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Îáðàòíàÿ Êðàåâàÿ Çàäà÷à äëÿ Ïñåâäîïàðàáîëè÷åñêîãî

Óðàâíåíèÿ Òðåòüåãî Ïîðÿäêà ñ Íåêëàññè÷åñêèìè Êðà-

åâûìè Óñëîâèÿìè

ß.Ò. Ìåãðàëèåâ, À.È. Èñìàèëîâ

Àííîòàöèÿ. Â ðàáîòå èññëåäîâàíà îäíà îáðàòíàÿ êðàåâàÿ çàäà÷à ïñåâäî ïàðàáîëè÷åñêîãî

óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ íåêëàññè÷åñêèìè êðàåâûìè óñëîâèÿìè . Ñíà÷àëà èñõîäíàÿ çà-

äà÷à ñâîäèòñÿ ê ýêâèâàëåíòíîé çàäà÷å äëÿ êîòîðîé äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ è

åäèíñòâåííîñòè ðåøåíèÿ. Äàëåå, ïîëüçóÿñü ýòèìè ôàêòàìè, äîêàçûâàþòñÿ ñóùåñòâîâàíèå è

åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ êðàåâàÿ çàäà÷à, çàäà÷à ïñåâäî ïàðàáîëè÷åñêîãî óðàâíåíèÿ, òðå-

òüåãî ïîðÿäêà ,ìåòîä Ôóðüå, êëàññè÷åñêîå ðåøåíèå.

1. Ââåäåíèå

Èçâåñòíî íåìàëî ñëó÷àåâ, êîãäà ïîòðåáíîñòè ïðàêòèêè ïðèâîäÿò è çàäà÷àì îïðå-
äåëåíèÿ êîýôôèöèåíòîâ èëè ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïî íåêîòî-
ðûì èçâåñòíûì äàííûì îò åãî ðåøåíèÿ . Òàêèå çàäà÷è ïîëó÷èëè íàçâàíèå îáðàòíûõ
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Îáðàòíûå çàäà÷è ïðåäñòàâëÿþò ñîáîé àêòèâíî ðàçâè-
âàþùèéñÿ ðàçäåë ñîâðåìåííîé ìàòåìàòèêè.
Ðàçëè÷íûå îáðàòíûå çàäà÷è äëÿ îòäåëüíûõ òèïîâ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ èçó÷àëèñü âî ìíîãèõ ðàáîòàõ. Îòìåòèì çäåñü, ïðåæäå âñåãî
ðàáîòû À.Í.Òèõîíîâà [1], Ì.Ì.Ëàâðåíòüåâà [2,3], Â.Ê. Èâàíîâà [4] è èõ ó÷åíèêîâ.
Áîëåå ïîäðîáíî îá ýòîì ìîæíî ïðî÷èòàòü â ìîíîãðàôèè À.Ì.Äåíèñîâà [5].

Â ýòîé ðàáîòå ñ ïîìîùüþ ìåòîäà Ôóðüå è ïðèíöèïà ñæàòûõ îòîáðàæåíèé äîêàçà-
íû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ íåëîêàëüíîé îáðàòíîé êðàåâîé çàäà÷è
äëÿ ïñåâäî ïàðàáîëè÷åñêîãî óðàâíåíèÿ òåðòîãî ïîðÿäêà ñ íåêëàññè÷åñêèìè êðàåâûìè
óñëîâèÿìè .

2. Ïîñòàíîâêà çàäà÷è è ñâåäåíèå å¼ ê ýêâèâàëåíòíîé çàäà÷å.

