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Abstract. In this paper it is constructed a new generalized Sobolev-Morrey type spaces and
untilizing integral representation of weak derivatives of functions defined on n-dimensional domains
satisfying flexible ϕ-horn condition it is proved theorems on differential properties functions from
in this spaces is established.
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1. Introduction

In this paper we introduce a generalized Sobolev-Morrey type spaces with dominant
mixed derivatives

2n⋂
i=1

L<l
i>

pi,ϕ,β (G) , (1)

where G ⊂ Rn, 1 ≤ pi < ∞, i = 1, 2, ..., 2n, en = {1, 2, ..., n}, ei ⊆ en(the number of all
possible vectors ei is equal 2n); let ei =

(
ei1, ..., e

i
n

)
, eij > 0 are entire j ∈ ei; eij ≥ 0 are

entire j ∈ en\ei; β ∈ [0, 1]n; ϕ (t) = (ϕ1 (t1) , ..., ϕn (tn)), ϕj (tj) > 0 (tj > 0, j ∈ en) by
Lebesgue measurable functions lim

tj→+0
ϕj (tj) = 0 and lim

tj→+∞
ϕj (tj) = L ≤ ∞. We denote

by A the set of all vector functions. Further, using the integral representation method we
study differential and differential-difference properties of functions from this spaces.

Definition. Denote by
⋂2n

i=1 L
<li>
pi,ϕ,β

(G) the spaces locally summable functions f on

G having the weak derivatives Deif with the finite norm

‖f‖⋂2n

i=1 L
<li>

pi,ϕ,β
(G)

=
2n∑
i=1

∥∥∥Dlif
∥∥∥
pi,ϕ,β,G

, (2)

http://journalcam.com 7 c© 2011 JCAM All rights reserved.



8 Aygun T.Orujova, Rovshan F. Babayev

where

‖f‖pi,ϕ,β,G = ‖f‖Lp,ϕ,β(G) = sup
x ∈ G,
t > 0

(
|ϕ ([t]1)|

−β ‖f‖p,Gϕ(t)(x)
)
, (3)

|ϕ ([t]1)|
−β =

∏
j∈en

(
ϕj
(
[tj ]1

))−βj , [tj ]1 = min {1, tj} , j ∈ en. For any x ∈ Rn

Gϕ(t) (x) = G
⋂{

y : |yj − xj | <
1

2
ϕj (tj) , j ∈ en

}
.

The space
⋂2n

i=1 L
<li>
pi,ϕ,β

(G) in the case when βj = 0 (j ∈ en) coincides with the⋂2n

i=1 L
li

pi,ϕ,β
(G) introduced and studied [3], in the case pi = p, li = l = (l1, ..., ln), lj ∈ N ,

j ∈ en and let le =
(
l21, ..., l

e
n

)
, lej = lj for j ∈ en\e coincides with the spaces Slp,ϕ,βW (G)

introduced and studied [12].

The spaces of such type with different norms were introduced and studied in [1, 4-13]
and others.

Let for any tj > 0 (j ∈ en), there exists a positive constant C > 0 such that |ϕ [t]1| ≤ C,

then the embeddings Lp,ϕ,β (G)↪→Lp (G),
⋂2n

i=1 L
<li>
pi,ϕ,β

(G)↪→
⋂2n

i=1 L
<li>
pi

(G) hold i.e.

‖f‖p,G ≤ c ‖f‖p,ϕ,β,G and ‖f‖⋂2n

i=1 L
<li>

pi
(G)
≤ c ‖f‖⋂2n

i=1 L
<li>

pi,ϕ,β
(G)

(4)

The spaces Lp,ϕ,β (G) and
⋂2n

i=1 L
<li>
pi

(G) are complete.

