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Ðàññìîòðèì â L2 (−∞,∞) èíòåãðîäèôôåðåíöèàëüíûé îïåðàòîð (è.ä.î) L, ïîðîæ-
äåííûé èíòåãðîäèôôåðåíöèàëüíûì âûðàæåíèåì

Ly ≡ y(4) + p (x) y +

∫ +∞

−∞
K (x, s, ρ) y(4) (s, ρ) ds , (1)

ãäå λ = ρ4 , ρ = ρ1 + iρ2, |ρ| < ε0
4 , ε0 > 0.

Ïóñòü p (x) êîìïëåêñíîçíà÷íàÿ ñóììèðóåìàÿ ôóíêöèÿ â èíòåðâàëå R = (−∞,∞),
óäîâëåòâîðÿþùàÿ óñëîâèå

|p (x)| < c e−ε0|x|,

∫ +∞

−∞

∫ +∞

−∞
|p (x)| |p (s)| · eε0(|x|+|s|)dx ds = B1 < ∞, (2)

À ÿäðî è.ä.î. (1) ïðè ôèêñèðîâàííûõ x, s (−∞ < x, s < ∞) ÿâëÿåòñÿ öåëîé àíàëèòè÷å-
ñêîé ôóíêöèé ïî ρ â îáëàñòè |ρ| < ε0

4 , èìååò â R äîñòàòî÷íîå êîëè÷åñòâî íåïðåðûâíûõ

ïðîèçâîäíûõ îòíîñèòåëüíî x êîòîðûå ∂ik(x,s,ρ)
∂xi ∈ L2 (R) ,

(
i = 0, 4

)
è èìååò âèä:

K (x, s, ρ) =


[
eiρ(x−s)−e−iρ(x−s)

4iρ7
− eρ(x−s)−e−ρ(x−s)

4ρ7

]
P (s) , ïðè s < x[

eiρ(s−x)−e−iρ(s−x)

4iρ7
− eρ(s−)−e−ρ(s−x)

4ρ7

]
P (s) , ïðè s > x

(3)

Íàøà çàäà÷à èçó÷èòü ñïåêòð è.ä.î. L.
Ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëå äëÿ ðåøåíèé è. ä. óðàâíåíèé íà âñåé îñè ïðè

âûïîëíåíèè óñëîâèé (2), (3).
Ïîëó÷åííûå ôîðìóëû àíàëîãè÷íû ôîðìóëàì äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé

÷åòâ¸ðòîãî ïîðÿäêà (ñì. [2]) íà âñåé îñè. Îäíàêî íàì ïðèøëîñü ïðèìåíèòü çäåñü äðó-
ãîé ìåòîä èõ âûâîäà.
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Ñïåêòð îïåðàòîðà L ñîñòîèò èç íåïðåðûâíîãî ñïåêòðà çàïîëíÿþùåãî îñü λ > 0, è
êîíå÷íîãî ÷èñëà êîìïëåêñíûõ çíà÷åíèé.

Îäíàêî, â îòëè÷èå îò è.ä.î. âòîðîãî ïîðÿäêà (ñì. [3]) îïåðàòîð L ìîæåò èìåòü
ïîëîæèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ. Íàéäåíà óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ
è.ä.î. L íå èìååò ñîáñòâåííûõ çíà÷åíèé, è ðàäèóñ êðóãà, çàâèñÿùèé îò P (x), âíå
êîòîðîãî íåò ñîáñòâåííûõ çíà÷åíèé.

1. Àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé è.ä. óðàâíåíèÿ Ly = λy

Ðàññìîòðèì è.ä. óðàâíåíèÿ

−y(4) + ρ4y = [P (x) +Aλ] y, (4)

ãäå Aλ =
∫ +∞
−∞ K (x, s, ρ) y(4) (s, ρ) ds .

Èìååò ìåñòî ñëåäóþùèå óòâåðæäåíèå:
Ëåììà 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (2), (3) è 4 |ρ| < ε0. Òîãäà è.ä. óðàâíåíèå

(4) èìååò ÷åòûðå ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ yk (x, ρ), k = 1, 2, 3, 4, àíàëèòè÷åñêèõ
ïî ρ â 4 |ρ| < ε0 ïðè êàæäîì ôèêñèðîâàííîì x ∈ (−∞,∞) è äîïóñêàþùèõ àñèìïòî-
òèêó

yk (x, ρ) = e(i)
k

ρ x
[
1 + 0

(
e−2ε0x

)]
?@8 x → +∞ , k = 1, 2, 3, 4 (5)

