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Ïðîñòðàíñòâî Êîýôôèöèåíòîâ â Èíòèîíèñòèê Ìåòðè-

÷åñêîì Ïðîñòðàíñòâå. Êðèòåðèé Áàçèñíîñòè

Ãóëèåâà Ô.À.

Àííîòàöèÿ. Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ fuzzy ìåòðè÷åñêîå ëèíåéíîå ïðîñòðàíñòâî. Ââî-

äÿòñÿ ïîíÿòèÿ fuzzy ïîëíîòû, fuzzy ìèíèìàëüíîñòè, fuzzy áèîðòîãîíàëüíîñòè, fuzzy áàçèñíî-

ñòè, à òàêæå fuzzy ïðîñòðàíñòâî êîýôôèöèåíòîâ. Äîêàçàíû ñèëüíàÿ ïîëíîòà fuzzy ïðîñòðàí-

ñòâà êîýôôèöèåíòîâ îòíîñèòåëüíî fuzzy ìåòðèêè è ñèëüíàÿ áàçèñíîñòü êàíîíè÷åñêîé ñèñòåìû

â íåì. Ïðèâåäåí êðèòåðèé ñèëüíîé áàçèñíîñòè â fuzzy ìåòðè÷åñêîì ëèíåéíîì ïðîñòðàíñòâå

íà ÿçûêå êîýôôèöèåíòíîãî îïåðàòîðà.
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1. Ââåäåíèå

Îñíîâû fuzzy òåîðèè ïîëîæåíî â çíàìåíèòîé ðàáîòå Lut�-zade 1965 ã. Â ýòîé ðà-
áîòå ââåäåíû ïîíÿòèÿ fuzzy ìíîæåñòâî, fuzzy îòíîøåíèå, îïðåäåëåíû ìíîæåñòâåííûå
îïåðàöèè (îáúåäèíåíèå, ïåðåñå÷åíèå, äîïîëíåíèå, àëãåáðàè÷åñêàÿ ñóììà è ò.ï.) íàä
fuzzy ìíîæåñòâàìè. Èçó÷åíû íåêîòîðûå îñíîâíûå ñâîéñòâà ýòèõ îïåðàöèé, ðàññìîò-
ðåíû òàêæå äðóãèå âîïðîñû, ñâÿçàííûå ñ fuzzy ìíîæåñòâàìè. Ïîñëå ýòîé îñíîâîïîëà-
ãàþùåé ðàáîòû èíòåðåñ ê ýòîìó íàïðàâëåíèþ ñèëüíî âîçðîñ. Áûëè íàéäåíû øèðîêèå
ïðèìåíåíèÿ ýòîãî ïîäõîäà èçó÷åíèÿ íåîïðåäåëåííîñòåé â ðàçëè÷íûõ îáëàñòÿõ ìàòå-
ìàòèêè, ïðèêëàäíîé ìàòåìàòèêè è åñòåñòâîçíàíèÿ.

Ñëåäóåò îòìåòèòü, ÷òî fuzzy òåîðèÿ ÿâëÿåòñÿ àëüòåðíàòèâíûì ê òåîðèè âåðîÿòíî-
ñòåé ÿçûêîì èçó÷åíèÿ íåîïðåäåëåííîñòåé. ×òîáû ïðîäåìîíñòðèðîâàòü ýòî, ðàññìîò-
ðèì ñëåäóþùåå îáñòîÿòåëüñòâî.

Ïîíÿòèå ïðîñòðàíñòâî êîýôôèöèåíòîâ áûëî ââåäåíî â ñâÿçè ñ áàçèñàìè â áàíàõî-
âûõ ïðîñòðàíñòâàõ. Îíî îïðåäåëÿåòñÿ êîíêðåòíûì áàçèñîì è îïåðàòîð ðàçëîæåíèÿ ïî
áàçèñó (ìû åãî íàçûâàåì êîýôôèöèåíòíûì îïåðàòîðîì) çàäàåò èçîìîðôèçì ìåæäó
íèì è ñàìîì ïðîñòðàíñòâîì. Ýòî ïðîñòðàíñòâî åñòü áàíàõîâî ïðîñòðàíñòâî ñêàëÿð-
íûõ ïîñëåäîâàòåëüíîñòåé ñ ñîîòâåòñòâóþùåé íîðìîé. Â ïîñëåäóþùåì ïðîñòðàíñòâî
êîýôôèöèåíòîâ áûëî îïðåäåëåíî è äëÿ äðóãèõ ñèñòåì (ìîãóò íå ÿâëÿòüñÿ áàçèñîì)
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â áàíàõîâûõ ïðîñòðàíñòâàõ. Îòíîñèòåëüíî ýòèõ ñâåäåíèé ìîæíî îçíàêîìèòüñÿ â ìî-
íîãðàôèÿõ Ch.Heil [11], è Á.Ò. Áèëàëîâ, Ñ.Ã.Âåëèåâ [12]. Ïîíÿòèå ïðîñòðàíñòâî êîýô-
ôèöèåíòîâ èãðàåò èñêëþ÷èòåëüíóþ ðîëü è â òåîðèè ôðåéìîâ. Îïðåäåëåíèÿ ïîíÿòèé
àòîìàðíûõ ðàçëîæåíèé è ôðåéìîâ íàïðÿìóþ ñâÿçàíû ñ ýòèì ïîíÿòèåì. Â ñâÿçè ñ
ýòèì â ðàáîòàõ Á.Ò.Áèëàëîâ [13, 14, 1, 15, 16, 17, 18, 19, 20, 5, 21, 6, 7, 22, 10] ýòî
ïîíÿòèå áûëî îïðåäåëåíî â ðàçíûõ òîïîëîãè÷åñêèõ ñòðóêòóðàõ è èçó÷åíû íåêîòîðûå
õàðàêòåðèçóþùèå èõ ñâîéñòâà.

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ fuzzy ìåòðè÷åñêîå ëèíåéíîå ïðîñòðàíñòâî. Ââî-
äÿòñÿ ïîíÿòèÿ fuzzy ïîëíîòû, fuzzy ìèíèìàëüíîñòè, fuzzy áèîðòîãîíàëüíîñòè, fuzzy
áàçèñíîñòè, à òàêæå fuzzy ïðîñòðàíñòâî êîýôôèöèåíòîâ. Äîêàçàíû ñèëüíàÿ ïîëíîòà
fuzzy ïðîñòðàíñòâà êîýôôèöèåíòîâ îòíîñèòåëüíî fuzzy ìåòðèêè è ñèëüíàÿ áàçèñíîñòü
êàíîíè÷åñêîé ñèñòåìû â íåì. Ïðèâåäåí êðèòåðèé ñèëüíîé áàçèñíîñòè â fuzzy ìåòðè-
÷åñêîì ëèíåéíîì ïðîñòðàíñòâå íà ÿçûêå êîýôôèöèåíòíîãî îïåðàòîðà.