Ðàññìîòðèì äëÿ óðàâíåíèÿ

ut(x, t)− α(t)utxx(x, t)− β(t)uxx(x, t) = p(t)u(x, t) + f(x, t) (1)
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â îáëàñòè DT = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} îáðàòíóþ êðàåâóþ çàäà÷ó ñ íåëîêàëü-
íûì íà÷àëüíûì óñëîâèåì

u(x, 0) = ϕ(x) (0 ≤ x ≤ 1) , (2)

ãðàíè÷íûì óñëîâèåì Äèðèõëå

u(1, t) = 0 (0 ≤ t ≤ T ) , (3)

íåêëàññè÷åñêèì êðàåâûì óñëîâèåì

uxxx(0, t)− b uxx(0, t) + a ux(0, t) = 0 (0 ≤ t ≤ T ) (4)

è ñ äîïîëíèòåëüíûì óñëîâèåì

u(x0, t) =

∫ t

0
γ(τ)u(x0, τ)dτ + h(t) (0 ≤ t ≤ T ), (5)

ãäå x0 ∈ (0, 1) , a > 0, b > 0, δ ≥ 0-çàäàííûå ÷èñëà, α(t) > 0, β(t) > 0,γ(t),
f(x, t),ϕ(x),h(t)-çàäàííûå ôóíêöèè, à u(x, t) è p(t)- èñêîìûå ôóíêöèè.

Îïðåäåëåíèå 1. Êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)-(5) íàçîâ¼ì ïàðó

{u(x, t), p(t)} ôóíêöèé u(x, t) è p(t), îáëàäàþùèõ ñëåäóþùèìè ñâîéñòâàìè:

1. ôóíêöèÿ u(x, t) íåïðåðûâíà â DT âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè, âõî-

äÿùèìè â óðàâíåíèå (1) è â óñëîâèå (4) ;

2. ôóíêöèÿ p(t) íåïðåðûâíà íà [0, T ];

3. âñå óñëîâèÿ (1)-(5) óäîâëåòâîðÿþòñÿ â îáû÷íîì ñìûñëå.

Ñíà÷àëà çàäà÷à (1)-(5) áóäåò ñâåäåíà ê ýêâèâàëåíòíîé çàäà÷å. Ñ ýòîé öåëüþ ðàñ-
ñìîòðèì ñëåäóþùóþ ñïåêòðàëüíóþ çàäà÷ó[6,7] :

y′′(x) + λ y(x) = 0, 0 ≤ x ≤ 1 , (6)

y(1) = 0 , (a− λ)y′(0) + λby(0) = 0 , a > 0 , b > 0, (7)

êîòîðàÿ èìååò òîëüêî ñîáñòâåííûå ôóíêöèè yk(x) =
√

2 sin
(√
λ k (1− x)

)
, k =

0, 1, 2...., ñ ïîëîæèòåëüíûìè ñîáñòâåííûìè ÷èñëàìè èç óðàâíåíèÿ tg
√
λ = (a −

λ)/(b
√
λ). Íóëåâîé èíäåêñ ïðèñâàèâàåì ëþáîé ñîáñòâåííîé ôóíêöèè, à âñå îñòàëüíûå

íóìåðóåì â ïîðÿäêå âîçðàñòàíèÿ ñîáñòâåííûõ ÷èñåë.
Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 1.Ïóñòü 0 < α(t), 0 < β(t), γ(t) ∈ C[0, T ], ϕ(x) ∈ C1[0, 1],

f(x, t), fx(x, t) ∈ C(DT ), h(t) ∈ C1[0, T ], h(t) 6= 0 (0 ≤ t ≤ T ),

J(ϕ) ≡ b
(
ϕ(0) +

√
λ0

cos
√
λ0

∫ 1

0
ϕ(x) sin(

√
λ0(1− x))dx

)
− ϕ′(0) = 0 , (8)
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J(f) ≡ b
(
f(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
f(x, t) sin(

√
λ0(1− x))dx

)
− fx(0, t) = 0 (0 ≤ t ≤ T )

(9)
è âûïîëíÿåòñÿ óñëîâèå ñîãëàñîâàíèÿ

ϕ(x0) = h(0). (10)

Òîãäà çàäà÷à íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1)-(5) ýêâèâàëåíòíà çà-

äà÷å îïðåäåëåíèÿ ôóíêöèé u(x, t) è p(t), îáëàäàþùèõ ñâîéñòâàìè 1) è 2) îïðåäåëåíèÿ

ðåøåíèÿ çàäà÷è (1)-(5), èç ñîîòíîøåíèé (1)-( 3) ,

b

(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t) = 0 (0 ≤ t ≤ T ), (11)

