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1. Ââåäåíèå

Â ðàáîòå [1, ñ. 24�39] â íàõîæäåíèè ðàñïðåäåëåíèé ïðîöåññà è åãî îñíîâíûõ ãðà-
íè÷íûõ ôóíêöèîíàëîâ ïîëüçîâàëèñü àñèìïòîòè÷åñêèì ìåòîäîì. Â [2, ñ. 83] íàéäåíî
ïðåîáðàçîâàíèå Ëàïëàñà ðàñïðåäåëåíèÿ ïåðâîãî ìîìåíòà äîñòèæåíèÿ çàäåðæèâàþ-
ùåãî ýêðàíà â íóëå ïðîöåññîì ïîëóìàðêîâñêîãî áëóæäàíèÿ. Â ðàáîòå [3, ñ. 257-268
] è [4, ñ. 26-51] èññëåäîâàíî àñèìïòîòè÷åñêîå ïîâåäåíèå ïåðâîãî ìîìåíòà ïåðåñå÷å-
íèÿ íåêîòîðîãî óðîâíÿ ïðîöåññîì ïîëóìàðêîâñêîãî áëóæäàíèÿ. Â [5, ñ. 61-63] èçó÷åíî
àñèìïòîòè÷åñêîå ïîâåäåíèå ìîìåíòà äîñòèæåíèÿ çàäàííîãî óðîâíÿ íåâîçâðàòíûì îä-
íîìåðíûì ñëó÷àéíûì áëóæäàíèåì â ñëó÷àéíîé ñðåäå ñ çàäåðæèâàþùèì ýêðàíîì â
íóëå, ñêà÷êè êîòîðîãî ïðèíèìàþò òðè çíà÷åíèÿ: -1, 0, +1.

Â äàííîé ðàáîòå íàéäåíû ïðåîáðàçîâàíèå ðàñïðåäåëåíèÿ Ëàïëàñà-Ñòèëüòüåñà ìî-
ìåíòà ïåðâîãî ïåðåñå÷åíèÿ óðîâíÿ a (a > 0) è åãî ïåðâûå âòîðûå ìîìåíòû.

http://www.jcam.azvs.az 27 c⃝ 2011 JCAM All rights reserved.
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2. Ìàòåìàòè÷åñêîå îïèñàíèå çàäà÷è

Ïóñòü íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω, F, P (·)) çàäàíà ïîñëåäîâàòåëüíîñòü
{ξk, ζk}k=1,∞ íåçàâèñèìûõ, îäèíàêîâî ðàñïðåäåëåííûõ è ïîëîæèòåëüíûõ ñëó÷àéíûõ
âåëè÷èí ξkè ζk, k ≥ 1.

Ïîëüçóÿñü ïîñëåäîâàòåëüíîñòüþ {ξk, ζk}k=1,∞, ïîñòðîèì ïðîöåññ ïîëóìàðêîâñêîãî
áëóæäàíèÿ
X1 (t) = z + t−

∑k−1
i=1 ζi, åñëè

∑k−1
i=1 ξi ≤ t <

∑k
i=1 ξi, k ≥ 1,

ãäå z = X1 (0) > 0.
Ïðîöåññ X1 (t) íàçûâàåòñÿ ïðîöåññîì ïîëóìàðêîâñêîãî áëóæäàíèÿ ñ ïîëîæèòåëü-

íûì ñíîñîì è îòðèöàòåëüíûìè ñêà÷êàìè.
Ýòîò ïðîöåññ çàäåðæèì ýêðàíîì â íóëå x(t) = x1(t)− inf

0≤s≤t
(0, x(s)), x(t) åñòü ïðî-

öåññ ñ ïîëîæèòåëüíûì ñíîñîì, îòðèöàòåëüíûìè ñêà÷êàìè è çàäåðæèâàþùèì ýêðàíîì
â íóëå.