Lemma 1.1. Let G ⊂ Rn, 1 ≤ pi < ∞ and f ∈
⋂n
i=1 L

<li>
pi

(G). Then we can

construct the sequence hs = hs (x) (s = 1, 2, ...) of infinitely differentiable finite in Rn

functions for which

lim
s→∞

‖f − hs‖⋂n
i=1 L

<li>

pi
(G)

= 0. (5)

Proof. Let G =
⋃M
λ=1G

λ. For obtaining equality (5) we estimate the

‖f − hs‖⋂n
i=1 L

<li>

pi
(G)

=
2n∑
i=1

∥∥∥Dlei (f − hs)
∥∥∥
pi,G

. (6)

The sequence hs (x) (s = 1, 2, ...) is determined by the equalities

hs (x) = F (x, ϕ (t))|t= 1
s

=

M∑
λ=1

ηλ (x) fϕλ(t) (x) ,

here the averaging functions are determined as follows:

fϕλ(t) (x) =

∫
Rn
f
(
x+ ϕλ (t) y

)
Kλ (y) dy,
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where Kλ (y) ∈ C∞0 (Rn) (λ = 1, 2, ...,M), suppKλ ( · ) ⊂ [−1, 1] and∫
Rn
Kλ (y) dy = 1,

the functions ηλ = ηλ (x) (λ = 1, 2, ...,M) determine the expansion of a unit in the domain
G, i.e.

1. 0 ≤ ηλ (x) ≤ 1 in Rn;

2. ηλ (x) = 0 in G\Gλ for all λ = 1, 2, ...,M ;

3.
∑M

λ=1 ηλ (x) = 1 in G;

4. |Dαηλ (x)| ≤ Cλ, Cλ = const for all λ = 1, 2, ...,M and α ≥ 0.

Obviously,

f (x)− hs (x) =

M∑
λ=1

ηλ (x)
(
f (x)− fϕλ(t) (x)

)
.

Consequently,

‖f ( · )− hs ( · )‖⋂n
i=1 L

<li>

pi
(G)
≤

M∑
λ=1

∥∥∥ηλ ( · )
(
f ( · )− fϕλ(t) ( · )

)∥∥∥⋂n
i=1 L

<li>

pi
(G)
≤

≤ C
M∑
λ=1

∥∥∥(f ( · )− fϕλ(t) ( · )
)∥∥∥⋂n

i=1 L
<li>

pi
(G)

. (7)

As much as small for rather small t, as a consequence of continuity of Lp-average functions,
belonging to the space Lp

(
Gλ
)
, from (7) it follows

‖f ( · )− hs ( · )‖⋂n
i=1 L

<li>

pi
(G)

< ε,

in other words,
lim
s→∞

‖f − hs‖⋂n
i=1 L

<li>

pi
(G)

= 0.

Assuming that ϕj (tj)(j ∈ en) are also differentiable on [0, Tj ] (j ∈ en), we can show that

for f ∈
⋂n
i=1 L

<li>
pi

(G) determined in n- dimensional domains, satisfying the condition of

flexible ϕ- horn defined in [Naj] it holds the following integral representation (fx ∈ U ⊂ G)

Dνf (x) =

2n∑
i=1

(−1)|ν|+|l
i| ∏
j∈en\ei

(ϕj (Tj))
lij−1−νj ×

×
∫ T i

0i

∫
Rn
M

(ν)
i

 y

ϕ (t+ T )i
,
ρ
(
ϕ (t+ T )i , x

)
ϕ (t+ T )i

, ρ′
(
ϕ (t+ T )i , x

)×
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×Dlif (x+ y)
∏
j∈ei

(ϕj (tj))
lij−νj−2×

×
∏
j∈ei

(
ϕ′j (tj)

)
dtidy, (8)

where ∫ T i

0i
f (x) dxi =

∏
j∈ei

∫ Tj

0
dxj

 f (x) ,

i.e. integration is carried out only with respect to the variables xj whose indices belong
to ei, (t+ T )i = tj

(
j ∈ ei

)
; (t+ T )i = Tj

(
j ∈ en\ei

)
; ν = (ν1, ..., νn), νj ≥ 0(j ∈ en) are

integers. Recall that the flexible ϕ-horn x +
⋃

0 < tj ≤ Tj
j ∈ en

[β (ϕ (t) , ) + ϕ (T ) θI ] is the

support of the representation (8).