2. Íåîáõîäèìûå ñâåäåíèÿ è îñíîâíûå ïðåäïîëîæåíèÿ

Ïðèìåì ñëåäóþùèå ñòàíäàðòíûå îáîçíà÷åíèÿ. N−ìíîæåñòâî íàòóðàëüíûõ ÷èñåë;
R-are real numbers; K-ïîëå ñêàëÿðîâ ( K ëèáî R, ëèáî C êîìïëåêñíûå ÷èñëà). Áóäåì
ïðèâîäèòü íåêîòîðûå ïîíÿòèÿ è ôàêòû èç òåîðèè IFMS, êîòîðûå ïðè äàëüíåéøåì
èçëîæåíèè íàì ïðèãîäÿòñÿ.

Îïðåäåëåíèå 2.1. Ïóñòü (X;µ; ν) fuzzy ìåòðè÷åñêîå ïðîñòðàíñòâî è {xn}n∈N ⊂ X
íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü. Áóäåì ãîâîðèòü, ÷òî îíà èíòèîíèñòèê ñèëüíî fuzzy
ñõîäèòñÿ (êîðîòêî xn

s→x, n → ∞, èëè s− lim
n→∞

xn = x) ê x ∈ X òîãäà è òîëüêî òîãäà

êîãäà äëÿ ∀ε > 0, ∃n0 = n0 (ε) : µ (xn;x; t) ≥ 1− ε, ν(xn;x; t) ≤ ε , ∀n ≥ n0 , ∀t ∈ R.

Îïðåäåëåíèå 2.2. Ïóñòü (X;µ; ν) fuzzy ìåòðè÷åñêîå ïðîñòðàíñòâî è {xn}n∈N ⊂
X íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü. Áóäåì ãîâîðèòü, ÷òî îíà ÿâëÿåòñÿ ñèëüíî
ôóíäàìåíòàëüíàÿ (Êîøè) ïîñëåäîâàòåëüíîñòü, åñëè lim

n,m→∞
µ (xn;xm; t) = 1 ,

lim
n,m→∞

ν (xn;xm; t) = 0, ðàâíîìåðíî ïî t ∈ R. Åñëè êàæäàÿ ñèëüíî ôóíäàìåíòàëü-

íàÿ ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ (ñèëüíî) â X, òî (X;µ; ν) íàçîâåì ñèëüíî ïîëíîå
fuzzy ìåòðè÷åñêèì ïðîñòðàíñòâîì.

Ñëåäóåò îòìåòèòü, ÷òî ýòèìè è äðóãèìè ïîíÿòèÿìè áîëåå ïîäðîáíî ìîæíî îçíà-
êîìèòñÿ èç ðàáîò [1, 2, 3, 4, 5, 6, 7, 8, 9, 10].

Ïóñòü (X;µ; ν) åñòü IFMS. Ïóñòü M ⊂ X íåêîòîðîå ìíîæåñòâî. ×åðåç L [M ] áóäåì
îáîçíà÷àòü ëèíåéíóþ îáîëî÷êó M â X. Çàìûêàíèå L [M ] ïî ñèëüíîé (ñëàáîé) èí-
òèîíèñòèê fuzzy ñõîäèìîñòè îáîçíà÷èì ÷åðåç Ls [M ] (Lw [M ]). Åñëè X îòíîñèòåëüíî
ñèëüíîé (ñëàáîé) èíòèîíèñòèê fuzzy ñõîäèìîñòè ïîëíîå, òî åãî íàçîâåì èíòèîíèñòèê
fuzzy ñèëüíîå (ñëàáîå) ìåòðè÷åñêîå ïðîñòðàíñòâî: êîðîòêî IFMsS èëè Xs (IFMwS
èëè Xw). Ïóñòü X ÿâëÿåòñÿ IFBsS (IFBwS) ïðîñòðàíñòâîì. Ëèíåéíîå ïðîñòðàíñòâî
íàä òåì æå ïîëåì K ëèíåéíûõ, íåïðåðûâíûõ â IFMsS (IFMwS) ôóíêöèîíàëîâ îáî-
çíà÷èì ÷åðåç X∗

s (X∗
w). Îïðåäåëèì ñîîòâåòñòâóþùèå ïîíÿòèÿ òåîðèè áàçèñîâ â IFMS.

Èòàê, ïóñòü {xn}n∈N ⊂ X íåêîòîðàÿ ñèñòåìà.
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Îïðåäåëåíèå 2.3. Ñèñòåìó {xn}n∈N íàçîâåì s-ïîëíûì (w-ïîëíûì) â Xs (â Xw),

åñëè Ls

[
{xn}n∈N

]
≡ Xs (Lw

[
{xn}n∈N

]
≡ Xw).

Îïðåäåëåíèå 2.4. Ñèñòåìó {x∗n}n∈N ⊂ X∗
s ({x∗n}n∈N ⊂ X∗

w) íàçîâåì s-
áèîðòîãîíàëüíîé (w-áèîðòîãîíàëüíîé) ê ñèñòåìå {xn}n∈N , åñëè x∗n (xk) = δnk , ∀n, k ∈
N , ãäå δnk−ñèìâîë Êðîíåêåðà.

Îïðåäåëåíèå 2.5. Ñèñòåìó {xn}n∈N ⊂ Xs ({xn}n∈N ⊂ Xw ) íàçîâåì s-ëèíåéíî (w-
ëèíåéíî) íåçàâèñèìîé â X, åñëè èç

∑∞
n=1 λnxn = 0 â Xs (â Xw) ñëåäóåò λn = 0 , ∀n ∈

N .

Îïðåäåëåíèå 2.6. Ñèñòåìó {xn}n∈N ⊂ Xs ({xn}n∈N ⊂ Xw ) íàçîâåì s-áàçèñîì (w-
áàçèñîì) â Xs ( â Xw) åñëè äëÿ ∀x ∈ X, ∃! {λn}n∈N ⊂ K :

∑∞
n=1 λnxn = x â Xs (â

Xw).

Ïðè ïîëó÷åíèè îñíîâíûõ ðåçóëüòàòîâ áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè óñëîâèÿìè
íà IFMS.

α) Ëèíåéíûå îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ â IFMsS (IFMwS) ñèëüíî (ñëàáî)
íåïðåðûâíû â X, ò.å. èç λn → λ, n → ∞, â C è èç xn

s→x, yn
s→ y, n → ∞, â Xs

(xn
w→x, yn

w→ y, n → ∞ â Xw ) ñëåäóåò, ÷òî λnxn
s→λx, xn + yn

s→x+ y, n → ∞, â

Xs (λnxn
w→λx, xn + yn

w→x+ y, n → ∞, â Xw) .