γ(t)u(x0, t) + h′(t)− α(t)utxx(x0, t)− β(t)uxx(x0, t) =

= p(t)

(∫ t

0
γ(τ)u(x0, τ)dτ + h(t)

)
+ f(x0, t) (0 ≤ t ≤ T ). (12)

Äîêàçàòåëüñòâî. Ïóñòü {u(x, t), p(t)} - ëþáîå ðåøåíèå çàäà÷è (1)-(5). Òîãäà èç
óðàâíåíèÿ (1) ïîëó÷àåì:[

b

(
ut(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
ut(x, t) sin(

√
λ0(1− x))dx

)
− utx(0, t)

]
−

−α(t)

[
b

(
utxx(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
utxx(x, t) sin(

√
λ0(1− x))dx

)
− utxxx(0, t)

]
−

−β(t)

(
uxx(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
uxx(x, t) sin(

√
λ0(1− x))dx

)
− uxxx(0, t) =

= p(t)

[
b

(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t)

]
+

+b

(
f(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
f(x, t) sin(

√
λ0(1− x))dx

)
− fx(0, t) = 0 (0 ≤ t ≤ T )

Îòñþäà, ñ ó÷¼òîì (9), èìååì:[
b

(
ut(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
ut(x, t) sin(

√
λ0(1− x))dx

)
− utx(0, t)

]
−

−α(t)

[
b

(
utxx(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
utxx(x, t) sin(

√
λ0(1− x))dx

)
− utxxx(0, t)

]
−

−β(t)

(
uxx(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
uxx(x, t) sin(

√
λ0(1− x))dx

)
− uxxx(0, t) =
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= p(t)

[
b

(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t)

]
. (13)

Äâàæäû èíòåãðèðóÿ ïî ÷àñòÿì, ñ ó÷¼òîì (3), íàõîäèì:∫ 1

0
uxx(x, t) sin(

√
λ0(1− x))dx = −ux(0, t) sin

√
λ0−

−
√
λ0u(0, t) cos

√
λ0 − λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))d x (0 ≤ t ≤ T ) .

Òîãäà èìååì:

b

(
uxx(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
uxx(x, t) sin(

√
λ0(1− x))dx

)
− uxxx(0, t) =

− (uxxx(0, t)− b uxx(0, t) + a ux(0, t))−

−λ0
[
b

(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t)

]
. (14)

Ïîñòàâëÿÿ (14) â (13), ïîëó÷èì:

(1 + α(t)λ0)
d

dt

[
b

(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t)

]
+

+uxxx(0, t)− b uxx(0, t) + a ux(0, t) =

= (p (t)− λ0)
[
b

(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t)

]
(0 ≤ t ≤ T ) ,

(15)

Îòñþäà â ñèëó (4) íàõîäèì:

(1 + α(t)λ0)ω
′ (t) = (p (t)− λ0)ω (t) = 0 (0 ≤ t ≤ T ) , (16)

ãäå

ω (t) ≡ b
(
u(0, t) +

√
λ0

cos
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0(1− x))dx

)
− ux(0, t) (0 ≤ t ≤ T ) .

(17)

Äàëåå, â ñèëó (2) è ñ ó÷¼òîì (8), íàõîäèì:

ω (0) = b

(
ϕ(0) +

√
λ0

cos
√
λ0

∫ 1

0
ϕ(x) sin(

√
λ0(1− x))dx

)
− ϕ′(0) = 0 . (18)

Èç (16) è (18) ÿñíî, ÷òî ω (t) = 0 (0 ≤ t ≤ T ). Ñëåäîâàòåëüíî, èç (17) ïîëó÷àåì,
÷òî âûïîëíÿåòñÿ óñëîâèå (11).
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Äàëåå, äèôôåðåíöèðóÿ (5) ïîëó÷àåì:

ut(x0, t) = γ(t)u(x0, t) + h′(t) (0 ≤ t ≤ T ). (19)

Ïîäñòàâëÿÿ â óðàâíåíèå (1) x = x0 èìååì:

ut(x0, t)− α(t)utxx(x0, t)− β(t)uxx(x0, t) = p(t)u(x0, t) + f(x0, t) . (20)

Îòñþäà, ñ ó÷åòîì (5) è (16), ïðèõîäèì ê âûïîëíåíèþ (12).

