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On Morrey type Spaces and Some Properties
F.A. Guliyeva*, R.H. Abdullayeva, S. Cetin

Abstract. Subspace M} of the weighted Morrey -type space L2 is defined, it is proved that
infinitely differentiable functions are dense in it. An approximation properties of the Poisson
kernel is studied in M2*. A sufficient condition for belonging of the product to the space MP* is
obtained. It is proved that M} is an invariant subspace of a singular integral operator.
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1. Introduction

The concept of Morrey space was introduced by C. Morrey [1] in 1938 in the study of
qualitative properties of the solutions of elliptic type equations with BMO (Bounded Mean
Oscillations) coefficients (see also [2, 3]). This space provides a large class of weak solutions
to the Navier-Stokes system [4]. In the context of fluid dynamics, Morrey-type spaces
have been used to model the fluid flow in case where the vorticity is a singular measure
supported on some sets in R™ [5]. There appeared lately a large number of research works
which considered many problems of the theory of differential equations, potential theory,
maximal and singular operator theory, approximation theory, etc in Morrey-type spaces
(for more details see [2-26]). It should be noted that the matter of approximation in
Morrey-type spaces has only started to be studied recently (see, e.g., [11, 12, 16, 17]),
and many problems in this field are still unsolved. This work is just dedicated to this
field. Subspace MP® of the weighted Morrey -type space Lb® is defined, it is proved
that infinitely differentiable functions are dense in it. An approximation properties of the
Poisson kernel is studied in M}, A sufficient condition for belonging of the product to
the space M}** is obtained. It is proved that M5 is an invariant subspace of a singular
integral operator .
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2. Needful Information

We will need some facts about the theory of Morrey-type spaces. Let I' be some
rectifiable Jordan curve on the complex plane C. By |M | we denote the linear Lebesgue
measure of the set M C I'. All the constants throughout this paper (can be different in
different places) will be denoted by c.

The expression f (x) ~ g (x), x € M, means

f(x)

gl

35>0:0< <6t vre M.

Similar meaning is intended by the expression f () ~ g (z), x — a.
By Morrey-Lebesgue space LP** (T'), 0 < a < 1, p > 1, we mean the normed space of
all measurable functions f () on I' with the finite norm

L

a—1 p
HfHLp,a(pfs%p(\BﬂF\r /B m!f(i)p!dﬂ) < +oc.

LP*(T) is a Banach space with LP! (T') = L, ('), LP? (T') = Ly (T'). Similarly we define
the weighted Morrey-Lebesgue space LIy (T') with the weight function y (-) on I' equipped
with the norm

Hf“Lﬁ’“(F) = Ifell ooy f € Lp® (I).

The inclusion LV (I") € LP»*2 (T") is valid for 0 < a; < ag < 1. Thus, LP-* (") C L, (I),
Va € (0, 1], Vp > 1. For I = [—7, | we will use the notation L (-7, m) = LP?.

More details on Morrey-type spaces can be found in [2-26].

In the sequel, we will need some auxiliary facts. Recall Minkowski’s (integral) inequal-
ity.

Let (X; Ag; v) and (Y Ay; i) be measurable spaces with o—finite measures v and p,
respectively. If F'(z; y) is v X uy—measurable, then we have

H/F )dv (z

/nF M 4 (2),1 < p < +00,
L”(du)

19 )l oy = ( [t \pdﬂ) b

Now let Y = R and p (+) be a Borel measure on R. We have

P L
</I dp (y)> "<

where

[ P @
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< [ (Jir@ora )) P e,
(III}“ f pdu(y)>1/p§

< /X (ml /I IF (z; )P di <y>)1/pdu (2) <

< [ 1P 5 )l ) 1 R

Taking sup over I C R, we get

|| P

So the Minkowski inequality (1) holds in the Morrey-type space LP® (du).
Thus, the following Minkowski’s inequality regarding Morrey type spaces is true.

Thus

F (z; y)dv (z)

X

< /X 1P (5 )| gy 0 (). (1)

Lp e (dp)

Statement 1. Let (X; Ay; v) be a measurable space with a o—finite measure v and
(R; B;; 1) be a measurable space with a Borel measure i on o—algebra of Borel sets B of
R. Then, for v X u— measurable function F (x;y), the following analog of Minkowski’s
inequality is valid

[ r@aw@| < [ o),
Lp o (du)
By St we denote the following smgular integral operator
d
(50h)(r) = o [ L% ey,

271'2 r ¢(—7

where I' C C' is some rectifiable curve on complex plane C. Let w = {z € C': |z| < 1} be
the unit disk on C' and dw = ~ be its boundary. Define the Morrey-Hardy space HY'® of
analytic functions f (z) inside w equipped with the following norm

1l = sup (1 (re)]] oo

In what follows, we assume that the function f () periodically continued on the whole
axis R .