β) Ïóñòü τµ,ν òîïîëîãèÿ â Xs, ïîðîæäåííàÿ ïàðîé (µ, ν). Áóäåì ñ÷èòàòü, ÷òî

îãðàíè÷åííîñòü ìíîæåñòâà â Xs îòíîñèòåëüíî òîïîëîãèè τµ,ν è â ïðîñòðàíñòâå

IFMsS (X;µ; ν) ýêâèâàëåíòíû, ò.å. ýòè ïîíÿòèÿ â ïðîñòðàíñòâàõ (X; τµ;ν) è

(X;µ; ν) îäèíàêîâû.

3. Îñíîâíûå ðåçóëüòàòû

Ïóñòü (X;µ; ν) åñòü íåêîòîðîå ïîëíîå IFMsS, îáëàäàþùåå ñâîéñòâàìè α), β) è
{xn}n∈N ⊂ X íåêîòîðàÿ íåâûðîæäåííàÿ ñèñòåìà. Ïîëîæèì

K s
x̄ ≡

{
{λn}n∈N ⊂ C :

∞∑
n=1

λnxn ñõîäèòñÿ â Xs

}
.

Î÷åâèäíî, ÷òî îòíîñèòåëüíî îáû÷íûõ îïåðàöèé ïîêîìïîíåíòíîãî ñëîæåíèÿ è
óìíîæåíèÿ íà ñêàëÿð, K s

x̄ ïðåâðàùàåòñÿ â ëèíåéíîå ïðîñòðàíñòâî. Âîçüìåì

∀λ̄, µ̄ ∈ K s
x̄ , λ̄ ≡ {λn}n∈N , µ̄ ≡ {µn}n∈N ,

è îïðåäåëèì

µK s
x̄

(
λ̄; µ̄; t

)
= inf

m
µ

(
m∑

n=1

λnxn;
m∑

n=1

µnxn; t

)
,

νK s
x̄

(
λ̄; µ̄; t

)
= sup

m
ν

(
m∑

n=1

λnxn;

m∑
n=1

µnxn; t

)
.
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Ïîêàæåì, ÷òî µK s
x̄
è νK s

x̄
óäîâëåòâîðÿþò óñëîâèÿì 1)-11). Ñïåðâà ðàññìîòðèì µK s

x̄
.

1) ßñíî, ÷òî

µK s
x̄

(
λ̄; µ̄; t

)
= 0, ∀t ≤ 0.

2) Ïóñòü

µK s
x̄

(
λ̄; µ̄; t

)
= 1, ∀t > 0.

Ñëåäîâàòåëüíî

µK s
x̄

(
m∑

n=1

λnxn;

m∑
n=1

µnxn; t

)
= 1, ∀m ∈ N, ∀t > 0.

Ïðåäïîëîæèì, ÷òî ñèñòåìà ÿâëÿåòñÿ íåâûðîæäåííîé. Èç ïðåäûäóùèõ ñîîòíîøåíèé
ïðè m = 1 ïîëó÷àåì

µ (λ1x1;µ1x1; t) = 1, ∀t > 0.

Ñëåäîâàòåëüíî, λ1x1 = µ1x1 ⇒ λ1 = µ1. Ïðîäîëæèâ ýòîò ïðîöåññ â èòîãå ïîëó÷àåì
λn = µn, ∀n ∈ N , ò.å. λ̄ = µ̄.

3) ßñíî, ÷òî

µK s
x̄

(
λ̄; µ̄; t

)
= µK s

x̄

(
µ̄; λ̄; t

)
, ∀t ∈ R.

4) Ïóñòü λ̄, µ̄, ν̄ ∈ K s
x̄ è s, t ∈ R.

Èìååì

µK s
x̄

(
λ̄; µ̄; t+ s

)
= inf

m
µ

(
m∑

n=1

λnxn;
m∑

n=1

µnxn; t+ s

)
≥

≥ inf
m

min

{
µ

(
m∑

n=1

λnxn;

m∑
n=1

νnxn; t

)
; µ

(
m∑

n=1

νnxn;

m∑
n=1

µnxn; s

)}
=

= min

{
inf
m

µ

(
m∑

n=1

λnxn;

m∑
n=1

νnxn; t

)
; inf

m
µ

(
m∑

n=1

νnxn;

m∑
n=1

µnxn; s

)}
=

= min
{
µK s

x̄

(
λ̄; ν̄; t

)
;µK s

x̄
(ν̄; µ̄; s)

}
.

5) Ïîêàæåì, ÷òî

µK s
x̄

(
λ̄; µ̄; ·

)
: R → [0, 1] ,

ÿâëÿåòñÿ íåóáûâàþùàÿ ïî t ôóíêöèÿ äëÿ ∀λ̄, µ̄ ∈ K s
x̄ è

lim
t→∞

µK s
x̄

(
λ̄; µ̄; t

)
= 1, ∀λ̄, µ̄ ∈ K s

x̄ .
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Òàê êàê ôóíêöèÿ µ (x; y ; ·) ÿâëÿåòñÿ íåóáûâàþùåé íà R, òî íåòðóäíî çàìåòèò, ÷òî
ôóíêöèÿ µK s

x̄

(
λ̄; µ̄; ·

)
îáëàäàåò ýòèì ñâîéñòâîì. Ïîêàæåì, ÷òî

lim
t→∞

µK s
x̄

(
λ̄; µ̄; t

)
= 1.

Âîçüìåì ∀ε > 0. Ïóñòü S
(1)
m =

∑m
n=1 λnxn, S

(2)
m =

∑m
n=1 µnxn è s- lim

m→∞
S
(k)
m = S(k) ∈

Xs, k = 1, 2.
ßñíî, ÷òî

∃t0 > 0 : µ
(
S(1);S(2); t0

)
≥ 1− ε.

Òîãäà èç îïðåäåëåíèÿ s-lim ñëåäóåò, ÷òî

∃m0 = m0 (ε; t0) ∈ N : µ
(
S(k)
m ;S(k); t0

)
≥ 1− ε, ∀m ≥ m0, k = 1, 2.

Èç ñâîéñòâà 4) íåïîñðåäñòâåííî ñëåäóåò

µ
(
S
(1)
m ;S(2)

m ; 3t0

)
≥ min

{
µ
(
S
(1)
m ;S(1); t0

)
; µ
(
S(1);S(2)

m ; 2t0

)}
,

µ
(
S(1);S(2)

m ; 2t0

)
≥ min

{
µ
(
S(1);S(2); t0

)
; µ
(
S(2);S(2)

m ; t0

)}
.

Òàêèì îáðàçîì

µ
(
S
(1)
m ;S(2)

m ; 3t0

)
≥ min

{
µ
(
S
(1)
m ;S(1); t0

)
; µ
(
S(1);S(2); t0

)
; µ
(
S(2);S(2)

m ; t0

)}
.