Âìåñòî (4) ðàññìîòðèì åìó ýêâèâàëåíòíîå è.ä. óðàâíåíèå, êîòîðîå ïîëó÷èì ìåòîäîì
âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ. Ïîëó÷èì:

y (x, ρ) = c1e
iρ x + c2e

−iρ x + c3e
ρ x + c4e

−ρ x+

+

∫ ∞

x

[
eiρ(x−t) − e−iρ(x−t)

4iρ3
− eρ(x−t) − e−ρ(x−t)

4ρ3

] [
p [t] y (t, ρ) +

∫ +∞

−∞
k (t, s, ρ)

d4y (s, p)

ds4

]
dt

(6)
Èíòåãðèðóÿ ïî ÷àñòÿì èç (6) ïîëó÷èì:

y (x, ρ) = c1e
iρ x + c2e

−iρ x + c3e
ρ x + c4e

−ρ x+

+

∫ ∞

x
H (x, t, ρ) [p (t) y (t, ρ) +

4∑
i=1

(−1)i+1 ∂
i−1k (t, s, ρ)

∂ti−1
p (s) y(4−i) (s, ρ)

∣∣∣∣∣
+∞

−∞

+

+

∫ ∞

−∞

∂4k (t, s, ρ)

∂t4
p (s) y (s, p) ds

]
dt, (7)

ãäå H (x, t, ρ) = eiρ(x−t)−e−iρ(x−t)

4iρ3
− eρ(x−t)−e−ρ(x−t)

4ρ3
.
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Èç óñëîâèÿ (3) ëåãêî ìîæíî äîêàçàòü, ÷òî

lim
x → +∞
(s < x)

4∑
i=1

(−1)i+1 ∂
i−1k (x, s, ρ)

∂xi−1
p (s) y(4−i) (s, ρ)−

− lim
x → −∞
(s > x)

4∑
i=1

(−1)i+1 ∂
i−1k (x, s, ρ)

∂xi−1
p (s) y(4−i) (s, ρ) = 0 (8)

Òîãäà, ó÷èòûâàÿ (3) è (8) èç (7) èìååì:

y (x, ρ) = c1e
iρ x + c2e

−iρ x + c3e
ρ x + c4e

−ρ x +

∫ ∞

x
H (x, t, ρ) p (t) y (t, ρ) dt+

+

∫ ∞

x

∫ +∞

−∞
H (x, t, ρ) H (t, s, ρ) p (s) y (s, ρ) ds dt. (9)

Ñ ïîìîùüþ ðàçëîæåíèÿ â ðÿä Òåéëîðà óáåæäàåòñÿ, ÷òî ÿäðî H (x, t, ρ) ïðè ôèêñèðî-
âàííûõ x è t ÿâëÿåòñÿ öåëîé àíàëèòè÷åñêîé ôóíêöèåé îò ρ è äîïóñêàåò îöåíêó

|H (x, t, ρ)| ≤ 1

6
|x− t|3 e|ρ| |x−t|, (10)

|H (x, t, ρ) H (t, s, ρ)| ≤ 1

62
|(x− t) (t− s)|3 e[ |ρ| |x−t| |t−s| ]. (11)

Òîãäà ó÷èòûâàÿ (2) è (10), (11) ïîëó÷èì ñîîòâåòñòâåííî îöåíêó∣∣∣∣12H (x, t, ρ) p (t) eρ(t−x)

∣∣∣∣ ≤ c0 |(x− t)|3 e2 |ρ| |x−t| −ε0|t| (12)

è ∣∣∣∣12H (x, t, ρ)H (t, s, ρ) p (t) p (s) eρ(t−x)

∣∣∣∣ ≤
≤ c̃0 |(x− t) (t− s)|3 e |ρ| [2 |x−t| −|t−s|]−ε0[|t|+|s|] (13)

Ïîëîæèì â óðàâíåíèè (9) c1 = c2 = c4 = 0 , c3 = 1, y (x, ρ) = eρ x2 (x, ρ) ïîëó÷èì:

z (x, ρ) = 1 +

∫ ∞

x
H (x, t, ρ) p (t) eρ(t−x) z (t, ρ) dt+

+

∫ ∞

x

∫ +∞

−∞
H (x, t, ρ) H (t, s, ρ) p (t) p (s) eρ(t−x) z (t, ρ) dt ds. (14)
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Ðàñïîëàãàÿ îöåíêîé (12), (13) ìîæíî ðåøèòü èíòåãðàëüíîå óðàâíåíèå (14) ìåòîäîì
ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ðåøåíèå óðàâíåíèÿ (14) çàïèøåì â âèäå ðÿäà Íåé-
ìàíà

z (x, ρ) = 1 + (A+B) 1 +
(
A2 +B2

)
1 + ... (15)

ãäå Az = c0
∫∞
x H (x, t, ρ) p (t) eρ(t−x) z (t, ρ) dt,

B z = c̃o

∫ ∞

x

∫ +∞

−∞
H (x, t, ρ) H (t, s, ρ) p (t) p (s) eρ(t−x) z (t, ρ) dt ds.

