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Formula for Second Regularized Trace of the Sturm-
Liouville Equation with Spectral Parameter Dependent
Boundary Condition

Hajar F. Movsumova

Abstract. In this paper we consider the problem generated by Sturm-Liouville operator equa-
tion with spectral parameter-A dependent boundary condition. The asymptotic formula for this
problem is obtained by B.A.Aliyev and the formula for the first regularized trace is calculated
by N.M.Aslanova. The main goal of this paper is to derive a formula for the second regularized
trace of that operator. In section 2 was given the problem statement. In section 3 were noted
the auxiliary facts which we have used. Finally in section 4 was derived formula for the second
regularized trace of this problem. For this at first was proved that the series formed the trace
formula is absolutely convergent.

Key Words and Phrases: Hilbert space, regularized trace, trace class operator

2010 Mathematics Subject Classifications: 34B05, 34G20, 341.20, 34105, 47A05, 47A10

1. Introduction

A formula for the regularized trace was first obtained by I.M.Gelfand and B.M.Levitan
[1] for Sturm-Liouville differential operators. After this work many papers were devoted
to study of regularized traces various differential operators. A common tool for the study
of partial differential equations, integro- differential equations and infinite systems of ordi-
nary differential-operators is the theory of operator-differential equations with unbounded
operator-coefficient. The one of the main tasks in this theory is to determine the be-
havior of the eigenvalues and calculation of traces of the associated differential opera-
tors. A formula for the first regularized trace of the Sturm-Liouville operator with un-
bounded operator-coefficient was first calculated by F.Q. Maksudov, M.Bayramoglu and
A.A Adigozelov [2].Higher order regularized traces investigated for example, in [3-7]. The
trace formulas for differential operators with unbounded operator coefficient are obtained
in the works [2],[5-15].

In the paper [16],we considered the following spectral problem

—y"(t) + Ay(t) + q(t)y(t) = My(t)
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y'(0) = 0,ay(1) + by'(1) = A(ey(1) — dy'(1))

in the Hilbert space Lo (H, (0, 1)) . The self-adjointness and symmetry of the operator
associated with this problem were established .The asymptotic formula for the eigenvalues
of this problem was derived. Trace formula for the special case of this problem was
calculated in [9] .

In the present paper we consider an operator which different from operators in [6,7] by
boundary condition only. The main goal of this paper is to calculate the second regularized
trace of that operator. The asymptotic formula for this problem is obtained in [17] and
the formula for the first regularized trace is calculated in [18].

2. Problem statement

Assume Ly = Lo (H, (0, 1)) H ( H is a separable Hilbert space). Let’s denote
the scalar product by (+,-) and the norm by || - || in the space H .The space of the vector
functions y(t) for which fo lly(t)|[?dt < oo is denoted by Lo (H, (0, 1)) . The class of
compact operators in separable Hilbert space H , whose singular values form a convergent
series is denoted by o1 (H) and is called a trace class (see [19, p.88]).

Consider the following boundary value problem

Lyl = —y"(t) + Ay(t) + q(t)y(t) = My(t) (2.1)
y(0) =0 (2.2)
y(1) = =2/ (1) (2.3)

in the Hilbert space Lo (H, (0, 1)) ,where A = A* > E ( E is an identity operator in H)
with a compact inverse. For each t ¢ (t) is a selfadjoint operator-valued function in the
space H . Assume operator-valued function ¢ (t) is weakly measurable. Suppose that the
following conditions hold:

1) There exist fourth order weak derivatives on [0, 1] denoted by ¢'*) (¢) which is from

o1 (H) .For each t € [0, 1] Hq(k) t HUI(H) (k =0,4) are bounded. Also Aq™®) (t) € oy (H)

and HAq(k) (t)Hal(H) < const for k=0, 1, 2
2) Let Q(l) q(0)=q¢(1)=0;

fo f)dt =0 is true for each f € H.

In case q( ) = 0 one can associate with problem (2.1)-(2.3) in space Ly the operator
Lo defined as

D(Lo) ={Y : Y = {y(t), ;21 }/ — y"(t) + Ay(t) € Lo(H, (0,1)),

y(0) =0, y1 = —y'(1)}, (2.4)
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LoY = {—y"(t) + Ay(t), y(1)}. (2.5)

Denote the operator corresponding to the case ¢(t) # 0 by L = Ly + Q. Here Q :
Qly (), =y (1)} ={q )y (t), 0}. The scalar product in Ly defined as

1
Y, Z)1, = /O (1), 2(t)dt + (1, 21) (2.6)

where Y = {y(t), y1}, Z ={z(t), 21}, y(t), z(t) € L2 (H, (0, 1)), y1, 21 € H.
Obviousles, the operators Ly and L have a discrete spectrum.Let the eigenvalues of
these operators be 1 < uo < ... and A\; < Ay < ..., respectively.