Â ðåçóëüòàòå ïîëó÷àåì

µ
(
S(1)
m ;S(2)

m ; 3t0

)
≥ 1− ε, ∀m ≥ m0. (1)

Òàê êàê, µ (x; y ; ·) åñòü íåóáûâàþùàÿ ïî t ôóíêöèÿ , òî èç (1) ïîëó÷àåì

µ
(
S
(1)
m ;S(2)

m ; 3t0

)
≥ 1− ε, ∀m ≥ m0,∀t ≥ 3t0. (2)

Èìååì

µK s
x̄

(
λ̄; µ̄; t

)
= min

{
µ
(
S
(1)
k ;S

(2)
k ; t

)
, k = 1,m0 − 1 ; inf

m≥m0

µ
(
S
(1)
m ;S(2)

m ; t
)}

. (3)

Òàê êàê

lim
t→∞

µ
(
S
(1)
k ;S

(2)
k ; t

)
= 1 äëÿ ∀k ∈ N,

èìååì
∃tk (ε) ; ∀t ≥ tk (ε) : µ

(
S
(1)
k ;S

(2)
k ; t

)
≥ 1− ε, k = 1,m0 − 1.
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Ïóñòü
t0ε = max

1≤k≤m0−1
tk (ε) .

Òîãäà ÿñíî, ÷òî

µ
(
S
(1)
k ;S

(2)
k ; t

)
≥ 1− ε,∀t ≥ t0ε. (4)

Èç (2) íåïîñðåäñòâåííî ñëåäóåò

inf
m≥m0

µ
(
S
(1)
m ;S(2)

m ; t
)
≥ 1− ε, ∀t ≥ 3t0.

Ïóñòü tε = max
{
3t0; t

0
ε

}
. Òîãäà èç (3) è (4) ïîëó÷àåì

µK s
x̄

(
λ̄; µ̄; t

)
≥ 1− ε,∀t ≥ tε.

Òàêèì îáðàçîì
lim
t→∞

µK s
x̄

(
λ̄; µ̄; t

)
= 1,∀λ̄, µ̄ ∈ K s

x̄ .

6) Òàê êàê
ν (x; y; t ) = 1 , ∀t ≤ 0 , ∀x, y ∈ X,

ÿñíî, ÷òî

νK s
x̄

(
λ̄; µ̄; t

)
= 1,∀t ≤ 0 , ∀λ̄, µ̄ ∈ K s

x̄ .

7) Ïóñòü ñèñòåìà {xn}n∈N ÿâëÿåòñÿ íåâûðîæäåííîé. Ïðåäïîëîæèì, ÷òî

νK s
x̄

(
λ̄; µ̄; t

)
= 0, ∀t > 0 .

Ñëåäîâàòåëüíî

ν

(
m∑

n=1

λnxn;

m∑
n=1

µnxn; t

)
= 0, ∀t > 0 , ∀m ∈ N.

Ïðè m = 1 èìååì

ν (λ1x1;µ1x1; t) = 0, ∀t > 0 ⇒ λ1x1 = µ1x1 ⇒ λ1 = µ1.

Ïðîäîëæèâ ïîëó÷àåì

λn = µn, ∀n ∈ N ⇒ λ̄ = µ̄.

8) Âûïîëíåíèå óñëîâèå

νK s
x̄

(
λ̄; µ̄; t

)
= νK s

x̄

(
µ̄; λ̄; t

)
,

î÷åâèäíî.
9) Ïóñòü
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λ̄, µ̄, ν̄ ∈ K s
x̄ (λ̄ ≡ {λn}n∈N , µ̄ ≡ {µn}n∈N , ν̄ ≡ {νn}n∈N è s, t ∈ R.

Èìååì

νK s
x̄

(
λ̄; µ̄; t+ s

)
= sup

m
ν

(
m∑

n=1

λnxn;

m∑
n=1

µnxn; s+ t

)
≤

≤ sup
m

max

{
ν

(
m∑

n=1

λnxn;
m∑

n=1

νnxn; s

)
; ν

(
m∑

n=1

νnxn;
m∑

n=1

µnxn; t

)}
=

= max

{
sup
m

ν

(
m∑

n=1

λnxn;

m∑
n=1

νnxn; s

)
; sup

m
ν

(
m∑

n=1

νnxn;

m∑
n=1

µnxn; t

)}

= max
{
νK s

x̄

(
λ̄; ν̄; s

)
; νK s

x̄
(ν̄; µ̄; t)

}
.

10) Èç ñâîéñòâà îòíîñèòåëüíî ν (x; y ; ·) ñëåäóåò, ÷òî νK s
x̄

(
λ̄; µ̄; ·

)
ÿâëÿåòñÿ íå âîçðàñ-

òàþùàÿ íà R ôóíêöèÿ. Ïîêàæåì, ÷òî lim
t→∞

νK s
x̄

(
λ̄; µ̄; t

)
= 0, Âîçüìåì ∀ε > 0. Ïóñòü

S
(1)
m =

∑m
n=1 λnxn, S

(2)
m =

∑m
n=1 µnxn è s- lim

m→∞
S
(k)
m = S(k) ∈ Xs, k = 1, 2.

ßñíî, ÷òî

∃t0 > 0 : ν
(
S(1);S(2); t0

)
≤ ε.

Òîãäà èç îïðåäåëåíèÿ s-lim ñëåäóåò, ÷òî

∃m0 = m0 (ε; t0) ∈ N : ν
(
S(k)
m ;S(k); t0

)
≤ ε, ∀m ≥ m0, k = 1, 2.

Èç ñâîéñòâà 9) ñëåäóåò, ÷òî

ν
(
S
(1)
m ;S(2)

m ; 3t0

)
≤ max

{
ν
(
S
(1)
m ;S(1); t0

)
; ν
(
S(1);S(2)

m ; 2t0

)}
,

ν
(
S(1);S(2)

m ; 2t0

)
≤ max

{
ν
(
S(1);S(2); t0

)
; µ
(
S(2);S(2)

m ; t0

)}
.

Òàêèì îáðàçîì

ν
(
S
(1)
m ;S(2)

m ; 3t0

)
≤ max

{
ν
(
S
(1)
m ;S(1); t0

)
; ν
(
S(1);S(2); t0

)
; ν
(
S(2);S(2)

m ; t0

)}
.

Â ðåçóëüòàòå ïîëó÷àåì

ν
(
S
(1)
m ;S(2)

m ; 3t0

)
≤ ε, ∀m ≥ m0. (5)

Òàê êàê, ν (x; y ; ·) íåâîçðàñòàþùàÿ ïî t ôóíêöèÿ, èç (5) ñëåäóåò

ν
(
S
(1)
m ;S(2)

m ; t
)
≤ ε,∀m ≥ m0, ∀t ≥ 3t0. (6)
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Èìååì

νK s
x̄

(
λ̄; µ̄; t

)
= max

{
ν
(
S
(1)
k ;S

(2)
k ; t

)
, k = 1,m0 − 1 ; sup

m≥m0

ν
(
S
(1)
m ;S(2)

m ; t
)}

. (7)

Òàê êàê

lim
t→∞

ν
(
S
(1)
k ;S

(2)
k ; t

)
= 0 äëÿ ∀k ∈ N,

èìååì

∃tk (ε) ; ∀t ≥ tk (ε) : ν
(
S
(1)
k ;S

(2)
k ; t

)
≤ ε, k = 1,m0 − 1.

