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On embedding theorems in Sobolev-Morrey type spaces
2TL
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Abstract. In this paper it is constructed a new generalized Sobolev-Morrey type spaces and
untilizing integral representation of weak derivatives of functions defined on n-dimensional domains
satisfying flexible ¢-horn condition it is proved theorems on differential properties functions from
in this spaces is established.
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1. Introduction

In this paper we introduce a generalized Sobolev-Morrey type spaces with dominant
mixed derivatives

F1L<Wg (1)

where G C R", 1 < p! < 00, i = 1, 2,..,2" en = {1,2,...,n}, e’ C ep(the number of all

possible vectors e’ is equal 2”) let ¢! = (el,. ,e;) e > (0 are entire j € e*; 3 > 0 are

entire j € ea\e’; B € [0, 1% 9 (t) = (91 (1) s (), 95 (1) > 0 (15 > 0, J € en) by

Lebesgue measurable functions 11m Rz (tj) =0 and lirJIrl @; (tj) = L < co. We denote

J oo

by A the set of all vector functlons. Further, using the integral representation method we

study differential and differential-difference properties of functions from this spaces.
Definition. Denote by ﬂ2 L<ll o8 (G) the spaces locally summable functions f on

G having the weak derivatives D¢ f Wlth the finite norm

lz
1l ~2r " LS (@) ZHD P56
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where
Wl s = 1,y = 502 (I P Wl ) (3)
zeQG,
t>0

‘ ([ ] )| A ngen (90]' ([tjh))_ﬂjv [tj]l = min{l, tj} ,J €ep. Forany x € R"

Gﬂ{ :cj\<1go]( ),jEen}.

The space 7, L;-ll;ﬁ (G) in the case when B; = 0 (j € ep) coincides with the

N2, Lgi’%ﬁ (G) introduced and studied [3], in the case p' = p, I'! =1 = (Iy, ..., ), [; € N,
j € enandlet 1= (I3,...,1%), IS = 1; for j € ey\e coincides with the spaces St oW (G)
introduced and studied [12].

The spaces of such type with different norms were introduced and studied in [1, 4-13]
and others.

Let for any t; > 0 (j € ey), there exists a positive constant C' > 0 such that | [t],| < C,

then the embeddings L, , 5 (G)—L, (G), N, L;l; 5 (=N, L<” (G) hold i.e.

1fllpe <

p,0,8,G and ||f|| 2" L<”>(G) < C”f” 2m L<l'b> &) (4)

Miet p*e.B
The spaces L, g (G) and (7, L;,.li> (G) are complete.

Lemma 1.1. Let G C R", 1 < p' < o0 and f € N, L;ili> (G). Then we can
construct the sequence hy = hg(z) (s = 1,2,...) of infinitely differentiable finite in R"™
functions for which

hm Hf h Hﬂn L<ll>(G) =0. (5)

Proof. Let G = Ui/[:l G*. For obtaining equality (5) we estimate the

pt,G

271
_ ) — let _
17 = bell oy 12> e ;HD (f = hs)

The sequence hg (x) (s =1,2,...) is determined by the equalities

hs (z) = F (=, |t_— Z”A (z),
here the averaging functions are determined as follows:

for (@) = /n f <$ + (t) y) K (y) dy,
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where K (y) € C° (R") (A=1,2,..., M), supp K» (-) C [-1, 1] and

Ky (y)dy =1,
RTZ

the functions ) = ) () (A = 1,2, ..., M) determine the expansion of a unit in the domain

G, i.e.
1. 0< () <1in R
2. my(x) =0in G\G) for all A =1,2,..., M;
3. Z)]‘il 7 (x) =1 in G;
4. |D%ny (z)| < C, Cx = const for all A =1,2,..., M and o > 0.

Obviously,

Consequently,

17 =hs Oll g, g < 3 [CNOICIOEYAS)]

A=1

My 25 @) ~

SCiu(f(')—f@(t)(-))‘ (7)
A=1

As much as small for rather small ¢, as a consequence of continuity of L,-average functions,
belonging to the space L, (G*), from (7) it follows

Mizi L (G)

17 ()= e OVl ooy <

in other words,

B = bl @) =0

Assuming that ¢; (;)(j € e) are also differentiable on [0, T}] (j € ey), we can show that

for f e, L;”> (@) determined in n- dimensional domains, satisfying the condition of

flexible ¢- horn defined in [Naj] it holds the following integral representation (f, € U C G)
2n .