Òåïåðü ïðåäïîëîæèì, ÷òî {u(x, t), p(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(5), (11),(12)
ïðè÷åì âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ (10). Òîãäà, èç (15), ñ ó÷åòîì (11), ïðèõîäèì
ê âûïîëíåíèþ (4).

Äàëåå, èç (12) è (20), ïîëó÷àåì:

d

dt

(
u(x0, t)−

(∫ t

0
γ(τ)u(x0, τ)dτ + h(t)

))
=

= p(t)

(
u(x0, t)−

(∫ t

0
γ(τ)u(x0, τ)dτ + h(t)

))
(0 ≤ t ≤ T ).

Ââåäåì îáîçíà÷åíèå:

y(t) ≡ u(x0, t)−
(∫ t

0
γ(τ)u(x0, τ)dτ + h(t)

)
(0 ≤ t ≤ T ) (21)

è çàïèøåì ïîñëåäíåå ñîîòíîøåíèå â âèäå:

y′(t) = p(t)y(t) (0 ≤ t ≤ T ). (22)

Èç (21), ñ ó÷åòîì (2) è (6), íåòðóäíî âèäåòü, ÷òî

y(0) = ϕ(x0)− h(0) = 0. (23)

Î÷åâèäíî, ÷òî çàäà÷à (22),(23) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå .Òîãäà, èç (21)
ÿñíî, ÷òî âûïîëíÿåòñÿ óñëîâèå (5). Òåîðåìà äîêàçàíà.

3. Ñâåäåíèÿ èç òåîðèè ñïåêòðàëüíûõ çàäà÷ è ââåäåíèå íåêîòîðûõ

ïðîñòðàíñòâ

Ðåøàÿ îäíîðîäíóþ çàäà÷ó, ñîîòâåòñòâóþùóþ çàäà÷å (1)-(3), (9), ìåòîäîì ðàçäåëå-
íèÿ ïåðåìåííûõ ïðèõîäèì ê ñïåêòðàëüíîé çàäà÷å [6,7]:

y′′(x) + λ y(x) = 0, 0 ≤ x ≤ 1

y(1) = 0, b

(
y(0) +

√
λ0

cos
√
λ0

∫ 1

0
y(x) sin(

√
λ0(1− x))dx

)
− y′(0) = 0. (24)
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Èçâåñòíî [30], ÷òî ñïåêòðàëüíàÿ çàäà÷à (6),(7) ýêâèâàëåíòíà ñïåêòðàëüíîé çàäà-
÷å (24) áåç ñîáñòâåííîé ôóíêöèè, ñîîòâåòñòâóþùåé ñîáñòâåííîìó çíà÷åíèþ λ0. Ñëå-
äîâàòåëüíî, ñïåêòðàëüíàÿ çàäà÷à (24) èìååò òîëüêî ñîáñòâåííûå ôóíêöèè yk(x) =√

2 sin
(√
λ k (1− x)

)
,k = 1, 2, ... ñ ïîëîæèòåëüíûìè ñîáñòâåííûìè ÷èñëàìè λ k, îïðå-

äåëÿåìûå èç óðàâíåíèÿ tg
√
λ = (a− λ)/(b

√
λ), ïðîíóìåðîâàííûå â ïîðÿäêå âîçðàñòà-

íèÿ.

Â ðàáîòå [6,7] ñôîðìóëèðîâàíû è îáîñíîâàíû ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1. Íà÷èíàÿ ñ íåêîòîðîãî íîìåðà N èìåþò ìåñòî îöåíêè

0 <
√
λk −

π

2
− π(k − 1) <

b
π
4 + π(k − 1)

.

