◦

W 4
2 (R+;H) íà

L2 (R+;H).

Äîêàçàòåëüñòâî. Ðàññìîòðèì â ïðîñòðàíñòâå L2 (R+;H) îïåðàòîð L0 ïîðîæ-
äåííûé , îïåðàòîðíî-äèôôåðåíöèàëüíîì âûðàæåíèåì P0 (d/dt)u (t) , = u(4) (t) +

g (t)A4u (t) ñ îáëàñòüþ îïðåäåëåíèÿ
◦

W 4
2 (R+;H) ⊂ L2 (R+;H). Î÷åâèäíî, ÷òî îïåðà-

òîð L0 åñòü ñàìîñîïðÿæåííûé îïåðàòîð â L2 (R+;H). Ñ äðóãîé ñòîðîíû íåðàâåíñòâà

(L0u, u)L2(R+;H) =

∫ ∞

0

(
u(4) + g (t)A4u, u

)
dt =

=

∫ ∞

0

∥∥u′′ (t)∥∥2 dt+ ∫ ∞

0
g (t)

∥∥A2u
∥∥2 dt ≥ αµ4

0 ∥u∥
2
L2(R+;H) , (3)

ïîêàçûâàåò, ÷òî L0 åñòü ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð.
Çäåñü µ0 åñòü íèæíàÿ ãðàíè÷à ñïåêòðà îïåðàòîðà A. Òîãäà óðàâíåíèå L0u = f èìååò

ðåøåíèå u ∈
◦

W 4
2 (R+;H) ïðè ëþáîì f ∈ L2 (R+;H). Ñëåäîâàòåëüíî óðàâíåíèå P0u = f

èìååò ðåøåíèå ïðè ëþáîì f ∈ L2 (R+;H) . Ñ äðóãîé ñòîðîíû óðàâíåíèå P0u = 0 èìååò
åäèíñòâåííîå íóëåâîå ðåãóëÿðíîå ðåøåíèå (ñì. íåðàâåíñòâó (3)). Òàê êàê

∥P0u∥L2(R+;H) ≤ const ∥u∥W 4
2 (R+;H) ,

òî óòâåðæäåíèå òåîðåìû ñëåäóåò èç òåîðåìû Áàíàõà îá îáðàòíîì îïåðàòîðå.

Òåïåðü îöåíèì íîðìû îïåðàòîðîâ ïðîìåæóòî÷íûõ ïðîèçâîäíûõ.

Òåîðåìà 0.2. Ïðè âñåõ u ∈
◦

W 4
2 (R+;H) èìååò ìåñòà íåðàâåíñòâà∥∥∥A4−ju(j)

∥∥∥
L2(R+;H)

≤ cj (α, β) ∥P0u∥L2(R+;H) , j = 0, 4, (4)

ãäå c0 (α, β) = α−1, c1 (α, β) = 2−1/2α−3/4, c2 (α, β) = 2−1α−1/2, c3 (α, β) =
2−1/2α−1/2β1/4, c4 (α, β) = α−1/2β1/2.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ïðè u ∈
◦

W 4
2 (R+;H)∥∥∥g−1/2P0u

∥∥∥2
L2(R+;H)

=
∥∥∥g−1/2u(4) + g1/2A4u

∥∥∥2
L2(R+;H)

=
∥∥∥g−1/2u(4)

∥∥∥2+
+
∥∥∥g1/2A4u

∥∥∥2
L2(R+;H)

+ 2Re
(
u(4), A4u

)
L2(R+;H)

.

Ñ ïîìîùüþ èíòåãðèðîâàíèåì ïî ÷àñòÿì èìååì(
u(4), A4u

)
L2(R+;H)

= 2
(
A2u′′, A2u′′

)
L2(R+;H)

= 2
∥∥A2u

∥∥2
L2(R+;H)

.

Òàêèì îáðàçîì
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∥∥∥g−1/2P0u
∥∥∥
L2(R+;H)

=
∥∥∥g−1/2u(4)

∥∥∥2
L2(R+;H)

+ 2
∥∥A2u′′

∥∥2
L2(R+;H)

+
∥∥∥g−1/2A4u

∥∥∥2
L2(R+;H)

.

Ñ äðóãîé ñòîðîíû∥∥A2u′′
∥∥2
L2(R+;H)

=

∫ ∞

0

(
A2u′′ (t) , A2u′′ (t)

)
dt =

∫ ∞

0

(
A4u (t) , u(4) (t)

)
dt =

=

∫ ∞

0

(
g1/2 (t)A4u (t) , g−1/2 (t)u(4) (t)

)
dt ≤

∥∥∥g1/2A4u
∥∥∥2
L2(R+;H)

∥∥∥g−1/2u(4)
∥∥∥2
L2(R+;H)

≤

≤ 1

2

(∥∥∥g−1/2u4
∥∥∥2
L2(R+;H)

+
∥∥∥g1/2A4u

∥∥∥2
L2(R+;H)

)
. (5)

Ó÷èòûâàÿ çäåñü íåðàâåíñòâî (5), ïîëó÷àåì

∥∥A2u′′
∥∥2
L2(R+;H)

≤ 1

2

(∥∥∥g−1/2P0u
∥∥∥2
L2(R+;H)

− 2
∥∥A2u′′

∥∥2
L2(R+;H)

)
,

ò.å. ∥∥A2u′′
∥∥2
L2(R+;H)

≤ 1

4

∥∥∥g−1/2P0u
∥∥∥2
L2(R+;H)

≤ 1

4α
∥P0u∥2L2(R+;H) .