Ïîêàæåì, ÷òî äëÿ x ≥ 0 ðÿä (15) ñõîäèòñÿ ðàâíîìåðíî äëÿ âñåõ ρ â îáëàñòè |ρ| < ε0
4 .

Äåéñòâèòåëüíî, ïðè t > x ≥ 0 èìååì:

|A 1| ≤ c0

∫ ∞

x
|t− x|3 e2|ρ| |t−x|−ε0|t|dt = c0

∫ ∞

x
(t− x)3 e2|ρ| (t−x)−ε0tdt =

= c0

∫ ∞

0
t31e

2|ρ| t1−ε0(x+t1)dt1 = c0e
−ε0x

∫ ∞

0
t31e

−(ε0−2|ρ|) t1dt1

èç
(
|ρ| < ε0

4

)
⇒ ε0 − 2 |ρ| > ε0

2 . Ïîýòîìó

|A 1| ≤ c0e
−ε0x

∫ ∞

0
t31e

− ε0
2

t1dt1 =
c0e

−ε0x(
ε0
2

)4 .

∣∣A2 1
∣∣ ≤ c0(

ε0
2

)4 ∫ ∞

x
(t− x)3 e2|ρ| (t−x)−2ε0tdt =

=
c0(
ε0
2

)4 ∫ ∞

0
t31e

2|ρ| t1−2ε0(x+t1)dt1 ≤
c0e

−2ε0x(
ε0
2

)2·4 · 34 ,
Ïî èíäóêöèè ïîëó÷èì:

|An 1| ≤ cn0e
−nε0x

((2n− 1)!!)4 ·
(
ε0
2

)2·4 .
|B 1| ≤ c̃0

∫ ∞

x

∫ +∞

−∞
|(x− t) (t− s)|3 e2|ρ| [2 |x−t|+|t−s|]−ε0(|t|+|s|)ds dt =

= c̃0

∫ ∞

x

[∫ +∞

−∞
|t− s|3 e|ρ| |t−s|−ε0|s|ds

]
|x− t|3 e2|ρ| |x−t|−ε0|t|dt.

Òàê êàê,

∫ +∞

−∞
|t− s|3 e|ρ| |t−s|−ε0|s|ds =

∫ t

−∞
|s− t|3 e|ρ| |s−t|ds +

∫ +∞

t
|t− s|3 e|ρ| |t−s|−ε0|s|ds =
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= e−ε0t

∫ ∞

0
t31e

−(ε0−|ρ|) t1dt1 + e−ε0t

∫ ∞

0
t31e

−(ε0−|ρ|) t1dt1 ≤

≤ 2e−ε0t

∫ ∞

0
t31e

− 3
4
t1dt1 =

2 · 3!(
3
4ε0
)4 e−ε0t.

Òîãäà

|B 1| ≤ c̃0 · 2 · 3!(
3
4ε0
)4 · 34

∫ ∞

0
t31e

2|ρ| t1−2ε0(x+t1)dt1 =
˜̃c0 · e−2ε0x(

3ε0
2

)2·4 ,

ãäå ˜̃c0 =
c̃0·2·(3!)2

( 1
2)

4 .

Ïî èíäóêöèè ïîëó÷èì:

|Bn 1| ≤
˜̃c0 · e−2nε0x

[(4n− 1)!!]4 ·
(
3ε0
2

)4n .
Ïîýòîìó ðÿä (15) äëÿ x ≥ 0 ìàæîðèðóåòñÿ ñõîäÿùèìñÿ ÷èñëîâûì ðÿäîì è çíà÷èò, åãî
ñóììà z (x, ρ) áóäåì àíàëèòè÷åñêîé ïî ρ â îáëàñòè |ρ| < ε0

4 ïðè êàæäîì ôèêñèðîâàííîì
x ≥ 0. Òàê êàê ñóììà z (x, ρ) ðÿäà (15) ïî ìîäóëþ íå ïðåâîñõîäèò ñóììó ðÿäà

1 +

∞∑
n=1

[
cn0e

−nε0x

((2n− 1)!!)4 ·
(
ε0
2

)4n +
˜̃c0 · e−2nε0x

[(4n− 1)!!]4 ·
(
3ε0
2

)4n
]
.