Ïóñòü

t0ε = max
1≤k≤m0−1

tk (ε) .

Òîãäà ÿñíî, ÷òî

ν
(
S
(1)
k ;S

(2)
k ; t

)
≤ ε,∀t ≥ t0ε. (8)

Èç (6) ñëåäóåò

sup
m≥m0

ν
(
S
(1)
m ;S(2)

m ; t
)
≤ ε, ∀t ≥ 3t0.

Ïóñòü
tε = max

{
3t0; t

0
ε

}
.

Îòñþäà èç (7) è (8) ïîëó÷àåì

νK s
x̄

(
λ̄; µ̄; t

)
≤ ε,∀t ≥ tε.

Òàêèì îáðàçîì

lim
t→∞

νK s
x̄

(
λ̄; µ̄; t

)
= 0, ∀λ̄, µ̄ ∈ K s

x̄ .

11)

µK s
x̄

(
λ̄; µ̄; t

)
+ νK s

x̄

(
λ̄; µ̄; t

)
= inf

m
µ

(
m∑

n=1

λnxn;
m∑

n=1

µnxn; t

)
+

+sup
m

ν

(
m∑

n=1

λnxn;
m∑

n=1

µnxn; t

)
≤

≤ sup
m

[
µ

(
m∑

n=1

λnxn;

m∑
n=1

µnxn; t

)
+ ν

(
m∑

n=1

λnxn;

m∑
n=1

µnxn; t

)]
≤ 1,∀λ̄, µ̄ ∈ K s

x̄ ,∀t ∈ R.

Òàêèì îáðàçîì, ìû äîêàçàëè ñïðàâåäëèâîñòü ñëåäóþùåé
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Òåîðåìà 3.1. Ïóñòü (X;µ; ν) åñòü ñèëüíî fuzzy ïðîñòðàíñòâî è ïóñòü {xn}n∈N ⊂ X
íåâûðîæäåííàÿ ñèñòåìà. Òîãäà ïðîñòðàíñòâî êîýôôèöèåíòîâ

(
K s

x̄ ;µK s
x̄
; νK s

x̄

)
òîæå

ÿâëÿåòñÿ ñèëüíî fuzzy ìåòðè÷åñêèì ïðîñòðàíñòâîì.

4. Ïîëíîòà ïðîñòðàíñòâà êîýôôèöèåíòîâ

Â äàëüíåéøåì ìû ïðåäïîëîæèì, ÷òî ýòî (X;µ; ν) ÿâëÿåòñÿ ïîëíûì IFMS. Ïîêà-
æåì, ÷òî

(
K s

x̄ ;µK s
x̄
; νK s

x̄

)
ÿâëÿåòñÿ ñèëüíî fuzzy ïîëíûì ìåòðè÷åñêèì ïðîñòðàíñòâîì.

Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå óñëîâèå.
α) Ïóñòü ëèíåéíûå îïåðàöèè strongly íåïðåðûâíû â IFMS X, ò.å. åñëè

s− lim
n→∞

xn = x, s− lim
n→∞

yn = y, lim
n→∞

λn = λ, ({xn; yn}n∈N ⊂ X, {λn}n∈N ⊂ C),

òî

s− lim
n→∞

(xn + yn) = x+ y, s− lim
n→∞

(λnxn) = λx.

Ñíà÷àëà ìû äîêàæåì ñëåäóþùåå

Ëåììà 4.1. Ïóñòü x0 ̸= 0 , x0 ∈ X, è ïóñòü {λn}n∈N ⊂ R íåêîòîðàÿ ïîñëåäîâàòåëü-

íîñòü. Åñëè s- lim
n→∞

(λnx0) = 0, ò.å.

∀ε > 0,∃n0 = n0 (ε) : µ (λnx0 ; 0; t) > 1− ε, ν (λnx0 ; 0; t) < ε, ∀t ∈ R+,∀n ≥ n0;

òîãäà λn → 0 , n → ∞.

Â äåéñòâèòåëüíîñòè, ïóñòü lim
n→∞

λn = 0 íå èìååò ìåñòî. Ïðåäïîëîæèì, ÷òî {λn}n∈N
èìååò îãðàíè÷åííóþ ïîäïîñëåäîâàòåëüíîñòü {λnk

}k∈N . Òîãäà

∃λ0 ∈ C : λnk
→ λ0 , k → ∞.

Èìååì
λnk

x0
s→λ0x0 , k → ∞,

è ñëåäîâàòåëüíî λ0 = 0, òàê êàê s-ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü èìååò åäèíñòâåí-
íûé ïðåäåë. Ïóñòü {λn}n∈N èìååò íåîãðàíè÷åííóþ ïîäïîñëåäîâàòåëüíîñòü

{λnk
}k∈N : λnk

→ ∞, k → ∞.

Ñëåäîâàòåëüíî
λ−1
nk

→ 0, k → ∞.

Èìååì
λ−1
nk

· λnk
x = x ̸= 0, ∀k ∈ N.

Ñ äðóãîé ñòîðîíû

lim
k→∞

(
λ−1
nk

λnk
x
)
= lim

k→∞
λ−1
nk

lim
k→∞

(λnk
x) = 0.
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Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ëåììó.
Âîçüìåì s-ôóíäàìåíòàëüíóþ ïîñëåäîâàòåëüíîñòü

{
λ̄n

}
n∈N ⊂K s

x̄ , λn ≡{
λ
(n)
k

}
k∈N

. Òîãäà

lim
n,m→∞

µK s
x̄

(
λ̄n; λ̄m ; t

)
= 1 è lim

n,m→∞
νK s

x̄

(
λ̄n; λ̄m ; t

)
= 0, ðàâíîìåðíî ïî t ∈ R, ò.å.

lim
n,m→∞

inf
r
µ
(∑r

k=1 λ
(n)
k xk;

∑r
k=1 λ

(m)
k xk ; t

)
= 1 ,

lim
n,m→∞

sup
r

ν
(∑r

k=1 λ
(n)
k xk;

∑r
k=1 λ

(m)
k xk ; t

)
= 0 ,

 (9)

ðàâíîìåðíî ïî t ∈ R. Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè µ è ν èíâàðèàíòíû
îòíîñèòåëüíî ñäâèãà, ò.å. èìååò ìåñòî óñëîâèå:

12)

µ (x; y; t) = µ (x− z; y − z; t) , ν (x; y; t) = ν (x− z; y − z; t) , ∀x, y, z ∈ X, ∀t ∈ R.

Ïðèíèìàÿ âî âíèìàíèå 3) è 8) , îòñþäà íåïîñðåäñòâåííî ïîëó÷àåì

µ (x; 0; t) = µ (−x; 0; t) , ν (x; 0; t) = ν (−x; 0; t) , ∀x ∈ X, ∀t ∈ R.