Let Mi (·, y, z) ∈ C∞0 (Rn) (i = 1, 2, . . . , 2n), be such that

S (Mi) ⊂ Iϕ(T ) =

{
y : |yj | <

1

2
ϕj (Tj) , j = en

}
.

and assume that for any 0 < Tj ≤ 1 (j ∈ en)

V =
⋃

0<tj≤Tj ,j∈en

{
y :

y

ϕ ((t+ T )i)
∈ S (Mi)

}
.

It is clear that V ⊂ Iϕ(T ) and suppose that U + V ⊂ G.

Lemma 1.2. Let 1 ≤ pi ≤ p ≤ r ≤ ∞; 0 < ηj , tj < Tj ≤ 1 (j ∈ en), ν =
(ν1, ν2, . . . , νn), νj ≥ 0 be entire, (j ∈ en); Φ ∈ Lp,ϕ,β (G) and

εj = lij − νj − (1− βjp)
(

1

pi
− 1

p

)
,

Riη (x) =
∏

j=en\e′
(ϕj(Tj))

lij−1−νj
∫ T i

0i
Li(x; t, T )Φ (x+ y)

×
∏
j∈ei

(ϕj (tj))
lij−νj−2

∏
j∈ei

ϕ′j (tj) dt
i, (9)

Riη,T (x) =
∏

j=en\e′
(ϕj(Tj))

lij−νj−2
∫ T i

0i
Li(x; t, T )Φ (x+ y)

×
∏
j∈ei

(ϕj (tj))
lij−νj−2

∏
j∈ei

ϕ′j (tj) dt
i, (10)
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where

Li(x; t, T ) =

∫
Rn
M

(ν)
i

(
y

ϕ ((t+ T )i)
,
ρ
(
ϕ
(
(t+ T )i, x

))
ϕ ((t+ T )i)

, ρ′
(
ϕ
(
(t+ T )i

)
, x
))

dy.

Then for any x ∈ U the following inequalities are true

sup
x∈U

∥∥Riη∥∥q,Uψ(ξ)(x)
≤ C1 ‖Φ‖pi,ϕ,β;G×

∏
j∈en\ei

(ϕj (Tj))
lij−νj−(1−βjpi)

(
1

pi
− 1
p

) ∏
j∈en

(ψj ([ξ]1))
βj

pi

p

∏
j∈ei

(ϕj (ηj))
−εij (εij > 0), (11)

sup
x∈U

∥∥Riη,T∥∥q,Uψ(ξ)(x)
≤ C2 ‖Φ‖pi,ϕ,β;G×∏

j∈en\ei
(ϕj (Tj))

lij−νj−(1−βjpi)
(

1

pi
− 1
p

) ∏
j∈en

(ψj ([ξ]1))
βj

pi

p ×



∏
j∈ei

(ϕj(Tj))
−εij for εij > 0,∏

j∈ei
ln

ϕj(Tj)
ϕj(ηj)

for εij = 0∏
j∈ei

(ϕj (ηj))
−εij for εij < 0,

(12)

∥∥Riη∥∥p,ψ,β1,U ≤ C ‖Φ‖pi,ψ,β;G (13)

where Uψ(ξ) (x) =
{
x : |xj − xj | < 1

2ψj (ξj) , j = en
}

and ψ ∈ N , C1, C2 are the constants
independent of ϕ, ξ, η and T .

2. Main results

Prove two theorems on the properties of the functions from the space
2n⋂
i=1

L<l
i>

pi,ϕ,β
(G).