Íàøà öåëü íàéòè ÿâíûé âèä ïðåîáðàçîâàíèÿ Ëàïëàñà�Ñòèëüòüåñà ðàñïðåäåëåíèÿ
ìîìåíòà ïåðâîãî ïåðåñå÷åíèÿ óðîâíÿ a (a > 0) ïðîöåññîì X (t).

3. Ñîñòàâëåíèå èíòåãðàëüíîãî óðàâíåíèÿ äëÿ ïðåîáðàçîâàíèÿ

Ëàïëàñà- Ñòèëüòüåñà

Îáîçíà÷èì ÷åðåç τa ìîìåíò ïåðâîãî ïåðåñå÷åíèÿ óðîâíÿ a (a > 0) ïðîöåññîì X (t):

τa = inf {t : X (t) ≥ a}

è
L(θ |z ) = E(e−θτa |X(0) = z ), θ > 0.

Ïîêàæåì, ÷òî åñëè ξk è ζk, k ≥ 1 íåçàâèñèìû, ξk, k ≥ 1, íåçàâèñèìû ìåæäó ñîáîþ
è òàêæå ζk, k ≥ 1, íåçàâèñèìû ìåæäó ñîáîþ, òî L(θ |z ) óäîâëåòâîðÿåò ñëåäóþùåìó
èíòåãðàëüíîìó óðàâíåíèþ:

L(θ |z ) = e−θ (a−z)P {ξ1 > a− z}+

+

∫ a−z

t=0
e−θ t

∫ z+t

y=−∞
L (θ |y ) dyP {ζ1 < z + t− y} dt P {ξ1 < t} . (1)

Î÷åâèäíî, ÷òî

τa =

{
a− z , åñëè z + ξ1 > a,
ξ1 + T, åñëè z + ξ1 < a.

(2)

ãäå T
d
= τa. Òàê êàê τa - ïåðâûé ìîìåíò ïåðåñå÷åíèÿ óðîâíÿ a ïðîöåññîì X (t), åñëè

îí âûõîäèò èç òî÷êè z, òî T - ïåðâûé ìîìåíò ïåðåñå÷åíèÿ óðîâíÿ a , åñëè îí âûõîäèò
èç òî÷êè z + ξ1 − ζ1.

Òîãäà, âîñïîëüçîâàâøèñü (2), èìååì:

L(θ |z ) = E(e−θτ) |X(0) = z ) =

∫
Ω
e−θτaP (dω) =



Ïðåîáðàçîâàíèå Ëàïëàñà-Ñòèëüòüåñà ðàñïðåäåëåíèÿ ìîìåíòà 29

=

∫
z+ξ1>a

e−θ (a−z)P (dω) +

∫
z+ξ1<a

e−θ(ξ1+T )P {dω |X(0) = max(0, z + ξ1 − ζ1)} .

Ïîäñòàâèâ âî âòîðîì ñëàãàåìîì

ξ1(ω) = t, ζ1(ω) = y, T (ω) = x,

èç ïîñëåäíåãî óðàâíåíèÿ èìååì:

L(θ |z ) = e−θ (a−z)P {ξ1 > a− z}+

+

∫ a−z

t=0

∫ ∞

y=0

∫ ∞

x=0
e−θ(t+x)dxP {T < x |z + t− y} dtP {ξ1 < t} dy P {ζ1 < y} .

Ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå äëÿ L(θ |z ):

L(θ |z ) = e−θ (a−z)P {ξ1 > a− z}+ L(θ|0)
∫ a−z

t=0
e−θ t

∫ ∞

y=z+t
dyP {ζ1 < y} dtP {ξ1 < t}−

−
∫ a−z

t=0
e−θ t

∫ z+t

y=0
L(θ |z + t− y )dy P {ζ1 < y} dtP {ξ1 < t} .