3. Auxiliary facts

Let the eigenvalues and eigen-vectors of operator A be v; <2 < ... and 1, p9,...,
respectively.

Denote the resolvent of the operator L2 by RS. Obviousles , R} € oy (H) (It follows
from the asymptotics of uy ).Suppose that the operator Ay is a self-adjoint and positive
discrete operator in separable Hilbert space H. {\,} be its eigen-values arranged in
ascending order. Assume B is a perturbation operator and the eigenvalues of Ay + B
is denoted by {un} . Also, suppose that Ay Le o (H) . For operators Ag and B the
following theorem is true (see [20 ,p.133]) .

Theorem 3.1. Let D (Ag) C D (B). Assume that there exist a number 6 € [0; 1) such
that BA66 is continuable to bounded operator and some number w € [0; 1), w+0 < 1, such

that Aa(ké*w) s a trace class operator. Then there exist subsequence of natural numbers
{nm}o_, and sequence of closed contours I'y, € C such that for N > %

m (3 R GOV ¢
Jim Zl(ﬂj—/\j)Jrﬁ g ;TW(BRO (A)7dr | =0
Jj= m k=

where Ry (\) is a resolvent of Ay.

Note that the conditions of the above theorem are satisfied for L3 and L?. That
is, if we take Ay = L%, B = LoQ + QLo + Q% (L> = Ay+ B) and § = 1, provided
LOQLS]L and BAa1 are bounded . For w € [0;1), w < & — 252 we will have that

2 4o
A(;(l*é*w) = L(;Q(l*é*w) is a trace class operator. Thus by statement of Theorem 3.1 for

N > - we have (see [6,p.637])

li - AQ 2 1 al (_1)k_1
Jim (3208 )+ g [ S

n=1 m k=1

xtr [(Lo@ + QLo + Q) Ro(V)]" dA) = 0. (3.1)



36 H. F. Movsumova

4. Second regularized trace of L

Nom 1
: 2 _ 2 2
77}1_1}(1)() (E </\n [Tt /0 trq” (t) dt) +

k—1
i [ S (Lo + QLo+ @) Ry (A)]kd)\> (4.1)

is called the second regularized trace of the operator L . Denote it by > 7, ()\512) — ,ug) .
In this paper we will show later that, its value is independent of the choice of the subse-
quence {n,,}.

By virtue of lemma 3 in [20, p.132] the number of eigenvalues of L and L? inside the
contour I';, is the same for great m values and equals to n,,.

From (3.1),we get
(2 o o
n”}ljgo E </\n — s = /0 trq” (t) dt) +

n=1

2m /F

= lim —i/ tr[(LoQ + QLo + Q%) Ro ()\)]d)\—imj/ltqu (t)dt (4.2)
m—oo \ 2w Jp 2 J : :

tr [(LoQ + QLo + Q) Ry ()\)]]€ d)\> _

m k=2

Let 41, 12, ... be the eigenvectors of the operator Lo . The operator LoQL, Lis
bounded and (LOQ + QLo + QQ) Rg is trace class operator . Eigenvectors of the operator
Ly form a basis in the space Lo. From (4.2) follows that (see [6,pp.638])

—% / tr[(LoQ + QLo + Q%) Ro (\)] dA =
Tom
2mi /Z (Lo@ + QLo + Q%) Ro( )%%) =

T 2mi Z / ((LoQ + QLo + Q%) Ro(N)thntn) ,, dX =

Nm

> ([LoQ + QLo + QXtbnthn) ;- (4.3)

n=1
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In [18 , p.29 ] the orthonormal eigenvectors of the operator L is obtained and are of
the form:

4l‘k n
= : sin (xgpt , Lh n,COS T . 4.4
¥n \/ka,n — sin 2xy, + 423 | cos? xp {sin (@) Pk Thn b P} (44)

Here x}, 5, are the roots of the following equation

sinz+(z2+’Yk;)zcosz:O,z:\//\—Vk. (4.5)

Note that in [17 ,p.12] this problem is studied and the following asymptotic formula for
the eigenvalues of Ly is obtained:

1\ 2
Akon ~ Y + 72 (n— 5) ,n=1,00.
Thus we get
Nm,
> ([LoQ + QLo + Q. thn)
n=1
B in: 4xy, n(x%n +7k

= 12xkn—sm2xkn+4xkn6052xkn

1
/S (Tr,nt)(q(t)or, o) dt+
0

1

m 42k .
+>° ST i / sin? (2 nt) () pr, pr)dt.  (4.6)
n=1 )

— 8in 2w, + 43, cos?