Ñîâåðøåííî î÷åâèäíî, ÷òî ýòèìè æå ñâîéñòâàìè îáëàäàþò è ôóíêöèè µK s
x̄
è νK s

x̄
.

Òàêèì îáðàçîì

µ (x; y; t) = µ (−x;−y; t) , ν (x; y; t) = ν (−x;−y; t) , ∀x, y ∈ X, ∀t ∈ R. (10)

Èìååì

µ
(
λ
(n)
1 x1;λ

(m)
1 x1; t

)
→ 1 , ν

(
λ
(n)
1 x1;λ

(m)
1 x1; t

)
→ 0 , n,m → ∞,

ðàâíîìåðíî ïî t ∈ R. Ýòî íåïîñðåäñòâåííî ñëåäóåò èç ñîîòíîøåíèÿ (9). Ðàññìîòðèì

µ
(
λ
(n)
2 x2;λ

(m)
2 x2; t

)
≥ min

{
µ
(
λ
(n)
2 x2;λ

(m)
2 x2 + λ

(m)
1 x1 − λ

(n)
1 x1; t

)
;

µ
(
λ
(m)
2 x2 + λ

(m)
1 x1 − λ

(n)
1 x1;λ

(m)
2 x2; t

)}
= min

{
µ
(
λ
(n)
1 x1 + λ

(n)
2 x20 ;λ

(m)
1 x1 + λ

(m)
2 x2; t

)
;

µ
(
−λ

(n)
1 x1;−λ

(m)
1 x1; t

)}
.

Îáðàòèâ âíèìàíèå ê ñîîòíîøåíèÿì (9) è (10), îòñþäà ïîëó÷àåì, ÷òî

µ
(
λ
(n)
2 x2;λ

(m)
2 x2; t

)
→ 1 , n,m → ∞,

ðàâíîìåðíî ïî t ∈ R. Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî

ν
(
λ
(n)
2 x2;λ

(m)
2 x2; t

)
→ 0 , n,m → ∞,

ðàâíîìåðíî ïî t ∈ R. Ïðîäîëæèâ ýòî ðàññóæäåíèå ïîëó÷àåì
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µ
(
λ
(n)
k xk;λ

(m)
k xk; t

)
→ 1 , ν

(
λ
(n)
k xk;λ

(m)
k xk0 ; t

)
→ 0 , n,m → ∞,

ðàâíîìåðíî ïî t ∈ R, äëÿ êàæäîãî ôèêñèðîâàííîãî k ∈ N , ò.å.

s− lim
n,m→∞

(
λ
(n)
k − λ

(m)
k

)
xk = 0 , ∀k ∈ N.

Ïî Ëåììå 4.1 îòñþäà ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü
{
λ
(n)
k

}
n∈N

ôóíäàìåíòàëüíà

äëÿ ∀k ∈ N , è ïóñòü λ
(n)
k → λk, n → ∞. Ïîëîæèì λ̄ ≡ ⟨λk⟩k∈N è ïîêàæåì, ÷òî

lim
n→∞

µK s
x̄

(
λ̄n; λ̄ ; t

)
= 1 è lim

n→∞
νK s

x̄

(
λ̄n; λ̄ ; t

)
= 0,

ðàâíîìåðíî ïî t ∈ R. Óñòàíîâèì ýòî îòíîñèòåëüíî µK s
x̄
. Âîçüìåì ∀ε > 0. ßñíî, ÷òî

∃n0, ∀n ≥ n0 , ∀p ∈ N :

µK s
x̄

(
λ̄n; λ̄n+p; t

)
> 1− ε, ∀t ∈ R.

Ñëåäîâàòåëüíî

inf
r
µ

(
r∑

k=1

λ
(n)
k xk;

r∑
k=1

λ
(n+p)
k xk; t

)
> 1− ε,∀n ≥ n0 , ∀p ∈ N, ∀t ∈ R+. (11)

Äëÿ äàëüíåéøèõ ðàññóæäåíèé íàì ïîòðåáóåòñÿ ñëåäóþùåå óñëîâèå:
13) èç λn → λ , n → ∞ ñëåäóåò, ÷òî s- lim

n→∞
(λnx) = λx , ò.å.

limµ
n→∞

(λnx;λx; t) = 1, lim ν
n→∞

(λnx;λx; t) = 0,

ðàâíîìåðíî ïî t ∈ R, ∀x ∈ X.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò, ÷òî åñëè

λ(k)
n → λ(k) , n → ∞ , ∀k = 1, r,

òîãäà

limµ
n→∞

(
r∑

k=1

λ(k)
n xk; y; t

)
= µ

(
r∑

k=1

λ(k)xk; y; t

)
,

lim ν
n→∞

(
r∑

k=1

λ(k)
n xk; y; t

)
= ν

(
r∑

k=1

λ(k)xk; y; t

)
,∀ {x1; ...;xr; y} ⊂ X, ∀t ∈ R.

Íà ñàìîì äåëå, íå îãðàíè÷èâàÿ îáùíîñòè áóäåì ðàññìàòðèâàòü ñëó÷àé r = 2. Äî-
ñòàòî÷íî äîêàçàòåëüñòâî ïðîâåñòè îòíîñèòåëüíî ν. Òàê êàê, ýòà ñõåìà ïðèìåíèìà ê
µ̃ = 1− µ. Ïóñòü

λn → λ, µn → µ, n → ∞ .
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Ïî îïðåäåëåíèþ

ν (x; y; t) ≤ max {ν (x; z; t) ; ν (y; z; t)} ≤ ν (x; z; t)+

ν (y; z; t) , ∀x, y, z ∈ X , ∀t ∈ R.

Îòñþäà ñëåäóåò

ν (x; y; t)− ν (x; z; t) ≤ ν (y; z; t) .

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì

ν (x; z; t)− ν (x; y; t) ≤ ν (y; z; t) .

Òàêèì îáðàçîì

|ν (x; y; t)− ν (x; z; t)| ≤ ν (y; z; t) . (12)

Âçÿâ çäåñü y = λna , z = λa, ïîëó÷àåì, ÷òî

lim
n→∞

ν (x;λna; t) = ν (x;λa; t) ,

ðàâíîìåðíî ïî t ∈ R è äëÿ ∀x, a ∈ X . Ñ äðóãîé ñòîðîíû èìååì

ν (λnx+ µny;λx+ µy; t) ≤ ν (λnx+ µny;µny + λx; t) + ν (µny + λx;λx+ µy; t) .

Ïðèíèìàÿ âî âíèìàíèå ñâîéñòâî 12) îòñþäà ïîëó÷àåì

ν (λnx+ µny;λx+ µy; t) ≤ ν (λnx;λx; t) + ν (µny;µy; t) .