Ñëåäîâàòåëüíî ∥∥A2u′′
∥∥
L2(R+;H)

≤ 1

2
α−1/2 ∥P0u∥L2(R+;H) ,

ò.å. íåðàâåíñòâî (4) âåðíî ïðè j = 2. Ñ äðóãîé ñòîðîíû èç ðàâåíñòâà (5) ñëåäóåò, ÷òî∥∥∥u(4)∥∥∥
L2(R+;H)

≤ β1/2
∥∥∥g−1/2u(4)

∥∥∥
L2(R+;H)

≤

≤ β1/2
∥∥∥g−1/2P0u

∥∥∥
L2(R+;H)

≤ α−1/2β1/2 ∥P0u∥L2(R+;H) ,

ò.å. íåðàâåíñòâî (4) âåðíî è ïðè j = 4. Àíàëîãè÷íî èìååì∥∥A4u
∥∥
L2(R+;H)

≤ α−1/2
∥∥∥g1/2A4u

∥∥∥
L2(R+;H)

≤

≤ α−1/2
∥∥∥g−1/2P0u

∥∥∥
L2(R+;H)

≤ α−1/2 ∥P0u∥L2(R+;H) .

Ò.å. ïîëó÷èëè âåðíîñòü íåðàâåíñòâà (4) ïðè j = 0. Òåïåðü ðàññìîòðèì ñëó÷àé j = 1 è
j = 3.

Òàê êàê ïðè u ∈
◦

W 4
2 (R+;H) èìååò ìåñòî ñëåäóþùèå íåðàâåíñòâà

∥∥A3u′
∥∥2
L2(R+;H)

=

∫ ∞

0

(
A3u′ (t) , A3u′ (t)

)
dt =
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= −
(
A4u (t) , A3u′′ (t)

)
L2(R+;H)

≤
∥∥A4u

∥∥
L2(R+;H)

∥∥A2u′′
∥∥
L2(R+;H)

.

Èñïîëüçóÿ äîêàçàííûå íåðàâåíñòâà (4) ïðè j = 0 è j = 2 èìååì∥∥A3u′
∥∥2
L2(R+;H)

≤ α−3/2 1

2
∥P0u∥2L2(R+;H) ,

ò.å. ∥∥A3u′
∥∥
L2(R+;H)

≤ 2−1/2α−3/4 ∥P0u∥L2(R+;H) .

Àíàëîãè÷íî èìååì∥∥Au′′′∥∥2
L2(R+;H)

≤
∥∥∥u(4)∥∥∥

L2(R+;H)

∥∥A2u′′
∥∥
L2(R+;H)

≤

≤ β1/2α−1/2 ∥P0u∥L2(R+;H) 2
−1α−1/2 ∥P0u∥L2(R+;H) =

= 2−1β1/2α−1 ∥P0u∥2L2(R+;H) .

Òîãäà ïîëó÷àåì, ÷òî∥∥Au′′′∥∥
L2(R+;H)

≤ 2−1/2β1/4α−1/2 ∥P0u∥L2(R+;H) .

Òåîðåìà äîêàçàíà.

Òåïåðü äîêàæåì îñíîâíóþ òåîðåìó.

Òåîðåìà 0.3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1)-3) è èìååò ìåñòî íåðàâåíñòâî

q (α, β) =
4∑

j=0

cj (α, β) ∥B4−j∥ < 1,

ãäå ÷èñëà cj (α, β) îïðåäåëåíû èç Òåîðåìû 0.2. Òîãäà çàäà÷à (1), (2) ðåãóëÿðíî ðàçðå-

øèìî.

Äîêàçàòåëüñòâî. Îïðåäåëèì â ïðîñòðàíñòâå
◦

W 4
2 (R+;H) îïåðàòîð

Pu = P0u+ P1u

ãäå

P0u = u(4) +A4u, P1u =
4∑

j=0

A4−ju
(j),

◦
u ∈ W 4

2 (R+;H) .

Òîãäà çàäà÷à (1), (2) ìîæíî çàïèñàòü â âèäå

P0u+ P1u = f.
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Òàê, êàê ïî Òåîðåìå 0.1, P0 åñòü èçîìîðôèçì ìåæäó ïðîñòðàíñòâàìè
◦

W 4
2 (R+;H) è

L2 (R+;H), òî ïîñëå çàìåíû P0u = ω ïîëó÷àåì óðàâíåíèþ
(
E + P1P

−1
)
ω = f . Òàê

êàê ïðè ëþáîì ω ∈ L2 (R+;H) ñ ó÷åòàì Òåîðåìó 0.2 ïîëó÷àåì:

∥∥P1P
−1
0 ω

∥∥
L2(R+;H)

= ∥P1u∥L2(R+;H) ≤
4∑

j=0

∥B4−j∥
∥∥∥A4−ju(j)

∥∥∥ ≤

 4∑
j=0

cj (α, β) ∥B4−j∥

 ∥P0u∥L2(R+;H) = q (α, β) ∥ω∥L2(R+;H) .

Òàê êàê q (α, β) < 1, òî E + P1P
−1
0 îáðàòèì â L2 (R+;H). Ïîýòîìó

u = P−1
0

(
E + P1P

−1
0

)−1
f

è

∥u∥W 4
2 (R+;H) ≤ const ∥f∥L2(R+;H) .

Òåîðåìà äîêàçàíà.
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