Ñëåäñòâèå 1. Ïóñòü vk(x) =
√

2 sin(
√
µk(1 − x)), ãäå

√
µk = π/2 + π(k − 1) ,

k = 1, 2, 3, .... Òîãäà ñïðàâåäëèâû íåðàâåíñòâà

‖yk(x)− vk(x)‖C[0,1] ≤
√

2b/(π/4 + π(k − 1)) , k ≥ N ,

∞∑
k=N

‖yk(x)− vk(x)‖2L2(0,1)
≤ b2

∞∑
k=N

2

3(π/4 + π(k − 1))2
. (25)

Ëåììà 2. Áèîðòîãîíàëüíî ñîïðÿæåííàÿ ñèñòåìà {zk(x)} ê ñèñòåìå

{yk(x)} , k = 1, 2, 3, ..., îïðåäåëÿåòñÿ ïî ôîðìóëå

zk(x) =
√

2(sin(
√
λk(1− x))−

√
λ0 cos

√
λk(sin

√
λ0(1− x))/(

√
λk cos

√
λ0))/(1+

+b−1 cos2
√
λk + (bλ)−1a cos2

√
λk).

Òåîðåìà 2. Ñèñòåìû {yk(x)} è
{√

2 cos(
√
λk(1− x))

}
, k = 1, 2, ..., ÿâëÿþòñÿ

áàçèñàìè Ðèññà â ïðîñòðàíñòâå L2(0, 1).

Ïóñòü ηk(x) =
√

2 cos(
√
λk(1− x)) , ξk(x) =

√
2 cos(

√
µk(1− x)) k = 1, 2, 3, ... .

Òîãäà , àíàëîãè÷íî (25), ñïðàâåäëèâû íåðàâåíñòâà

‖ηk(x)− ξk(x)‖C[0,1] ≤
√

2b/(π/4 + π(k − 1)) , k ≥ N ,

∞∑
k=N

‖ηk(x)− ξk(x)‖2L2(0,1)
≤ b2

∞∑
k=N

2

3(π/4 + π(k − 1))2
. (26)

Ïðåäïîëîæèì, ÷òî g(x) ∈ L2(0, 1) . Òîãäà, ñ ó÷åòîì (25), ïîëó÷àåì:( ∞∑
k=1

(∫ 1

0
g(x)yk(x)dx

)2
) 1

2

≤M ‖g(x)‖L2(0,1)
, (27)

ãäå

M =

{
N∑
k=1

∫ 1

0
y2k(x)dx+ 2b2

∞∑
k=N

2

3
(
π
4 + π(k − 1)

)2 + 2

} 1
2

. (28)
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Àíàëîãè÷íî (27), ñ ó÷åòîì (26), íàõîäèì:( ∞∑
k=1

(∫ 1

0
g(x)ηk(x)dx

)2
) 1

2

≤M ‖g(x)‖L2(0,1)
. (29)

Òàê êàê ôóíêöèè {yk(x)}, k = 1, 2, 3, ... ÿâëÿþòñÿ áàçèñàìè Ðèññà â ïðîñòðàíñòâå
L2 (0, 1) , òîãäà èçâåñòíî [43] , ÷òî äëÿ ëþáîé ôóíêöèè g(x) ∈ L2 (0, 1) ñïðàâåäëèâî
ðàâåíñòâî:

g(x) =
∞∑
k=1

gk · yk(x), (30)

ãäå

gk =

∫ 1

0
g(x)zk(x)dx (k = 1, 2, ...).

Äàëåå , ñ ó÷åòîì (27), íåòðóäíî âèäåòü, ÷òî( ∞∑
k=1

g2k

) 1
2

≤M0 ‖g(x)‖L2(0,1)
, (31)

ãäå

M0 = 2

M +

√
λ0∣∣cos
√
λ0
∣∣ ·
( ∞∑
k=1

1

λk

) 1
2

‖y0(x)‖L2(0,1)

 . (32)

Ïðåäïîëîæèì, ÷òî

g(x) ∈ C[0, 1] , g′ (x) ∈ L2(0, 1) è g(1) = 0.

Òîãäà èìååì:

gk = −
√

2

αk
· b

a− λk

(
g(0) +

√
λ0

cos
√
λ0

∫ 1

0
g(x) sin(

√
λ0(1− x))dx

)
sin
√
λk−

−
√

2

αk
· 1

λk

∫ 1

0
g′(x) cos(

√
λk(1− x))dx, (33)

ãäå

αk = 1 +
cos2
√
λk

b
+
a cos2

√
λk

bλk
> 1.