Df (@) =3 DT T (o ()

i=1 j€en\et

T plet+T) x .
></ / MY . 7 < : )7p’(s0(t+T)l,x) X
o0 Jrn p(t+T) p(t+T)
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<D f (x+y) [T (5 (1)) 72

jeet
X H (¢ (t;)) dt'dy, (8)
jeet
where

T T

Oi

i.e. integration is carried out only with respect to the variables x; whose indices belong
to e, (t+T)" = tj (j€e); (t+T) = T; (j € en\e'); v = (V1,....,vn), vj > 0(j € €,) are
integers. Recall that the flexible ¢-horn = + | 0<t: <T B(p(t),)+e(T)0;] is the
=4
JjEen
support of the representation (8).
Let M; (-,y,2) € C° (R") (i =1,2,...,2"), be such that

1 .
S (Mi) C Iyry = {@/i il < 595 (T3), 5= en}.

and assume that for any 0 < 7; <1 (j € e,)
0<t;<Tj,j€en SO(( + ) )

It is clear that V' C I ) and suppose that U +V C G.
Lemma 1.2. Let 1 <pi <p<r<oo; 0<n,t; <Tj <1(j€ey)v=
(v1,v2,...,v), v > 0 be entire, (j € e,); ® € Ly, 53 (G) and

€j=l§Vj(15jp)<1 1>,

pp
Ry@= [ @@ [ L@ty
j=en\e
< [ (s 05772 [T o) e d, (9)
Ryr@= [ @@ [ L@ty
j=en\e
< T tos )57 T o) () ', (10)

jeet jEet
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where

v r i7$ / )
Li@:t,T) = /nMi( | <w((tiT)")’ p((fp(é(iti T))i) ))’p (e (E+1) ’x)> .

Then for any T € U the following inequalities are true

;1615 HR%quUw(@(f) =G H(I)”pi,w,ﬂ;G X

1

T (o @)™ G0 TT (s (90) 5 T (o5 )~ (6 > 0), (1)

jEen\€t Jj€en jEet
;lelp HR%’TH%UMQ(E) < C ”(I)HPK%B;G X
lfz/ 1-3 L1 pt
T (o5 ) om0 Gs) TT (wy (190)7% =
jEen\e’ jeen

I1 <soj<Tj>>*53‘ for £ >0,

]GeZ

<P i _

jle_[ll <p§ fOl“ €j = O (12)
[T (p; ()™= for € <0,

jEet

IR,y 5000 < CU®lyi g s (13)

where Uy ¢) (T) ={z:|z; — 7| < §¢j (&).j=en} and ¥ € N, Ci, Cs are the constants
independent of ¢, &, n and T.

2. Main results

27L
Prove two theorems on the properties of the functions from the space ﬂ L;l;B(G)
Theorem 2.1. Let G C R" satisfy the condition of flexible ¢-horn, 1 § pt < p < oo,

v = (1/1,u2, .,Vn), v; > 0 be entire j € ey, E; > 0(j € en,i = 1,2,...,2™) and let

fe ﬂ L<> (G). Then the following embeddings hold

Ph,0,0
QTL
DY (L5 25(G) = Ly (G)
i=1

n .
ie. for f € N L;l;>ﬁ(G) there exists a generalized derivative DY f and the following
i=1 7

inequalities are true

.
ID" fll,e < Cv Y T (oi(Th)®

i=1 j€ep

P3G (14)
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D o < C "o , (p° < p < o0), 15
1D 016 zllfHaﬂ L5 (@) (' <p ) (15)
i=1 P

In particular, if
% 7 3 1 . . n
g0 =1 —Vj—(l—ﬁjp)§>0,J Eeni=1,2,...,2

then D" f (x) is continuous on G, i.e.