We can prove the following lemma about the above series.
Lemma 4.1. Provided that hold the conditions 1,2 and vy ~ gk®,0 < g < 00,2 <
a < oo, then

1
22 2%k p fo COos (ka,nt) fr(t)dt n
k.n % 22y, — sin 2z, + 4%‘%771 cos? Ty p

22|
k=1n=1
>
k=1n=

where fi, (t) = (g ( ) Oy Pk) 5 gk (t) = (q2 (t) ox, <Pk) :

Proof. For simplicity, denote the sums on the left of (4.7) by di, d2 according to their
order. Integrating by parts at first twice, then four times and using the condition 2, we
get

< 00. (4.7

4$knf0 sin? (xk'n )gk( )dt - /1 (t)dt
— sin kam + 4CL‘k n cos? Tkn 0 I

1 1 1
/ cos 2z ptfi (1) dt = —72/ cos 2z ,tfiy (t) dt. (4.8)
0 0

(2.1‘]{7”
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1
1
/0 cos 2z pt fi, (1) dt = — I ¥ (1) sin 2z,
k,n
" 1 1 ! (Iv)
—(274 cos 2z ntfr (1) |o + W/ cos 2xp ptfy (1) dt. (4.9)
Tk,n Lk.n 0

Take into consideration

2%, 1 1
; - =1+0(— 4.10
2Tp, — sin 2app, + 42} cos® T, 1 — n + < > (4.10)

A

and by using (4.9) , asymptotics zp, = ™ + § + O (#) (see [17 ,p.13]) ,property
1Aq" ()|, () < const and (4.8) ,we have

1
2k Yk Jo €08 2wkt i (1) di
2gp — SN 22y, + 4}, cOS? Ty

(”O( No(s) [ 1swla=

ZZO <n2> / |(Aq" (t) ¢k, )| dt < const (4.11)

k=1n=1

Since Hq(k) (t)HUl(H) < const (k =2,3,4) , in virtue of asymptotics zj, , and (4.9), we get

>y

k=1n=1
=55 (1+0(3)) | b ol +
/‘f(lv ‘ ]<oo (4.12)

Above we have used sin 2xy, ,, ~ n—cg,, n — 00.
From (4.11) and (4.12) we have that d; is convergent.

Therefore

1
23:2’“ Jo o8 2zt f (t) dt
2Tpy — sin 2wy, + 42, cos? xpp

‘ /l/ D_'_ (2xk

1
4xk,n f SiH2 (xk,nt) gk

o o0 1
>y o [t
2% p —s1n2xkn+4xk COS* Tk p

0
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>

n=1

1 1
2$k,n fO gk (t) dt _ 2$k,n fO COS (ka,nt) gk (t) dt
2Tpy — SN 22, +4x)  cOS2 Xy 2Xp, — Sin 20y, + 42} cos? ap,

—/Olgk(t)dt‘ =

<1+O<%>)/Olgk(t)dt— (14—0(%))/Olcos2xk7ntgk(t)dt—/olgk(t)dt‘

< g}g} (1 +0 <%>> /01 |08 224t g (t)|dt+§:§:0 <%> /01 lgi (£)] dt.

k=1n=1

00
k=1

The last equality in virtue of (4.8) and properties g; (t) € o1 (H), g}, (t) € o1 (H) follows
that series denoted by dy converges.
The lemma is proved . O

By using lemma 4.1, prove the following theorem.
Theorem 4.1 Let LalQLO be bounded operator in Lo and vy ~ gk®g > 0, o > 2.
Provided operator-valued function q(t) satisfies conditions 1-3, then the formula

o 2
S (W - ) = _trq4<0> _ trAq(0) - tr Ag(1)

n=1

trq” (0) —trq" (1)
8

(4.13)
is true.