Åñëè â ïîñëåäíåì èíòåãðàëå ñäåëàòü çàìåíó ïåðåìåííûõ u = z + t− y, òî ïîëó÷èì

L(θ |z ) = e−θ (a−z)P {ξ1 > a− z}+ L(θ|0)
∫ a−z

t=0
e−θ t

∫ ∞

y=z+t
dyP {ζ1 < y} dtP {ξ1 < t}−

−
∫ a−z

t=0
e−θ t

∫ 0

u=z+t
L(θ |u )du P {ζ1 < z + t− u} dtP {ξ1 < t} .

Ýòî èíòåãðàëüíîå óðàâíåíèå ìîæíî ðåøèòü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæå-
íèé. Íî ïîëó÷åííîå çíà÷åíèå íåïðèãîäíî äëÿ ïðèëîæåíèé. Ïîýòîìó ìû, ñóçèâ êëàññ
áëóæäàíèé, ïîëó÷èì ÿâíûé âèä ðåøåíèÿ (1).

Â ñëó÷àå, êîãäà ñëó÷àéíûå âåëè÷èíû ξ1 è ξ2 èìåþò ýêñïîíåíöèàëüíîå ðàñïðåäåëå-
íèå ñ ïàðàìåòðàìè µ è λ, ñîîòâåòñòâåííî,

P {ξ1 < t} =
(
1− e−λt

)
ε (t) , λ > 0, t > 0,

P {ζ1 < t} =
(
1− e−µt

)
ε (t) , µ > 0, t > 0,

ε (t) =

{
0, t < 0,
1, t > 0,

(3)

èíòåãðàëüíîå óðàâíåíèå (1) ïðèìåò âèä

L(θ |z ) = e−(λ+θ)ae(λ+θ)z +
λe−µ z

λ+ µ+ θ
L(θ|0)− λ

λ+ µ+ θ
e−(λ+µ+θ)a e(λ+θ)zL(θ|0)+

+λµe−µz

∫ a−z

t=0
e−(λ+µ+θ)t

∫ 0

y=z+t
eµyL(θ |y )dy dt (4)
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Èç ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ ìîæåì ïîëó÷èòü îáûêíîâåííîå äèôôåðåíöè-
àëüíîå óðàâíåíèå. Äåéñòâèòåëüíî, îáå ÷àñòè (4) óìíîæàåì íà eλz è ïðîäèôôåðåíöè-
ðóåì ïî z . Äàëåå îáå ÷àñòè ïîëó÷åííîãî óðàâíåíèÿ óìíîæàåì íà e−(λ+µ+θ)z è ïðî-
äèôôåðåíöèðóåì ïî z. Òîãäà ïîëó÷èì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå:

L′′
z (θ |z )− (λ− µ+ θ) L′

z (θ |z )− µθ L (θ |z ) = 0. (5)

4. Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (5) áóäåò

L (θ |z ) = c1 (θ) e
k1(θ)z + c2 (θ) e

k2(θ)z, (6)

ãäå k1 (θ) è k2 (θ) êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

k2 (θ)− (λ− µ+ θ) k (θ)− µθ = 0, (7)

ñîîòâåòñòâóþùåãî (5). Êîýôôèöèåíòû ci(θ, α), i = 1, 2 íàõîäÿòñÿ èç ñëåäóþùèõ ãðà-
íè÷íûõ óñëîâèé, ïîëó÷åííûõ èç èíòåãðàëüíîãî óðàâíåíèÿ (4):

L (θ |0) = e−(λ+θ)a + λ
λ+µ+θL(θ|0)−

λ
λ+µ+θe

−(λ+µ+θ)aL(θ|0)+
+ λµ

∫ a
t=0 e

−(λ+µ+θ)t
∫ 0
y=t e

µyL (θ |y ) dy dt,
L′
z (θ |0) = (λ+ µ+ θ)e−(λ+θ)a − µL (θ |0)− λe−(λ+µ+θ)aL(θ|0)−

−λµe−(λ+µ+θ)a
∫ 0
y=a e

µyL (θ |y ) dy+
− λµ

∫ a
y=0 e

−(λ+θ)y L (θ |y ) dy.