Theorem 2.1. Let G ⊂ Rn satisfy the condition of flexible ϕ-horn, 1 ≤ pi ≤ p ≤ ∞,
ν = (ν1, ν2, . . . , νn), νj ≥ 0 be entire j ∈ en, εij > 0(j ∈ en, i = 1, 2, . . . , 2n) and let

f ∈
2n⋂
i=1

L<l
i>

pi,ϕ,β
(G). Then the following embeddings hold

Dν :
2n⋂
i=1

L<l
i>

pi,ϕ,β(G)→ Lp,ψ,β1 (G)

i.e. for f ∈
2n⋂
i=1

L<l
i>

pi,ϕ,β
(G) there exists a generalized derivative Dνf and the following

inequalities are true

‖Dνf‖p,G ≤ C1

2n∑
i=1

∏
j∈en

(ϕj(Tj))
εj
∥∥∥Dlef

∥∥∥
pi,ϕ,β;G

(14)
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‖Dνf‖p,ψ,β1;G ≤ C2 ‖f‖ 2n⋂
i=1

L<l
i>

pi,ϕ,β
(G)

, (pi ≤ p <∞), (15)

In particular, if

εij,0 = li − νj − (1− βjpi)
1

p
> 0, j ∈ en, i = 1, 2, . . . , 2n

then Dνf (x) is continuous on G, i.e.

sup
x∈G
|Dνf (x)| ≤ C1

2n∑
i=1

∏
j∈en

(ϕj(Tj))
εij,0

∥∥∥Dlif
∥∥∥
pi,ϕ,β;G

(16)

where 0 < Tj ≤ min {1, T0j}, T0 is a fixed number; C1, C2 are the constants independent
of f , C1 are independent also on T .

Proof. At first note that in the conditions of our theorem there exists a generalized
derivative Dνf on G. Indeed, from the condition εij > 0, (j ∈ en) it follows that for f ∈
2n⋂
i=1

L<l
i>

pi,ϕ,β
(G)→

2n⋂
i=1

L<l
i>

pi
(G), there exists Dνf ∈ Lpi (G) and for it integral representation

(8) with the same kernels is valid.

Based around the Minkowsky inequality, from identities (8) we get

‖Dνf‖p,G ≤
2n∑
i=1

∥∥RiT∥∥p,G . (17)

By means of inequality (11) for U = G,Dlif = Φ ηj = Tj , (j ∈ en) ξ →∞ we get inequality
(14). By means of inequality (13) for ηj = Tj , (j ∈ en) we get inequality (15).

Now let conditions εij > 0, (j ∈ en, i = 1, 2, . . . , 2n) be satisfied, then based around
identities (8) from inequality (17) we get∥∥Dνf −Dνfϕ(T )

∥∥
∞,G ≤ C

∑
∅6=e⊆en

∏
j∈e

(ϕj(Tj))
εij,0

∥∥∥Dlif
∥∥∥
pi,ϕ,β;G

.

As Tj → 0, the left side of this inequality tends to zero, since fϕ(T ) (x) is continuous
on G and the convergence on L∞ (G) coincides with the uniform convergence. Then the
limit function Dνf is continuous on G. Theorem 1 is proved.

Let γ be an n-dimensional vector.

Theorem 2.2. Let all the conditions of theorem 1 be fulfilled. Then for εij > 0
(j ∈ en, i = 1, 2, . . . , 2n) the generalized derivatives Dνf satisfies on G the generalized
Holder condition, i.e. the following inequality is valid:

‖∆ (γ,G)Dνf‖p,G ≤ C ‖f‖ 2n⋂
i=1

L<l
i>

pi,ϕ,β
(G)

∏
j∈en

(ϕj(|γj |))σj , (18)
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where σj (j ∈ en) any number, satisfying the inequality:
0 ≤ σj ≤ 1, if εij > 1

0 ≤ σj < 1, if εi = 1
0 ≤ σj ≤ µj , if εi < 1

(19)

If εij,0 > 0 (j ∈ en, i = 1, 2, . . . , 2n) , then

sup
x∈G
|∆(γ,G)Dνf(x)| ≤ C‖f‖ 2n⋂

i=1
L<l

i>

pi,ϕ,β
(G)