We will also use the following concepts. Let I' C C' be some bounded rectifiable curve,
t =t(0), 0 <o <1, be its parametric representation with respect to the arc length o,
and [ be the length of I'. Let du (t) = do, i.e. let () be a linear measure on I'. Let

Li(r)={rel:|r—t|<r},Tygy(r)={r(0) el :|o—s| <r}.
It is absolutely clear that Ty (1) C I'y (7).
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Definition 1. Curve I' is said to be Carleson if 3¢ > 0:

sup p (I'y () < er,Vr > 0.
tel’

Curve T is said to satisfy the chord-arc condition at the point ty =t (s¢) € T" if there
exists a constant m > 0 independent of ¢ such that |s — so| < m |t (s) —t(so)], Vt(s) € T
I satisfies a chord-arc condition uniformly on I' if 3m > 0 : [s—o| < m|t(s) —t(0)],
Vit (s), t(o) €T

Let’s state the following lemma of [10] which is of independent interest.

Lemma 1. [10] Let T be a bounded rectifiable curve. If the power function |t — to|”, to € T,
belongs to the space LP»* (I"), 1 <p < 00, 0 < a < 1, then the inequality v > —% holds. If
T" is a Carleson curve, then this condition is also sufficient.

We will extensively use the following theorem of N.Samko [10].

Theorem 1. [10] Let the curve I' satisfy the chord-arc condition and the weight p(-) be
defined by

p(t) = [ It —tal™; {6}7 CTots # 1.0 # (2)
k=1

A singular operator St is bounded in the weighted space LY “ (T'), 1 < p < +00, 0 < a < 1,
if the following inequalities are satisfied

o< -2 1 1k=T,m (3)
p p

Moreover, if I' is smooth in some neighborhoods of the points ty, k = 1, m, then the validity
of inequalities (3) is necessary for the boundedness of the operator Sr in L* (T).

In what follows, as I' we will consider a boundary of unit disk: 7 = Ow. Consider the
weighted space Lb® (v) =: LD® with the weight p (- ). In an absolutely similar way to the
non-weighted case, we define the space M} ® with the weight p(-). Denote by M5 the
set of functions whose shifts are continuous in L, i.e.

155 = fllp,asp = 17 C+0) = F O,z = 0,0 20,

where S; is a shift operator: (Ssf) (z) = f (x + J) and we will consider that the function

f(-) (in sequel also) periodically continued to the whole real axis R. It is not difficult to

see that M5 is a linear subspace of L5®. Denote the closure of M5 ® in L by Mb“.
Consider the following class

ne = {f €L I T5f = fll, rp — 0. 8 — o}.

It is evident that the class Eg’a is a linear subspace of LY. Let us denote by M} “ the
closure of L® in L.
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Let us remember the following properties of Poisson kernel P, (¢):

1 1—r?
P, = — , 0<r <1,
() 2711 — 2rcos p + 12 "

(a) sup P (t) = 0 as |r| = 1;
[t]<é
(6) s Pr (£) dt = 0 as |r| — 1 for V6 > 0.

These properties directly follows from the expression for P, (¢). We have

;ﬁ/ﬂp ) F(t—s) t—/

<or [ PO =) = Ol pdt =

—T

p,a5p

1
=5 [/1&|>5Pr @NfE—-) _f(‘)Hp7a;pdt+/t|<6PT ®If - _f(‘)Hp,a;pdt] '

Regarding the second integral in the right-hand side, we have

1

By \t|<5PT ONfE=2)= Ol a;pdt <

<sup | f(t—") —f(-)Hp?a;p, as 0 — 0.
[t|<d

To estimate the first integral, consider

1F =) = F Ollpasp < W llp,asp + 1L &=y a0 = 21 Fllp, a5 -

We have .

19t =My =50 s [ If (=) ds =
P BN ey
: /
up i, |f ()" ds,
5 BN Jiny,
where (B(7), ={s:t—s e B(\~v}. It is clear that

200 =|(2M0),

||f (t - ')Hp,a;p = Hf”p,a;p :

9

holds. Therefore

As a result

/Mpr O (E =)= Ol oyt <

<2 ||f||p,a;p/t|>§ P (t)dt = 0as |r| — 1.

So we have proved the following
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Theorem 2. If f € Mp®, 1 <p < 400 A0 < a < 1, then |Prx f— fll, ., — 0 as
|r| — 1.

From Theorem 2 we immediately get the validity of the following

Theorem 3. Let f € M), 0<a<1,1<p<+oo. Then it holds

[(K£) (re) = fH (O]

=0, r—=1-0.
pia7p

Similar assertion is true in case of f~ (§) when r — 1+ 0.