(8)

Â îáåèõ ÷àñòÿõ (8) âìåñòî L (θ |0) è L (θ |y ) ïîäñòàâèì èõ çíà÷åíèÿ (6). Åñëè ðàñêðûòü
èíòåãðàëû è ïåðåíåñòè âûðàæåíèÿ â ëåâóþ ÷àñòü, ïîëó÷èì, ÷òî{

λµ+ µθ − µk1(θ) + λ k1(θ) + θ k1(θ)− k21(θ)− λµ

[λ+ θ − k1(θ)] [µ+ k1(θ)]
+

+
λµ

[λ+ θ − k1(θ)] [µ+ k1(θ)]
e−[λ+θ−k1(θ)]a

}
c1 (θ)+{

λµ+ µθ − µk2(θ) + λ k2(θ) + θ k2(θ)− k22(θ)− λµ

[λ+ θ − k2(θ)] [µ+ k2(θ)]
+

+
λµ

[λ+ θ − k2(θ)] [µ+ k2(θ)]
e−[λ+θ−k2(θ)]a

}
c2 (θ) = e−(λ+θ)a. (9)

Ïåðâûå ÷ëåíû â ôèãóðíûõ ñêîáêàõ íóëè, ò.ê. ñîãëàñíî (7)

k2i (θ)− (λ− µ+ θ) ki (θ)− µθ = 0 , i = 1, 2. (10)

Äàëåå ââèäó òîãî ÷òî,

[λ+ θ − ki(θ)] [µ+ ki(θ)] = λµ,
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èç (10) ïîëó÷àåì, ÷òî

eak1(θ)c1 (θ) + eak2(θ)c2 (θ) = 1.

Òåïåðü èç âòîðîãî ãðàíè÷íîãî óñëîâèÿ íàéäåì c1 (θ) è c2 (θ).

Ëåãêî âèäåòü, ÷òî

c1 (θ) = e−ak1(θ), c2 (θ) = 0, ëèáî c1 (θ) = 0, c2 (θ) = e−ak1(θ).

Èç (6) è (9) ïîëó÷èì, ÷òî

k1(θ)c1 (θ) + k2(θ)c2 (θ) = −µ [c1 (θ) + c2 (θ)] + (λ+ µ+ θ)e−(λ+θ)a−

−λµe−(λ+µ+θ)a

∫ a

y=−∞
eµy

[
ek1(θ)yc1 (θ) + ek2(θ)yc2 (θ)

]
dy+

+λµ

∫ a

u=0
e−(λ+θ)u

[
ek1(θ)uc1 (θ) + ek2(θ)uc2 (θ)

]
du. (11)

Ïîñëå èíòåãðèðîâàíèÿ èìååì:

2∑
i=1

[µ+ ki(θ)] ci (θ) = (λ+ µ+ θ)e−(λ+θ)a−

−
2∑

i=1

λµ

[µ+ ki(θ)]
e−[λ+θ−ki(θ)]aci (θ) +

2∑
i=1

λµ

[λ+ θ − ki(θ)]

[
1− e−[λ+θ−ki(θ)]a

]
ci (θ) . (12)

Îòêóäà ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå îòíîñèòåëüíî c1 (θ) è c2 (θ).

Â (12), ó÷èòûâàÿ, ÷òî [λ+ θ − ki(θ)] [µ+ ki(θ)] = λµ, ïîëó÷èì, ÷òî

2∑
i=1

{
µ+ ki(θ) + [λ+ θ − ki(θ)] e

−[λ+θ−ki(θ)]a − [µ+ ki(θ)]
[
1− e−[λ+θ−ki(θ)]a

]}
ci (θ) =

= (λ+ µ+ θ)e−(λ+θ)a. (13)

Íàêîíåö-òî, èç (13) èìååì

eak1(θ)c1 (θ) + eak2(θ)c2 (θ) = 1.