∏
j∈en

(ϕj(|γj |))σ
0
j . (20)

where σ0j satisfy the same conditions as σj , but replaced εij in εij,0.
Proof. According to lemma 8.6 from [2] there exists a domain

Gu ⊂ G (uj = ζjk (x) , ζj > 0, j ∈ en, k (x) = ρ (x, ∂G) , x ∈ G)

and assume that |γ| < u, then for any x ∈ Gu the segment connecting the points x, x+ γ
is contained in G. Consequently, for all the points of this segment, identies (8) with the
same kernels are valid. After same transformations, from (8) we get

|∆ (γ,G)Dνf (x)| ≤ C1

2n∑
i=1

∏
j∈en\ei

(ϕj (Tj))
lij−1−νj

×
∫ |γi1|
0i
· · ·
∫ |γin|
0i

∏
j∈ei

(ϕj (tj))
lij−νj−2

∏
j∈ei

ϕ′j(tj)dtj

×
∫
Rn

∣∣∣∣∣M (ν)
i

(
y

ϕ(t+ T )i
,
ρ
(
ϕ(t+ T )i, x

)
ϕ(t+ T )i

, ρ′
(
ϕ(t+ T )i, x

))∣∣∣∣∣
×
∣∣∣∆ (γ,G)Dlif (x+ y)

∣∣∣ dy + C2

2n∑
i=1

∏
j∈en\ei

(ϕj (Tj))
lij−2−νj

×
∏
j∈en

ϕj(|γj |)
∫ T i1

|γi1|
· · ·
∫ T in

|γin|

∏
j∈ei

(ϕj (tj))
lij−νj−3

∏
j∈ei

ϕ′j(tj)dt
i
j

×
∫
Rn

∣∣∣∣∣M (ν+1)
i

(
y

ϕ(t+ T )i
,
ρ
(
ϕ(t+ T )i, x

)
ϕ(t+ T )i

, ρ′
(
ϕ(t+ T )i, x

))∣∣∣∣∣
×
∫ 1

0
· · ·
∫ 1

0

∣∣∣Dlif(x+ y + γ1u1 + . . .+ γnun)
∣∣∣ dydu

= C1

2n∑
i=1

Aiγ(x, t) + C2

2n∑
i=1

Aiγ,T (x, t), (21)
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where 0 < Tj ≤ {1, T0,j}, j ∈ en. We also assume that |γj | < Tj(j ∈ en). Consequently,
|γj | < min (uj , Tj)(j ∈ en). If x ∈ G \Gu then by definition

∆ (γ,G)Dνf (x) = 0.

Based around (19) we have

‖∆ (γ,G)Dνf‖p,G ≤ C1

2n∑
i=1

∥∥Aiγ (·, γ)
∥∥
p,Gu

+

+C2

2n∑
i=1

∥∥Aiγ,T (·, γ)
∥∥
p,Gu

. (22)

By means of inequality (11), for Dlif = Φ, η = |γj | (j ∈ en) we get∥∥∥Ai|γ| (·, γ)
∥∥∥
p,Gu
≤ C1

∥∥∥Dlif
∥∥∥
pi,ϕ,β;G

∏
j∈en

(ϕj(|γj |))ε
i
j . (23)

and by means of inequality (12) for Dlif = Φ, ηj = |γj | , j ∈ en we get∥∥A|γ|,T (·, γ)
∥∥
p,Gu
≤ C2

∥∥∥Dlif
∥∥∥
pi,ϕ,β;G

∏
j∈en

ϕj(|γj |)
∏
j∈en

(ϕj(|γj |))δj . (24)

From inequalities (22) - (24) we get the required inequality.
Now suppose that |γj | ≥ min (uj , Tj) , (j ∈ en). Then

‖∆ (γ,G)Dνf‖p,G ≤ 2 ‖Dνf‖p,G ≤ C (u, T ) ‖Dνf‖p,G
∏
j∈en

(ϕj(|γj |))δj .

Estimating for ‖Dνf‖p,G by means of inequality (14)), in this case we get estimation
(18).

Theorem Theorem 2 is proved.
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