Proof. From Lemma 4.1 and relations (4.2) and (4.3) ,we get

Nom 1
. 2 _ 2 2
ﬂ%;mw < g <)\n T4 /0 trq” (t) dt> +

n=1
N k—1
+L’ /F Z %tr [(LOQ + QLo+ QQ) Ry (/\)]k d)\> =

B i i (:L‘2 ) 42y 1, fol (1 — cos 2zy ,t) fr (t) dt
ki Tk 2T, — sin 2z, + 423 cos? .,

0o 00 1 1—cos 2z ,t 1
4.2;‘]€7 —_— gk(t)dt
303 e e [t -
2xpp — SN 2wy, + 4Ty, COS® Ty 0
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- i i (x2 I ’Yk:) Az fol cos 2z nt fi; (t) dt
- k,n

k=1n=1 2z, — sin 2xy, , + 41:%7” cos? T p

0o ©o 1
n Z Z [ 21‘k,n fo (1 — COs ka,nt) Ik (t) dt _ /01 gk (t) dt] . (4.14)

== 22) 5, — sin 2z, + 43:%7” cos? Tp p,

At first we derive a formula for the following sum

_ g 3 2 o -
o 2%k, — sin 2z, + 4xk’n COS* Ti.m

N 2x
= lim : hn —1]. (4.15)
N—voo &= | 22p, — Sin 2T + 4z}, , cos? Ty p

For this we will investigate the asymptotics behavior of the following function at N —
00

N a n=1 ka,n — sin ka,n + 413% n cos? Tkon ’

Express the k—th term of sum Sy (t) as a residue at the pole xy,,, of some function of
complex variable z:

z

(% + 22 4 ) 2% cos? 2

P(z) = (4.16)

P (z) has simple poles at the points @, (n + 3)7 and z = 0.
Find the residue at the point xy, ,,:

Tk.n
res P(z)= = . =
=T, xin cos? Ty p, (—f + 22+ %)Z:xk .

ka,n

 2mp, —sin 2wy, + 42 cos? x|

We have ;
res P(z)= res =
z=(n+i)m (2) z=(n+i)m (% + 22 4+ ) 22 cos? z

z
= res =

=(ntd)m (322 4 (22 4 k) cos 2) 2% cos 2

7Tn—|—§

= 1.

sin(mn+7)
Tm+4

(mn + %)2 (—sin(rn + %))
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For the contour of integration let take the rectangle with vertices at the points
+iB, Ay + iB, .Then this contour bypass the origin on the right hand side of imag-
inary axis. B will go to infinity and take Ay = w/N. In this case for Ay we get
TN < AN < T, N41-

Obviously, the function P (z) is an odd function of z. That is why the integral along
the contour on imaginary axis is equal to zero.

Let be z = x 4 dy. Then for x > 0 and for large y the function P (z) is of order

(eQ‘T‘;‘t;l) . In this case for the given value of Ay the integrals along lower and upper

sides of the contour also vanish when B — oo.
Therefore ,we have the following

1 An—+iB 1
Sy (t) = — i P(z)d — i P (z2)dz. 4.17
N (®) 27 Byeo An—iB (2)dz + 2mi 0 |z| =r () dz ( )
—5<p<3
As N = oo
1 An+iB 1 An+ico d
270 B=oo J 4y —iB 270 J Ay —ico 2°COST Z

_l/JrOO dy _E/Jroo dy B
T Jooo (An +i9)® (1 +cos (24n +2iy)) T J-oo (An +iy)> (1 + cos 2iy)

' d
Y
= — =L 4.18
T / (An +1iy)3(1 + ch2y) ( )
Then,
9 d s F d
|L\<—/ g < / Z =
i o (A?V—i—yQ) (1+ ch2y) TAN s (A?V%—y?) (1+ ch2y)
const
= . 4.1
= (4.19)
Therefore,

AN+’iOO

1 1
/OSN(t)gk(t)dt—i (o / ( & dxt

T o tgz 2 2 cog2
2mi -tz —|—7k)z cos® z

AN —ic0
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1 1 z
+— lim t)dt / dz. 4.20
271 r—0 gk( ) (% 4224 ’Yk) 22 cos2 2 ( )
2| =
—5<p<3
We get
1 zdz _
271 W|Z<‘S:07“< _ (% + 22 + ;) 22 cos? z
2 2

y i:
27 |zl =r $sin 22 + (22 + ;) z cos? 2

1 / dz
- 2mi 2| =r $sin2z + (22 + ) 2(1 — sin? 2)

T s
—§<Q0<§

—
(VB

ire¥dyp

- reiv + ((7”6"9")2 —+ 'yk> ret® (1 — (ret)?)