Ñëåäîâàòåëüíî

s− lim
n→∞

(λnx+ µny) = λx+ µy, ∀x, y ∈ X.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò, ÷òî åñëè

λ(k)
n → λ(k) , n → ∞ , ∀k = 1, r,

òî

s− lim
n→∞

(
r∑

k=1

λ(k)
n xk

)
=

r∑
k=1

λ(k)xk , ∀ {xk}r1 ⊂ X.

Åñëè â (12) ïîëîæèòü

y =
r∑

k=1

λ(k)
n xk è z =

r∑
k=1

λ(k)xk,
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òî ïîëó÷àåì

lim
n→∞

ν

(
x;

r∑
k=1

λ(k)
n xk; t

)
= ν

(
x;

r∑
k=1

λ(k)xk ; t

)
,

ðàâíîìåðíî ïî t ∈ R è ∀ {x;x1; ...;xr} ⊂ X. Àíàëîãè÷íûå ðåçóëüòàòû âåðíû è îòíîñè-
òåëüíî ïî µ. Òîãäà ïåðåõîäÿ ê ïðåäåëó ïðè p → ∞ â (11) ïîëó÷àåì

inf
r
µ

(
r∑

k=1

λ
(n)
k xk;

r∑
k=1

λkxk; t

)
≥ 1− ε, ∀n ≥ n0 , ∀t ∈ R+. (13)

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî ∃m0 ∈ N :

sup
r

ν

(
r∑

k=1

λ
(n)
k xk;

r∑
k=1

λkxk; t

)
≤ ε, ∀n ≥ m0 , ∀t ∈ R+. (14)

Èìååì

µ

(
r+p∑
k=r

λ
(n)
k xk;

r+p∑
k=r

λkxk; t

)
= µ

(
r+p∑
k=r

(
λ
(n)
k − λk

)
xk; 0; t

)
≥

≥ min

{
µ

(
r+p∑
k=r

(
λ
(n)
k − λk

)
xk;−

r−1∑
k=1

(
λ
(n)
k − λk

)
xk;

t

2

)
; µ

(
−

r−1∑
k=1

(
λ
(n)
k − λk

)
xk; 0;

t

2

)}
=

= min

{
µ

(
r+p∑
k=1

(
λ
(n)
k − λk

)
xk; 0;

t

2

)
; µ

(
r−1∑
k=1

(
λ
(n)
k − λk

)
xk; 0;

t

2

)}
.

Îáðàòèâ âíèìàíèå ê (13) ïîëó÷àåì

µ

(
r+p∑
k=r

λ
(n)
k xk;

r+p∑
k=r

λkxk; t

)
≥ 1− ε, ∀n ≥ n0 , ∀r, p ∈ N, ∀t ∈ R+. (15)

Èç λ̄n ∈ K s
x̄ ñëåäóåò, ÷òî ∃m(n)

0 :

µ

(
m+p∑
k=m

λ
(n)
k xk; 0; t

)
> 1− ε, ∀m ≥ m

(n)
0 , ∀p ∈ N, ∀t ∈ R+. (16)

Èìååì

µ

(
m+p∑
k=m

λkxk; 0; t

)
≥ min

{
µ

(
m+p∑
k=m

λkxk;

m+p∑
k=m

λ
(n)
k xk; t

)
; µ

(
m+p∑
k=m

λ
(n)
k xk; 0; t

)}
.

Îòñþäà ó÷èòûâàÿ ñîîòíîøåíèÿ (15) è (16) ïîëó÷àåì
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µ

(
m+p∑
k=m

λkxk; 0; t

)
≥ 1− ε,∀m ≥ m

(n)
0 , ∀p ∈ N, ∀t ∈ R+.

Àíàëîãè÷íûì îáðàçîì óñòàíàâëèâàåì, ÷òî

∃m1 ∈ N : ν

(
m+p∑
k=m

λkxk; 0; t

)
≤ ε, ∀m ≥ m1, ∀p ∈ N, ∀t ∈ R+.

Îòñþäà ñëåäóåò, ÷òî ðÿä
∑∞

k=1 λkxk ñèëüíî fuzzy ñõîäèòñÿ â X, ò.å. åñëè X ñèëüíî
ïîëíî, òîãäà ∃ s- lim

m→∞

∑m
k=1 λkxk. Ñëåäîâàòåëüíî, λ̄ ∈ K s

x̄ , è èç (13), (14) íåïîñðåä-
ñòâåííî ñëåäóåò, ÷òî

lim
n→∞

µK s
x̄

(
λ̄n; λ̄; t

)
= 1, lim

n→∞
νK s

x̄

(
λ̄n; λ̄; t

)
= 0,

ðàâíîìåðíî ïî ∀t ∈ R. Â ðåçóëüòàòå ïîëó÷àåì, ÷òî ïðîñòðàíñòâî
(
K s

x̄ ;µK s
x̄
; νK s

x̄

)
ÿâ-

ëÿåòñÿ ñèëüíî fuzzy ïîëíûì. Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 4.1. Ïóñòü (X;µ; ν) åñòü fuzzy ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, îò-

íîñèòåëüíî êîòîðûõ èìåþò ìåñòî óñëîâèÿ α) , β), 12) è 13). Åñëè {xn}n∈N ⊂ X
íåâûðîæäåííàÿ ñèñòåìà, òîãäà ïðîñòðàíñòâî êîýôôèöèåíòîâ

(
K s

x̄ ;µK s
x̄
; νK s

x̄

)
òî-

æå ÿâëÿåòñÿ ñèëüíî fuzzy ïîëíûì ìåòðè÷åñêèì ïðîñòðàíñòâîì.

Ðàññìîòðèì îïåðàòîð T : K s
x̄ → X îïðåäåëåííûé âûðàæåíèåì

T λ̄ =
∞∑
n=1

λnxn, λ̄ ≡ {λn}n∈N ∈ K s
x̄ .

Ïóñòü s- lim
n→∞

λ̄n = λ̄ â K s
x̄ , ãäå λ̄n ≡

{
λ
(n)
k

}
k∈N

∈ K s
x̄ . Èìååì

µ
(
T λ̄n;T λ̄ ; t

)
= µ

( ∞∑
k=1

(
λ
(n)
k − λk

)
xk ; 0; t

)
≥

inf
m

µ

(
m∑
k=1

(
λ
(n)
k − λk

)
xk ; 0; t

)
= µK s

x̄

(
λ̄n; λ̄ ; t

)
.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò, ÷òî s-limT
n→∞

λ̄n = T λ̄, ò.å. îïåðàòîð T ÿâëÿåòñÿ ñèëüíî

fuzzy íåïðåðûâíûì. Ïóñòü λ̄ ∈ KerT , ò.å.