Îòñþäà ñëåäóåò îãðàíè÷åííîñòü z (x, ρ) â 0 ≤ x < ∞, |ρ| < ε0
4 . Èòàê |z (x, ρ)| ≤

M , (M > 0) ðàâíîìåðíî äëÿ âñåõ x ≥ 0 è |ρ| < ε0
4 .

Îöåíèì òåïåðü èíòåãðàëüíîå ñëàãàåìîå â (15):

|(A+B) ᾱ| ≤ M |A 1 +B 1| ≤ M

(
c0e

−ε0x(
ε0
2

)4 + ˜̃c0 ·
e−2ε0x(
3ε0
2

)8
)

→ 0
(
e−2ε0x

)
,

ïðè x → +∞.
Òîãäà z (x, ρ) = 1 + 0

(
e−2ε0x

)
ðàâíîìåðíî îòíîñèòåëüíî ρ â îáëàñòè x ∈ [0,∞),

|ρ| < ε0
4 .

Ïîëîæèì z (x, ρ) â y1 (x, ρ) = eρ xz (x, ρ) ïîëó÷èì y1 (x, ρ) = eρ x
[
1 + 0

(
e−2ε x

)]
ïðè

x → +∞.
ßñíî, ÷òî ýòî òàêæå è ðåøåíèå è.ä. óðàâíåíèÿ (4) äëÿ x ≥ 0.
Àíàëîãè÷íî ïîñòóïàÿ, äîêàæåì, ÷òî ñóùåñòâóþò ðåøåíèÿ è.ä. óðàâíåíèÿ (4), àíà-

ëèòè÷åñêèå â îáëàñòè |ρ| < ε0
4 ïðè êàæäîì ôèêñèðîâàííîì x ∈ (0,∞) è òàêèå, ÷òî

y2 (x, ρ) = e−ρ x
[
1 + 0

(
e−2ε0x

)]
ïðè x → +∞,

y3 (x, ρ) = eiρ x
[
1 + 0

(
e−2ε0x

)]
ïðè x → +∞,

y4 (x, ρ) = e−iρ x
[
1 + 0

(
e−2ε0x

)]
ïðè x → +∞.

Ëåììû 4.1. äîêàçàíà.
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Òî÷íî òàêæå, êàê è äîêàçàòåëüñòâî ëåììû 4.1, ìîæíî äîêàçàòü ñëåäóþùåå:
Ëåììà 4.2. Ïóñòü âûïîëíÿåòñÿ óñëîâèÿ (2), (3) è |ρ| < ε0

4 . Òîãäà è.ä. óðàâíåíèå (4)
èìååò ÷åòûðå ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ yk (x, ρ) [k = 1, 2, 3, 4], àíàëèòè÷åñêèõ
ïî ρ â |ρ| < ε0

4 ïðè êàæäîì ôèêñèðîâàííîì x ∈ (−∞, 0) è äîïóñêàþùèõ àñèìïòîòèêó

yk (x, ρ) = e(i)
kρ x

[
1 + 0

(
e2ε0x

)]
ïðè x → −∞, k = 1, 2, 3, 4.

nt

2. Ñïåêòð è ðåçîëüâåíòà è.ä.î. L

Ïóñòü âûïîëíÿåòñÿ óñëîâèå
∫∞
−∞

∫ +∞
−∞ |p (x)| · |p (s)| dx ds = B2 < ∞.

Ðàññìîòðèì è.ä. óðàâíåíèå

Ly =
d4y

dx4
− ρ4y + (P (x) +Aλ) y = f (x) , (16)

ãäå f (x) ∈ L2 (−∞, +∞).
Ïðåäïîëîæèì, ÷òî λ = ρ4, Jmρ > 0, íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì è.ä.î.

L, òàê êàê ðåçîëüâåíòà Rλ ñóùåñòâóåò. Íàéäåì ÿâíûé âèä ðåçîëüâåíòû Rλ è.ä.î. L è
ïîêàæåì ÷òî îíà ÿâëÿåòñÿ îãðàíè÷åííûì èíòåãðàëüíûì îïåðàòîðîì.