27’l . .
sup D" f ()] < C1 Y [] (@i(T3))%5 | D" f

zeG i=1 jeen

(16)

pp,6;G

where 0 < T; < min {1, Tp;}, Ty is a fixed number; Cy, Cy are the constants independent
of f, C1 are independent also on T

Proof. At first note that in the conditions of our theorem there exists a generalized
derivative D" f on G. Indeed, from the condition 5§ > 0,(j €e,) it follows that for f €

n

. o
'ﬂl L;{:B(G) — nl L;ll>(G), there exists D¥ f € L, (G) and for it integral representation
1= 1=

(8) with the same kernels is valid.
Based around the Minkowsky inequality, from identities (8) we get

2’n
1D" fllpe < D I1BE, 6 (17)
=1

By means of inequality (11) for U = G,Dlif =®n; =Tj,(j € en) & = 00 we get inequality
(14). By means of inequality (13) for n; = T}, (j € e,) we get inequality (15).
Now let conditions 63- > 0,(j € en,i = 1,2,...,2") be satisfied, then based around
identities (8) from inequality (17) we get
107 =D forn o e <€ D Tles(@e || D71

I#eCeyp jEe

ptp,6;G

As Tj — 0, the left side of this inequality tends to zero, since f () (¥) is continuous
on G and the convergence on Lo (G) coincides with the uniform convergence. Then the
limit function DY f is continuous on G. Theorem 1 is proved.

Let v be an n-dimensional vector.

Theorem 2.2. Let all the conditions of theorem 1 be fulfilled. Then for Ej» >0
(j € en,i = 1,2,...,2™) the generalized derivatives D" f satisfies on G the generalized
Holder condition, i.e. the following inequality is valid:

1A (7, G) D fll, e <C IIfIIzﬁ L @ LT Gesnsh)e, (18)

i—q1 Phe,B T j€en



n

2
On embedding theorems in Sobolev-Morrey type spaces [ L;l:B (@)
i=1

where 0; (j € e,) any number, satisfying the inequality:

0<o0;<1, ifei>1
0<o;<1, ife=1
0<o; <pj ife <1

Ifely>0(j€eni=12,...,2"), then

sup [A(y, G)D"f(2)] < Cllflln . ] i)™

<>
red n Lpiyvﬁ(G) j€en

where a;] satisfy the same conditions as o}, but replaced 53»
Proof. According to lemma 8.6 from [2] there exists a domain

: %
1m Ej,O'

Gy CG(uj=(k(z),G>0,j€ey, k(z)=p(z,0G), z€q)

13

(19)

and assume that |y| < u, then for any =z € G, the segment connecting the points x,z + 7
is contained in G. Consequently, for all the points of this segment, identies (8) with the

same kernels are valid. After same transformations, from (8) we get

|A(7,G)D |<012H (5 (Ty)s 7%

=1 jeen\e!

i [VEl
/ 1 / H iy (t5)) 77 2H‘pﬂ

j€Eet jeet

) y  plet+T) ) ;
M; <gp(t+T)i’ Pt +T) ’p(@(”T)’f’“’))‘

<[

x‘A(*y,G) f(:U—i—y’dy—i-CgZ H (¢; (T, l—z vj

=1 jeen\e!

xH%wﬂ/ /nH )53 T ey )dt

J€en jEet jeet

<[

)

ot +T)"  t+T)

1 1 )
X/ / ‘Dllf($+y+71ul+---+7nun) dydu
0 0

2m 2m

=C ZA?\/(;th) + O ZA%,T(xvt)a

=1 =1

M(”H)( : y_ P(@(t—kT)iv?x)?p/ ((p(t—l—T)i,x)>‘

(21)
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where 0 < T; < {1,Tp;}, j € en. We also assume that |vj| < T;(j € en).

|| < min (uj,T5)(j € en). If x € G\ Gy, then by definition
A(v,G) D" f(x) = 0.

Based around (19) we have

2’VL
1A (1, @) D* fll, 6 < Cr YA )|, +

i=1
271
+C2 ) _[145r ), -

=1
By means of inequality (11), for Db f = ®, n = |v;| (j € en) we get

|4t )| [T il

<a|p'y|
JAR NCHER,
JE€e

p,Gu

n

and by means of inequality (12) for D =@, n;=|vl|,j € en we get

[ ()l < €2 [071]

Jj€en

From inequalities (22) - (24) we get the required inequality.
Now suppose that |v;| > min (u;,T}), (j € en). Then

s H oi(lul) TT (i)

Consequently,

(22)

(24)

1A (4. G) DY fll e < 210" fllp.o < C (w, TYIID" fll, e T (oi(liD)*

Jj€en

Estimating for || D" f||, o by means of inequality (14)), in this case we get estimation

(18).
Theorem Theorem 2 is proved.
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