Çíà÷èò, ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî c1 (θ) è c2 (θ), ñîñòîÿùàÿ
èç (9) è (11), ñâîäèòñÿ ê ñèñòåìå{

eak1(θ)c1 (θ) + eak2(θ)c2 (θ) = 1,

eak1(θ)c1 (θ) + eak2(θ)c2 (θ) = 1.

Ýòà ñèñòåìà ëèíåéíî çàâèñèìà. Ïîýòîìó c1 (θ) è c2 (θ) îïðåäåëèì èç óðàâíåíèÿ

eak1(θ)c1 (θ) + eak2(θ)c2 (θ) = 1.
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Ýòî óðàâíåíèå áóäåò èìåòü ìåñòî, òîãäà è òîëüêî òîãäà, êîãäà c1 (θ) = e−ak1(θ), c2 (θ) =
0 èëè íàîáîðîò. Òîãäà èìååì

L (θ |z ) = e−(a−z)k1(θ). (14)

Èç (10) íàõîäèì, ÷òî

k1 (θ) =
(λ− µ+ θ) +

√
(λ− µ+ θ)2 + 4µθ

2
,

k2 (θ) =
(λ− µ+ θ)−

√
(λ− µ+ θ)2 + 4µθ

2
,

k1 (0) =
(λ− µ) + |λ− µ|

2
=

{
0, λ < µ,
λ− µ, λ > µ,

k2 (0) =
(λ− µ)− |λ− µ|

2
=

{
0, λ > µ,
λ− µ, λ < µ.

×òîáû ïðîöåññ X (t) ïåðåñåêàë óðîâåíü a äîëæíî áûòü Eξ1 > Eζ1 èëè λ < µ.
×òîáû L (0 |z ) = 1 äîëæíû âçÿòü k1 (0) = 0.

Åñëè λ = µ, òî ïðîöåññ X (t) áåñêîíå÷íî áóäåò êîëåáàòüñÿ âîêðóã íåêîòîðîãî ñî-
ñòîÿíèÿ è íå ïåðåñå÷åò óðîâåíü a (a > 0).

Òåïåðü, âîñïîëüçîâàâøèñü ôîðìóëîé (14), íàéäåì óñëîâíîå ìàòåìàòè÷åñêîå îæè-
äàíèå è äèñïåðñèþ ñëó÷àéíîé âåëè÷èíû τa.

Èç (14) ïîëó÷èì, ÷òî
L′(0 | z ) = − (a− z) k′1(0) ,

L′′(0 | z ) = − (a− z) k′′1(0) + (a− z)2
[
k′1(0)

]2
.

Åñëè ó÷èòûâàòü, ÷òî

k′1(0) = − µ

λ− µ
, k′′1(0) =

2λµ

(λ− µ)3
,

òî ïîëó÷èì

L′(0 | z ) = µ

λ− µ
(a− z) ,

L′′(0 | z ) = − 2λµ

(λ− µ)3
(a− z) +

µ2

(λ− µ)2
(a− z)2 .

Èñïîëüçóÿ ñâîéñòâî ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëüòüåñà äëÿ ñëó÷àéíîé âåëè÷èíû
τa, ïðè λ < µ ïîëó÷èì:

E ( τa | X(0) = z) = − µ

λ− µ
(a− z) ,

D ( τa | X(0) = z) = − 2λµ

(λ− µ)3
(a− z) .
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5. Çàêëþ÷åíèå

P {τa < t |X (0) = z} åñòü íå÷òî èíîå óñëîâíîå ðàñïðåäåëåíèå ìîìåíòà ïåðâîãî ïå-
ðåñå÷åíèÿ íåêîòîðîãî óðîâíÿ a (a > 0) ñèñòåìîé óïðàâëåíèÿ çàïàñàìè ñ çàäàëæèâà-
íèåì ñïðîñà, ñ ïîìîùüþ êîòîðîãî íàõîäèì ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ
ìîìåíòà ïåðâîãî ïåðåñå÷åíèÿ óðîâíÿ a (a > 0).
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