Îáîçíà÷èì ñèìâîëîì îïåðàòîð L0 = − d4y
dx4 â L2 (−∞,∞). Ýòî ïîëîæèòåëüíî ñàìî-

ñîïðÿæåííûé îïåðàòîð: ïîýòîìó äëÿ âñåõ ρ = ρ1 + iρ2, êðîìå ïîëóîñè Jmρ = ρ2 > 0,
ñóùåñòâóåò ðåçîëüâåíòà R0

λ êàê îãðàíè÷åííûé èíòåãðàëüíûé îïåðàòîð. Åñëè f (x) ∈
L2 (−∞, ∞) è λ = ρ4, Jmρ > 0, òî ðåøåíèÿ è.ä. óðàâíåíèÿ (16) äàþòñÿ ôîðìóëîé

y (x, ρ) =

∫ +∞

−∞
M (x, t, ρ) f (t) dt+

∫ +∞

−∞
N (x, t, ρ) p (t) y (t, ρ) dt (17)

ãäå

N (x, t, ρ) = −
[
M (x, t, ρ) +

∫ +∞

−∞
N (x, s, ρ) M (s, t, ρ) ds

]
,

M (x, t, ρ) =

[
eiρ|x−t| − e−iρ|x−t|

4ρ3i
+

eρ|x−t| − e−ρ|x−t|

4ρ3

]
Òàê êàê λ = ρ4, ρ2 = Jmρ > 0, ρ1 = Reρ > 0 íå åñòü ñîáñòâåííîå çíà÷åíèå è.ä.î. L,

òî (17) ðàçðåøèìî è ìû èìååì

y (x, ρ) =

∫ +∞

−∞
T (x, t, ρ) f (t) dt = Rλf,

ãäå T (x, t, ρ) = M (x, t, ρ)+
∫ +∞
−∞ Γ (x, s, ρ) M (s, t, ρ) ds è Γ (x, s, ρ)- ðåçîëüâåíòíîå ÿäðî

äëÿ ÿäðà N (x, t, ρ).
Ñëåäîâàòåëüíî, ðåçîëüâåíòà Rλ åñòü èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì T (x, t, ρ).
Äîêàæåì òåïåðü, ÷òî ýòî ÿäðî ôàêòè÷åñêè çàäàåò èíòåãðàëüíûé îïåðàòîð, îãðà-

íè÷åííûé è îïðåäåëåííûé âî âñåì ïðîñòðàíñòâå L2 (R).
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Ñíà÷àëà èñïîëüçóÿ

N (x, t, ρ) = Q (x, t, ρ)

è

Qn (x, t, ρ) =

∫ +∞

−∞
Q (x, s, ρ) Qn−1 (s, t, ρ) ds

ïîêàæåì ÷òî

Γ (x, t, ρ) =
∞∑
n=1

Qn (x, t, ρ)

ñõîäèòñÿ, åñëè |ρ| < 3

√
B2−q

2 è |ρ| > 3

√
B2+q

2 , ãäå q =

√
B2

2 −
4B2(ρ1+ρ2)

2 .

Ïðè Jmρ > 0, Reρ > 0 èìååì e−ρ2|x−t| ≤ 1, e−ρ1|x−t| ≤ 1, e−ρ2|x| < 1,
∫ +∞
−∞ e−ρ2|s|ds =

2
ρ2
.
Òîãäà

|N (x, t, ρ)| = |Q (x, t, ρ)| = 1

|ρ3|
+

1

|ρ3|

[
e−ρ2|t|

2 |ρ3|

∫ +∞

−∞
e−ρ2|s|ds+

+
e−ρ1|t|

2 |ρ3|

∫ +∞

−∞
e−ρ1|s|ds

]
|p (t)| ≤ 1

|ρ3|

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)
|p (t)| .

Ïî èíäóêöèè ïîëó÷èì:

|Qn (x, t, ρ)| ≤
{

1

|ρ3|

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)}n ∫ +∞

−∞
...

∫ +∞

−∞
|p (t)| ·

n−1∏
j=1

|p (sj)| dsj .

Òîãäà

|Γ (x, t, ρ)| ≤
∞∑
n=1

|Qn (x, t, ρ)| ≤

≤ |p (t)| ·
{

1

|ρ3|

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)}n ∫ +∞

−∞
...