3. Subspace MI»

Let p : [-m, 7] — (0, +00) be some weight function and consider the space M5 . It
is easy to see that if p € LP*®, then C [—m, 7] C M} ® is true. Indeed, let f € C'[—m, 7.
Without loss of generality, we assume that the function f periodically continued on the
whole axis. We have

[fla+o) = f@<If(+8)—-F()le— 0,60

Consequently
1fC+0) = Ollpas, =1 CH) = FE) POl 0 <

< FC+0) = F Ol o Ol 0 = 0,0 = 0.

Hence, we have f € MP“.
Let us show that the set of infinitely differentiable functions is dense in M5 . Consider
the following averaged function

Ce exp <—25722> , ] < e,
we (t) = e2—t|

07 ‘t‘ Z {5,

where

400
CE/ we (t) dt = 1.

Take Vf € M5 and consider the convolution f x g:
+o0
(Fea)0)= [ " ft-5)g0)ds

and let

fe(8) = (we x ) (1) = (f % we) (1)
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It is clear that f. is infinitely differentiable on [—m, 7]. We have

p,a;p

Hk—fmmp=H/:@4@fc—ﬁw—fw

:H[f%@mm—@—ﬂﬂw

Applying Minkowski inequality (1) to this expression, we obtain

p?a;p

“+o0o
o= Al < [ 0@ 8) = T Ol s =

—00

[ I =) = T Ol s <

—E&

=sup [|f (- = 8) = f ()l 0sp = 0,6 = 0.

|s|<e

Thus, the following theorem is true.

Theorem 4. Let p € LP* 1 < p < 400, 0 < a < 1. Then infinitely differentiable
functions are dense in M} “.

Consider the singular operator S (-):

Sf(t)zl/f(T)dT,tev

™ T—1

Applying Theorem 1 [10] to the operator S we obtain the following result.

Theorem 5. Let the weight p(-) be defined by the expression (2), where I' = ~. Then the
operator S is bounded in LY*,1 < p < +o00, 0 < a < 1, i.e. the following inequality holds

1S Fllp, 050 < €lfllp, a;p - V. € L5

if and only if the following inequalities are fulfilled

—g<ak<—g+1,k: , M. (4)
D D

Let us show that the subspace M}’ is an invariant with respect to the operator S. It
is sufficient to prove that the shift operator S is continuous in M} “. So, let f € MP*
and 0 € R. Consider the shift operator S:

9 (1) = g [ 100

i f(r)dre®
R

We have
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/ f —1id 15 dTe—z'é 1 / f (f@ié) df
" omi Te “5—t 2mi ), £—t

s9 (1) =50 =5 | FET) IO 4

Consequently

2mi E—t

= (s( (")~ £0)) ).

Paying attention to Theorem 5, hence we immediately obtain

(s (te) = s <

p,o;p

— 0,0 — 0,
b, o p

<cl|r(e?) = re)

as f € M. Thus, the following theorem is true.

Theorem 6. Let the weight p be defined by the expression

=[] It —tel™ t e, (5)

where {ty};,_ Tm C y—are different points. If the inequalities (4) hold, then the operator
S boundedly acts in MPY 1<p<+4o00,0<a<l.

Remark 1. In previous statements and in their proofs the spaces Ly ™, MY (—x, ) and
LB, ME®, are naturally identified, respectively, i.e. Lhy® = LO* (—m,7) = LY (y) &
MES —NME (—mym) = M (3).

Consider the following Cauchy integral

R N 2

Let f € LB® where the weight p () is defined by the expression (5). Applying Holder’s
inequality we obtain

1, = oo~ Mg, < clfolly,alle™ (I, o =

=l flpaip 107 e (6)
Suppose that the following inequalities are fulfilled
1 1
L e < k=T,m -+ -=1 (7)
q p q
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Then from (6) it follows that f € L;. As a result, according to the classical facts, the
following Sokhotskii-Plemelj is true

FEE) = £5F () +(51)(©) €€, ®)

where fT (£) (respectively, f~ (£)) boundary values of a Cauchy integral (K f)(z) on
inside w (outside w). Paying attention to Theorem 6, form (8) we obtain that if f € M},
then f* € M2 ® and the following inequality holds.

£ 0 p S €lFllp, 0o VF € DD, (©)
Assume |
K. (s)= eiesljzfcauchy kernel; P, (s) = Rez:i* Poisson kernel;

Q. (s) = Imzz—fj—is the conjugate Poisson kernel,
(Re—is a real part, Im—is an imaginary part). We have

18
Ko () = 5+ 5 (P (s) +iQx (5)) = 5 + 5 s
Let F'(z) = u(z) + 9 (z) be an analytic function in w. It is clear that F' € Hy* if
and only if u;) € hly®. Paying attention to the relation (10) we arrive at the conclusion
that many of the properties of functions from hfy* transferred to the function from Hj .
For example, VF € H5“ has a.e. on 7 the nontangential boundary values FT, since,
lim F (re") = F* (e"), a.e. t € [—m, m]. We have

r—1-0

Z € w. (10)

Fr(r)=u" (r)+i" (1), 7 €.