T λ̄ = 0 ⇒
∞∑
n=1

λnxn = 0,

ãäå λ̄ ≡ {λn}n∈N ∈K s
x̄ . ßñíî, ÷òî åñëè ñèñòåìà {xn}n∈N ÿâëÿåòñÿ s-ëèíåéíî íåçàâèñè-

ìîé, òî λn = 0, ∀n ∈ N , è â ðåçóëüòàòå, KerT = {0}. Â ýòîì ñëó÷àå
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∃T−1 : X ⊃ ImT → K s
x̄ .

Åñëè ïðè ýòîì ImT ÿâëÿåòñÿ s- çàìêíóòûì â X, òî T−1 òîæå íåïðåðûâåí.
Îáîçíà÷èì ÷åðåç {ēn}n∈N ⊂K s

x̄ êàíîíè÷åñêóþ ñèñòåìó â K s
x̄ , ãäå ēn =

{δnk}k∈N ∈K s
x̄ . ßñíî, ÷òî T ēn = xn, ∀n ∈ N . Ïîêàæåì, ÷òî {ēn}n∈N îáðàçóåò s-

áàçèñ â K s
x̄ . Âîçüìåì ∀λ̄ ≡ {λn}n∈N ∈K s

x̄ è ïîêàæåì, ÷òî ðÿä
∑∞

n=1 λnēn ñèëüíî fuzzy
ñõîäèòñÿ â K s

x̄ . Íà ñàìîì äåëå, èç ñóùåñòâîâàíèÿ s- lim
m→∞

∑m
n=1 λnxn â Xs ñëåäóåò, ÷òî

äëÿ ∀ε > 0, ∃m0 ∈ N :

µ

(
m+p∑
n=m

λnxn; 0; t

)
> 1− ε,∀m ≥ m0 , ∀p ∈ N, ∀t ∈ R+.

Èìååì

µK s
x̄

(
m+p∑
n=m

λnēn; 0; t

)
= inf

r

(
r∑

n=m

λnxn; 0; t

)
≥ 1− ε, ∀m ≥ m0 , ∀p ∈ N, ∀t ∈ R+.

Îòñþäà ñëåäóåò, ÷òî ðÿä
∑∞

n=1 λnēn ñèëüíî fuzzy ñõîäèòñÿ â K s
x̄ . Áîëåå òîãî

µK s
x̄

(
λ̄−

m∑
n=1

λnēn; 0; t

)
= µK s

x̄
({ ...; 0; λm+1; ...} ; 0; t) =

= inf µ
r

(
r∑

n=m+1

λnxn; 0; t

)
≥ 1− ε,∀m ≥ m0 , ∀t ∈ R+.

Ñëåäîâàòåëüíî

s− lim
m→∞

m∑
n=1

λnēn = λ̄, ò.å. λ̄
s
=

m∑
n=1

λnēn.

Ðàññìîòðèì ôóíêöèîíàëû e∗n
(
λ̄
)

= λn, ∀n ∈ N . Ïîêàæåì, ÷òî îíè ÿâëÿþòñÿ s-

íåïðåðûâíûìè. Ïóñòü s- lim
n→∞

λ̄n = λ̄, ãäå λ̄n ≡
{
λ
(n)
k

}
k∈N

∈ K s
x̄ . Êàê óæå óñòà-

íîâëåíî ïðè äîêàçàòåëüñòâå Òåîðåìû 4.1, èìååò ìåñòî λ
(n)
k → λk ïðè n → ∞, ò.å.

e∗k
(
λ̄n

)
→ e∗k

(
λ̄
)
ïðè n → ∞ äëÿ ∀k ∈ N . Òàêèì îáðàçîì, e∗k ÿâëÿåòñÿ s-íåïðåðûâíûì

íà K s
x̄ ïðè ∀k ∈ N . Ñ äðóãîé ñòîðîíû, ëåãêî çàìåòèòü, ÷òî e∗n (ēk) = δnk, ∀n, k ∈ N ,

ò.å. {e∗n}n∈N ÿâëÿåòñÿ s-áèîðòîãîíàëüíîé ê {ēn}n∈N . Â ðåçóëüòàòå ïîëó÷àåì, ÷òî ñè-
ñòåìà {ēn}n∈N îáðàçóåò s-áàçèñ â K s

x̄ . Èòàê, ñïðàâåäëèâà

Òåîðåìà 4.2. Ïóñòü (X;µ; ν) ÿâëÿåòñÿ ñèëüíî fuzzy ïîëíûì ìåòðè÷åñêèì ïðî-

ñòðàíñòâîì, êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì α) , β), 12) è 13). Ïóñòü {xn}n∈N ⊂
X íåâûðîæäåííàÿ ñèñòåìà. Òîãäà ñîîòâåòñòâóþùåå ïðîñòðàíñòâî êîýôôèöèåíòîâ(
K s

x̄ ;µK s
x̄
; νK s

x̄

)
ÿâëÿåòñÿ ñèëüíî fuzzy ïîëíûì ìåòðè÷åñêèì ïðîñòðàíñòâîì ñ êàíî-

íè÷åñêèì s-áàçèñîì {ēn}n∈N .
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Ïðåäïîëîæèì, ÷òî ñèñòåìà {xn}n∈N s-ëèíåéíî íåçàâèñèìà è ImT çàìêíóòî. Òî-
ãäà ëåãêî çàìåòèòü, ÷òî {xn}n∈N îáðàçóåò s-áàçèñ â ImT , è â ñëó÷àå s-ïîëíîòû åå
â Xs, îíà îáðàçóåò s-áàçèñ â íåì. Â ýòîì ñëó÷àå K s

x̄ è Xs èçîìîðôíû è T ÿâëÿåòñÿ
èçîìîðôèçìîì ìåæäó íèìè. Îáðàòíîå òîæå âåðíî, ò.å. åñëè âûøå îïðåäåëåííûé îïå-
ðàòîð T åñòü èçîìîðôèçì ìåæäó K s

x̄ è Xs, òî ñèñòåìà {xn}n∈N îáðàçóåò s-áàçèñ â Xs.
T íàçîâåì êîýôôèöèåíòíûì îïåðàòîðîì. Òàêèì îáðàçîì, èìååò ìåñòî

Òåîðåìà 4.3. Ïóñòü (X;µ; ν) åñòü ñèëüíî fuzzy ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî,

êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì α) , β), 12) and 13). Ïóñòü {xn}n∈N ⊂ X íåâûðîæ-

äåííàÿ ñèñòåìà,
(
K s

x̄ ;µK s
x̄
; νK s

x̄

)
ñîîòâåòñòâóþùåå ñèëüíî fuzzy ïîëíîå ìåòðè÷åñêîå

ïðîñòðàíñòâî è T :K s
x̄ → Xs êîýôôèöèåíòíûé îïåðàòîð. Ñèñòåìà {xn}n∈N îáðàçóåò

s-áàçèñ â Xs òîëüêî òîãäà, êîãäà îïåðàòîð T ÿâëÿåòñÿ èçîìîðôèçìîì ìåæäó K s
x̄ è

Xs.
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