1 2 de 1
"3 1+((re“") +vk) (1= (ref®)2) = 2 +m 2(1+ )

Take into consideration (4.17), (4.18), (4.19) and (4.21) in (4.20) we have

1 1
li S t)dt = t)dt. 4.22
Ngnoo/ N (1) gi ( 2(1+%)/9k() (4.22)
For the fixed k investigate the asymptotic behavior of the function
N —2X p COS 2y pt
= 2mpy — sin 22k + 43:%’“ cos? Tp

For this consider the function of complex variable

—zcos 2zt

F(z)=
) (22 4 22 4 ;) 22 cos? 2

This function also has simple poles at the points xy ,, 7n + 5 and z = 0:

—2x} 5, COS 221 1t
res F(z)= hn hn

2=Tp.n 2Ty, — sin 2xy,, + 4a3  cos? Ty

and

res F(z)=cos(2n+ 1)t
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Again take as a contour of integration the above considered contour.

that as N — oo (see [18 ,p.32])

1 An-tioo —zcos 2ztdz const

2 Jay—ico (Z + 22+ ;) 22cos2 2 AN

from which we get
1 AN+iOO
lim [ gk (t) / F (z) dzdt = 0.
N—oo Jo An—ioo
From (4.24),we have the following

1 1
lim Ty (t) gr (t)dt = — lim /0 My (t) gx (t) dt+

N=oo Jo N—oo
1 1
+ﬁhl>%/0 g (t) dt / F(2)dz
2| =7
—5<e<3

where

N
My (t) = Z cos (2n + 1) mt.
n=1
The first term in (4.25) is calculated in [18 ,p.33] and equal to

1
— 1
lim / My (t) gi (¢) dt = 90— 96 1)
N—oo 0 4
. 1 1
and the second term in (4.25) as r — 0 goes to ~ 5T Jo 9k (t) dt.

Other words

lim 1TN(t)gk(t)dt:—gk(o)_gk(l)— ! )/Olgk(t)dt.

Noso Jo 4 2(1 + 7k
From (4.22) and (4.26), we have

i i 2% [ (1 — cos 2y nt) gp, () dt /1 (t)dt
2z, — sin2xy, , + 4x3  cos? ., Jo 9k

k=1n=1

43

One can show

(4.23)

(4.24)

(4.25)

(4.26)

w0 —g () & k() 9k (1) _
o Z/( 2+ T2t

(4.27)
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Here we used the following relation

g (1) = (> (1) r, o) = (g (1) @k, q (1) ),) = 0.
Note that in [18 ,p.33] the following is calculated

Z Z / 22y, n €08 2xp pt fi; (1) dt B
2$k B : 3 2 B

oo —sin 2y, + 4xk’n COS* Tk.pm

:—Z[Zcosn 0- /cosnsz(§>dz—

k=1 Ln=0

—icosnwr%/orcos nz fi (%)dz] :iw (4.28)
n=0 k=1

From (4.28) we get

— Ay [y o8 2wyt fi () dt
ZZ%Q o
Tk

P o n — sin 2z, + 4xk’n cos? T p

i ka,n fol COS 21‘k7ntf]€ (t) dt
=33

= — o 3 2
n
2y, sin 2z, + 4wy, cos? Tpp

k=1n=1

Z 1@ Rl Z’Yk (0)erer) — (a(Derer)] (4.29)

Take into c0n51d1rat10n the following

o
Z”’“ t)erer) = Y (Ag(t)prpr) = trAg(t),
k=1
from (4.29) we get
o0 oo —dag, [} cos 2p tf () dt trAq (0) — trAq (1)
k=1n=1 Ty — S 2Tk n + ijﬂz COS* Tk n

and by using condition 2) we have ( Note that in this case we consider as the complex

valued function H (z) = ( tgz—szZQ(f'Sf;tcost' The residues of this function at the poles
= k

—4:13%’“ €08 2T p t

Ty, and mn + 5 are equal to and 2 (7mn + %)2 cos(2n + 1)wt ,

2@, —Sin 2xg, ,, +das | cos?zy
respectively.)

ii —da} [ cos 2wyt fi (1) dt

= e 2 — SN 20k + 41:%7” cos? T p
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:_ii/OIQ(wn+g )200s(2n+1)77t o (1) dt =

k=1n=1

o o0 1 T ) , o0 oo 1 1 ,
= ZZ/O (mn + E)sm(?n + )t f, (1) dt = ZZ 5/0 cos (2n + 1)t fi (t)dt =

k=1n=1 k=1n=1

1 & z
_E :2: 1 —
—k:1n:1%/0v COS(2n+1)Z k (;) dZ—
:%EOO Oog [cosn-0~%/Oﬂcosnzf,g(%)dz—

_Cosn'ﬂ‘g/ﬁcos nz f (f) dz} :ka; 0) - £ @) :trq”(O)—trq”(l)‘ (4.31)
™ Jo s

8 8

From (4.27), (4.30) and (4.31) we get the formula (4.13) is true.Theorem is proved.
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