Îòñþäà, ñ ó÷åòîì (29), íàõîäèì:( ∞∑
k=1

(√
λk |gk|

)2) 1
2

≤

≤ 2bm0

∣∣∣∣g(0) +

√
λ0

cos
√
λ0

∫ 1

0
g(x) sin(

√
λ0(1− x))dx

∣∣∣∣+ 2M
∥∥g′(x)

∥∥
L2(0,1)

, (34)
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ãäå

m0 = sup
k

(
λk

|λk − a|

)
·

( ∞∑
k=1

1

λk

)1/2
.

Ïóñòü
g(x) ∈ C1 [0, 1] , g′′(x) ∈ L2(0, 1) , g(1) = 0 è

J(g) ≡ b
(
g(0) +

√
λ0

cos
√
λ0

∫ 1

0
g(x) sin(

√
λ0(1− x))dx

)
− g′(0) = 0.

Òîãäà èç (33) ïîëó÷àåì:

gk = −
√

2

αk

[
a2

λ2k(a− λ2k)
g′(0)− a

λ2k
g′(0)

]
sin
√
λk−

−
√

2

αk
· 1

λk

∫ 1

0
g′′(x) sin(

√
λk(1− x))dx. (35)

Îòñþäà, ñ ó÷åòîì (27), íàõîäèì:( ∞∑
k=1

(λk |gk| )2
)1/2

≤ m1

∣∣g′(0)
∣∣+
√

2M
∥∥g′′(x)

∥∥
L2(0,1)

, (36)

ãäå

m1 = 2

a2(sup
k

∣∣∣∣ λk
|λk − a|

∣∣∣∣) ·
( ∞∑
k=1

1

λ4k

)
+ a

( ∞∑
k=1

1

λ2k

)1/2
 .

Òåïåðü ïðåäïîëîæèì, ÷òî
g(x) ∈ C2 [0, 1] , g′′′(x) ∈ L2(0, 1) ,g(1) = 0 , J (g) = 0 è g′′(1) = 0.
Òîãäà èç (35) èìååì:

gk = −
√

2

αk

[
a2

λ2k(a− λk)
g′(0)− ab

λk(a− λk)
g′′(0)− a

λ2k
g′(0) +

b

λ2k
g′′(0)

]
sin
√
λk+

+

√
2

αk
· 1

λk
√
λk

∫ 1

0
g′′′(x) cos(

√
λk(1− x))dx. (37)

Îòñþäà, ñ ó÷åòîì (29), ïîëó÷àåì:( ∞∑
k=1

(λk
√
λk |gk| )2

)1/2
≤ m2

∣∣g′(0)
∣∣+m3

∣∣g′′(0)
∣∣+
√

2M
∥∥g′′′(x)

∥∥
L2(0,1)

, (38)

ãäå

m2 = 4

a2sup
k

∣∣∣∣ λk
λk − a

∣∣∣∣ ·
( ∞∑
k=1

1

λ3k

)1/2
+ a

( ∞∑
k=1

1

λk

)1/2
 , (39)
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m3 = 4

absup
k

∣∣∣∣ λk
λk − a

∣∣∣∣ ·
( ∞∑
k=1

1

λ3k

)1/2
+ b

( ∞∑
k=1

1

λ2k

)1/2
 . (40)

Ïóñòü
g(x) ∈ C3 [0, 1] , g(4)(x) ∈ L2(0, 1), g(1) = 0 , J(g) = 0 , g′′(1) = 0 ,

g′′′(0)− bg′′(0) + ag′(0) = 0.

Òîãäà èç (37) èìååì:

gk =

√
2

αk

a2

λ2k(a− λk)
g′′′ (0) sin

√
λk +

√
2

αk
· 1

λ2k

∫ 1

0
g(4)(x) sin(

√
λk(1− x))dx. (41)

Îòñþäà, ñ ó÷åòîì (27), íàõîäèì:( ∞∑
k=1

(λ2k |gk| )2
)1/2

≤
√

2M
∥∥∥g(4)(x)

∥∥∥
L2(0,1)

+ 2m4

∣∣g′′′(0)
∣∣ , (42)

ãäå

m4 = sup
k

(
λk

|λk − a|

)
·

( ∞∑
k=1

1

λ2k

)1/2
.