∫ +∞

−∞

n−1∏
j=1

|p (sj)| dsj ≤

≤
∞∑
n=1

Bn−1
2

|ρ3|n−1 · |p (t)|
|ρ3|

[
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

]n
=

=

∞∑
n=1

{
B2

|ρ3|

[
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

]}n−1

· |p (t)|
|ρ3|

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)
.
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Ðÿä

∞∑
n=1

{
B2

|ρ3|

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)}n−1

(18)

ñõîäèòñÿ, åñëè

B2

|ρ3|

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)
< q1 < 1. (19)

Ðåøàåì ýòîãî íåðàâåíñòâî, îòíîñèòåëüíî |ρ|, íàéäåì, ÷òî â îáëàñòè |ρ| < 3

√
B2−q1

2 è

|ρ| > 3

√
B2+q1

2 íåò ñïåêòðà è.ä.î. L .

Ñóììà ýòîãî ðÿäà ðàâíà
|ρ6| ρ1 ρ2

|ρ6|−B2(1+ρ1+ρ2)
.

Ïîýòîìó ðÿä
∑∞

n=1Qn (x, t, ρ) ìàæîðèðóåòñÿ ñõîäÿùèìñÿ ÷èñëîâûì ðÿäîì (18) è çíà-
÷èò, åãî ñóììà Γ (x, t, ρ) áóäåò àíàëèòè÷åñêîé ïî ρ â îáëàñòè Jmρ > 0, Reρ > 0
ïðè êàæäîì ôèêñèðîâàííîì x. Òîãäà äîïóñòèìî ïî÷ëåííîå èíòåãðèðîâàíèå ðÿäà∑∞

n=1Qn (x, t, ρ).

Òàêèì îáðàçîì∣∣∣∣∫ +∞

−∞
T (x, t, ρ) f (t) dt

∣∣∣∣2 ≤ ∫ +∞

−∞
|M (x, t, ρ)| |f (t)| dt+

+

∣∣ρ6∣∣ ρ1 ρ2

|ρ6| −B2 (1 + ρ1 + ρ2)

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

) ∫ +∞

−∞

∫ +∞

−∞
|M (x, s, ρ)| |p (t)| |f (t)| dt ds.

Òàê êàê
∫∞
−∞ e−2ρ2|x−t|dt = 1

2 . Ïî ýòîìó ïðèìåíÿÿ íåðàâåíñòâî áóíÿêîâñêîãî, ëåãêî
óáåäèòüñÿ, ÷òî(∫ ∞

−∞

e−ρ2|x−t|

4 |ρ3|
|f (t)| dt

)
≤ ∥f∥2 ·

∫ ∞

−∞

e−2ρ2|x−t|

16 |ρ6|
dt =

∥f∥2

16ρ2 |ρ6|
.

Ïîýòîìó

|Rλf | ≤
∥f∥2 (ρ1 + ρ2)

8 |ρ3| − ρ1ρ2

[
1

|ρ3|
+

ρ1 ρ2B
2
2

|ρ6| −B2 (1 + ρ1 + ρ2)

(
1 +

ρ1 + ρ2
ρ1ρ2 |ρ3|

)]
.

Èòàê, äëÿ ëþáîé ôóíêöèè f (x) ∈ L2 (R)ôîðìóëà (18) îïðåäåëÿåò ôóíêöèþ y (x) ∈
L2 (R). Ëåãêî íåïîñðåäñòâåííî ïðîâåðèòü, ÷òî y (x, ρ) óäîâëåòâîðÿåò óðàâíåíèþ (17),
à ñëåäîâàòåëüíî è è.ä. óðàâíåíèþ (16).

Èòàê, çàìêíóòíûé îïåðàòîð Rλ îïðåäåëåí íà âñåì ïðîñòðàíñòâå L2 (R).

Ïóñòü, òåïåðü y (x, λ) ñîáñòâåííàÿ ôóíêöèÿ (ñ.ô.) è.ä.î. L, ñîîòâåòñòâóþùàÿ ñîá-
ñòâåííîìó çíà÷åíèþ (ñ.ç) λ. Òîãäà îíà îïðåäåëÿåòñÿ èç óðàâíåíèÿ
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y (x, ρ) =
1

4 |ρ3|

∫ +∞

−∞
G (x, t, ρ) p (t) y (t, ρ) dt , Jmρ > 0 ,

ãäå

G (x, t, ρ) =
1

4 ρ3

(
ieiρ|x−t| − e−ρ|x−t|

)
+

+
1

16ρ6

∫ +∞

−∞

(
ieiρ|x−s| − e−ρ|x−s|

) (
ieiρ|s−t| − e−ρ|s−t|

)
ds.

Ïîýòîìó ñ.ç. ÿâëÿþòñÿ íóëÿìè îïðåäåëèòåëÿ Ôðåäãîëüìà

D (ρ) = 1 +
∞∑
n=1

(−1)n

n!
Dn (ρ) ,

ãäå Dn (ρ) =
∫∞
−∞ ...