Let all the conditions of Theorem 2 be fulfilled. Then the following representation is true.

u (Tew) = (P xu')(0),9 <T6i0> = (P xu™) (0),
and, as a result
F (rew) = (P, xF*)(0).
Paying attention to Theorem 2, we obtain the following result.

Theorem 7. Let the weight p () is defined by the expression (5) and the inequality (7)
holds. Then the Sokhotskii-Plemelj formula (8) is valid and for the boundary values the
inequality (9) holds .

Let us prove the following

Theorem 8. Let f(-) € Lo MY A g () € ME'® and let the weight function p satisfies
the following condition

1
1

Then f(-)g(-) € MY® when 0 <a <1 andp>1.
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Proof. Let f(-) € Lo \ME" and g(-) € M?*, 0 <a <1, p>1. For a =1 it is evident
that MY 1= L, , and the following estimation is true
™ ™
/ [f (&) g (@) pP (t)dt < c/ lg (O o7 () dt = cllgl[}, , < +o0.

—r -7

So, f()g(-) € MP™ when a = 1.
Consider the case 0 < o < 1. We have

s¢<uﬁa£uumuwwum0;s

1
1 P
chpQﬂkaﬂm@wmwwﬁ) — gl oy <+

Let us consider
As=|f(+0)g(-+6)—f()g()

For any € > 0 and m > 0 there is a ¢ (-) € C'[—m; 7] such that g () =@ ()], 4., < 75> a8
g € M. We have

As=[lF (+0)[g(+8) —e(+0)+e(+)]=F()g() =)+ el ap <

<cillg(+0) = F )y oo HIF CH0) (- +0) = F e Ol aspterllg () = Ollpasp

< = it follows

p,a;p”

where ¢p = [[f ()l From [lg () =@ ()l a:p

lg (- +0) =@ +0)llpar, < Mg +08) =g Ollp 0+
Flg ) =2 Ol a;p +lle () =0+ 0, a5 -
It is obvious that g (- +6) — g (")[l, 4., = 0, 6 = 0.
Let the weight function p satisfies the following condition

1
1

where ¢ > 0 is some constant.
It follows from uniformly continuity that for Vm > 0, ¢ > 0 there exists d; > 0:Vd €

(—(51, (51)2

Hw@—w0+®mﬂm=$?<miuﬂhﬂﬂ—¢@+®Wf@0p<

1
€ 1 P € 5o\ 7 € %
< —sup | —— t < —su (cI°> =c— (2m)» .
S (s [ 0)" < Sow (1) = 2m)
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Then the previous inequality implies

Bo<er (24e@)¥ )17 +000+0) = F POl
Thus, it is suffices to prove that for ¢ (-) € C [—m 7] it is true
B £ (40) 2 (40) = £ ()@ Ol a0 = 0
We have
17 80 C+8) = FOP Oy I C+0) o (+8) = 2 Ollpp+
FIFC+8) = FOLOlasp < 5 106 +8) =@ Ol + €0 1 ¢ +8) = F Ol -
where ¢, = || (-)|| .. Let us take
A5 =15 C40)~ F Ol

Let 9 > 0 be an arbitrary number. We have

A5 (f) =max {a) (), A (1)}
where

AP (0= sw (i [Ia+a-soP s o),

AP (F) = sup <ul : [lrero-sore o)

I|1|<9

Regarding A((Sl) (f), we have

RS

AV (f) < 2¢5 sup (1 / PP (t) dt> <

<o NI U1
L L)
<2c¢sup (|I|)» =cvr.
|1|<0
Regarding A((f) (f), we have
AP () <07 sup (/f (t+06) — pp(t)dt>p§
1|9

0 ([iresa - sars <>dt);g
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9T N+ = FOl,.

where ¥ = (%) 0 := Y. It is clear that Jdy > O:

1F (- +8) = F (O, , < 02,6 € (=62, 82),,

1 a
where we can choose g1 = ¥¢ for any 1 > 0. Hence we get A((f) (f) < (%) %,

Now let us take A (f) < max {52, (%2)%}, where g2 = = for any m > 0.
Consequently

5
Ay < % (Cf <2+26 (27‘(’))?0 +C@) ,Vo € (—(53, d3),

5
where 63 = min {d;, d2}. By taking m = (Cf (24 2c (2%))70 +c¢>, we get As < ¢,
Vo € (—d3,03). It follows that As — 0 as § — 0. < O
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