∫∞
−∞ det ∥Gρ (ti, tj)∥

∏n
k=1 |p (tk)| dtk ,

(
i = 1, 2, ..., n
j = 1, 2, ..., n

)
.

Çäåñü ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ

det ∥Gρ (ti, tj)∥ = Gρ

(
t1, t2, ..., tn
t1, t2, ..., tn

)
è Gρ (ti, tj) = Gρ (ti, tj , ρ)

(
i, j = 1, n

)
.

Ïîýòîìó îïåðàòîð Rλ íå ñóùåñòâóåò òîëüêî äëÿ òåõ ρ, äëÿ êîòîðûõ D (ρ) = 0.

Òåïåðü äîêàæåì ñëåäóþùóþ ëåììó:

Ëåììà 5.1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (2) è (3). Òîãäà ôóíêöèÿ D (ρ) äîïóñêàåò
àíàëèòè÷åñêîå ïðîäîëæåíèå ÷åðåç âåùåñòâåííóþ ïîëîæèòåëüíóþ ïîëóîñü â îáëàñòè

E =
{
|ρ| ≥ r > 0 , Jmρ > − ε0

2 , Reρ > 0
}
, r-ôèêñèðîâàííîå ÷èñëî.

Â îáëàñòè E ñïðàâåäëèâà îöåíêà

∣∣∣∣∣∣det ∥Gρ (ti, tj)∥
n∏

j=1

p (tj) dtk

∣∣∣∣∣∣ ≤ nn/2
n∏

j=1

|p (tj)| eε0|tj |
(

1

2 |ρ3|

)n(
1 +

1

ε0 |ρ3|

)n

(20)

Èñïîëüçóÿ óñëîâèå (2), (3) è îöåíêó (20), èìååì

|Dn (ρ)| ≤
[√

n

2r3

(
1 +

1

ε0r3

)
B1

]n
äëÿ âñåõ ρ ∈ E. Ïîýòîìó â îáëàñòè E

|D (ρ)| ≤ 1 +

∞∑
n=1

1

n!

[√
n

2r3

(
1 +

1

ε0r3

)
B1

]n
.

Ñëåäîâàòåëüíî, D (ρ)- àíàëèòè÷åñêàÿ â îáëàñòè E ôóíêöèÿ.

Ðàññìîòðèì ôóíêöèè îò L:
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f (L) =

∞∑
n=1

(
√
nL)

n

n!
, L ≥ 0.

f (L) îïðåäåëåíà äëÿ âñåõ L ≥ 0 è â ýòîé îáëàñòè ìîíîòîííî âîçðàñòàåò, f (0) = 0,
ïîýòîìó ñóùåñòâóåò åäèíñòâåííîå L0, îïðåäåëÿåìîå óñëîâèåì f (L0) = 1.

Âûáåðåì ÷èñëî r òàê, ÷òîáû

B1

2r3

(
1 +

1

ε0r3

)
< L0.

Òîãäà äëÿ

|ρ| ≥ r > 3

√
2

−ε0 −
√
ε20 − 8ε0L0/B

= R0, (21)

|D (ρ)| ≤ 1−

∣∣∣∣∣
∞∑
n=1

[√
n

2r3

(
1 +

1

ε0r3

)
·B1

]n
· 1

n!

∣∣∣∣∣ ̸= 0,

ò.å. äëÿ äîñòàòî÷íî áîëüøèõ |ρ| D (ρ) ̸= 0.
Èòàê, D (ρ) ̸≡ 0 ïðè äîñòàòî÷íî áîëüøèõ |ρ| â îáëàñòè E. Ïîýòîìó èç òåîðèè Ôðåä-
ãîëüìà ñëåäóåò, ÷òî êîìïëåêñíîå ñîáñòâåííîå çíà÷åíèå è.ä.î. L îáðàçóåò íå áîëåå ÷åì
ñ÷åòíîå ìíîæåñòâî òî÷åê ñ åäèíñòâåííî âîçìîæíîé òî÷êîé ñãóùåíèÿ â íóëå.

Òåîðåìà 2.1.Ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé è.ä.î. L îãðàíè÷åíî. Åäèíñòâåííî
âîçìîæíîé òî÷êîé ñãóùåíèÿ åãî ÿâëÿåòñÿ òî÷êà λ = 0.

Ôîðìóëà (21) äàåò òàêæå îöåíêó ðàäèóñà òîãî êðóãà â êîìïëåêñíîé λ- ïëîñêîñòè(
λ = ρ4

)
, âíå êîòîðîé çàâåäîìî íåò ñîáñòâåííûõ çíà÷åíèé è.ä.î. L.

Èìåííî, äëÿ |λ| ≥ R = R4
0 è.ä.î. L íå èìååò ñîáñòâåííûõ çíà÷åíèé.

Â ñèëó ëåììû 5.1 D (ρ) àíàëèòè÷åñêàÿ ôóíêöèÿ íà âåùåñòâåííîé ïðÿìîé ρ ïëîñêî-
ñòè. Ïîýòîìó íóëè ôóíêöèè D (ρ) íå ìîãóò èìåòü ïðåäåëüíûõ òî÷åê íà âåùåñòâåííîé
îñè, íî òàê êàê îíè îáðàçóþò îãðàíè÷åííîå ìíîæåñòâî, íå èìåþùåå äðóãèõ ïðåäåëü-
íûõ òî÷åê, òî ýòèõ íóëåé êîíå÷íîå ÷èñëî. Èòàê, ñïðàâåäëèâà

Òåîðåìà 5.2. Åñëè âûïîëíåíû óñëîâèÿ (2), (3) è λ = 0 íå ÿâëÿåòñÿ òî÷êîé ñãóùå-
íèÿ ñîáñòâåííûõ çíà÷åíèé, òî è.ä.î. L ìîæåò èìåòü òîëüêî êîíå÷íîå ÷èñëî êîìïëåêñ-
íûõ ñîáñòâåííûõ çíà÷åíèé, êîòîðûå âñå îòëè÷íû îò íóëÿ.

Ïóñòü òåïåðü λ0 > 0-ñîáñòâåííîå çíà÷åíèå è.ä.î. L, ò.å. ñóùåñòâóåò ôóíêöèÿ
y0 (x) ∈ L2 (−∞,+∞), y0 (x) ̸≡ 0, òàêàÿ, ÷òî

d4y

dx4
+ (p (x) +Aλ0) y0 ≡ λ0y0 (x) .

Ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé ëåãêî ïîëó÷èòü èíòåãðàëüíîå óðàâíåíèå

y0

(
x, 4
√
λ0

)
=

∫ +∞

−∞
N
(
x, t, 4

√
λ0

)
p (t) y0

(
t, 4
√
λ0

)
dt. (22)

Ïðè 0 < arg ρ < π
4 îïåðàòîð
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Nρ0y0

(
x, 4
√
λ0

)
=

∫ +∞

−∞
N
(
x, t, 4

√
λ0

)
p (t) y0

(
t, 4
√

λ0

)
dt

áóäåò îïåðàòîðîì Ãèëüáåðòà-Øìèäòà, ïðè÷åì îí àíàëèòè÷åñêè çàâèñèò îò ρ, ÿäðî
îïåðàòîðà íåïðåðûâíàÿ è îãðàíè÷åííàÿ ôóíêöèÿ, ïîýòîìó ïðèìåíèìà òåîðèÿ Ôðåä-
ãîëüìà. Ðåøåíèå (22) ìîæíî çàïèñàòü ñ ïîìîùüþ îïðåäåëèòåëåé Ôðåäãîëüìà:

y0

(
x, 4
√
λ0

)
=

∫ +∞

−∞

D
(
x, t, 4

√
λ0

)
D
(

4
√
λ0

) p (t) y0

(
t, 4
√
λ0

)
dt. (23)

Èç (23) âèäíî, ÷òî ïîëîæèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ è.ä.î. L òàêæå íàõîäèòñÿ
ñðåäè íóëåé çíàìåíàòåëÿ Ôðåäãîëüìà D (ρ).

Ïîäâîäÿ èòîãè, ìîæíî ñôîðìóëèðîâàòü ñëåäóþùóþ òåîðåìó.
Òåîðåìà 5.3. Ñïåêòð è.ä.î. L ïðè âûïîëíåíèè óñëîâèÿ (2), (3) ñîñòîèò ðàçâå ÷òî

èç êîíå÷íîãî ÷èñëà êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèé è íåïðåðûâíîãî ñïåêòðà, çà-
ïîëíÿþùåãî îñü λ > 0, ïðè÷åì íà íåïðåðûâíîì ñïåêòðå âîçìîæíî êîíå÷íîå ÷èñëî
ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé.
Ðàññìàòðèâàÿ íàìè çàäà÷à ÷àñòè÷íî èçó÷åíà â [4] .
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