Òåïåðü, ñ öåëüþ èññëåäîâàíèÿ çàäà÷è (1)-(3), (9), (10) ðàññìîòðèì ñëåäóþùèå ïðî-
ñòðàíñòâà:

1. Îáîçíà÷èì ÷åðåç B2
2,T [8] ñîâîêóïíîñòü âñåõ ôóíêöèé u(x, t) âèäà

u(x, t) =
∞∑
k=1

uk(t)yk(x) ,

ðàññìàòðèâàåìûõ â DT , ãäå êàæäàÿ èç ôóíêöèé uk(t) íåïðåðûâíà íà [0, T ] è{ ∞∑
k=1

(λ2k ‖uk(t)‖C[0,T ])
2

}1/2
< +∞.

Íîðìó íà ýòîì ìíîæåñòâå îïðåäåëèì òàê:

‖u(x, t)‖B2
2,T

=

{ ∞∑
k=1

(λ2k ‖uk(t)‖C[0,T ])
2

}1/2
.

2. ×åðåç E2
T îáîçíà÷èì ïðîñòðàíñòâî, ñîñòîÿùåå èç òîïîëîãè÷åñêîãî ïðîèçâåäåíèÿ

B2
2,T × C[0, T ].

Íîðìà ýëåìåíòà z = {u, p} îïðåäåëÿåòñÿ ôîðìóëîé

‖z‖E2
T

= ‖u(x, t)‖B2
2,T

+ ‖p(t)‖C[0,T ] .

Èçâåñòíî, ÷òî B2
2,T è E2

T ÿâëÿþòñÿ áàíàõîâûìè ïðîñòðàíñòâàìè.
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4. Èññëåäîâàíèå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî

ðåøåíèÿ îáðàòíîé êðàåâîé çàäà÷è

Ïåðâóþ êîìïîíåíòó u(x, t) ðåøåíèÿ {u(x, t), p(t)} çàäà÷è (1)-(3),(11), (12) áóäåì
èñêàòü â âèäå:

u(x, t) =
∞∑
k=1

uk(t)yk(x) , (43)

ãäå

uk(t) =

∫ 1

0
u(x, t)zk(x)dx (k = 1, 2, ...).

Ïðèìåíèì ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ îïðåäåëåíèÿ èñêîìûõ êîýôôèöèåí-
òîâ uk(t) (k = 1, 2, ...; ) ôóíêöèè u(x, t) èç (1), (2) ïîëó÷àåì.

(1 + λkα(t))u′k(t) + λkβ(t)uk(t) = p(t)uk(t) + fk(t) (k = 1, 2, ...; 0 ≤ t ≤ T ) , (44)

uk(0) = ϕk(k = 1, 2, ...), (45)

ãäå

ϕk =

∫ 1

0
ϕ(x)zk(x)dx , fk(t) =

∫ 1

0
f(x, t)zk(t)dx (k = 1, 2, ...).

Ðåøàÿ çàäà÷ó (44), (45), íàõîäèì:

uk(t) = ϕke
−

∫ t
0

λkβ(s)ds

1+λkα(s) +

∫ t

0

Fk(τ ;u, p)

1 + λkα(τ)
e
−

∫ t
τ

λkβ(s)ds

1+λkα(s)dτ, (46)

ãäå

Fk(t;u, p) = fk(t) + p(t)uk(t).

Ïîñëå ïîäñòàíîâêè âûðàæåíèÿ uk(t) (k = 1, 2, . . .) èç (44) â (43) èìååì:

u(x, t) =
∞∑
k=1

{
ϕke

−
∫ t
0

λkβ(s)ds

1+λkα(s) +

∫ t

0

Fk(τ ;u, p)

1 + λkα(τ)
e
−

∫ t
τ

λkβ(s)ds

1+λkα(s)dτ

}
yk(x). (47)

Òåïåðü èç (12), ñ ó÷¼òîì (43), ïîëó÷èì:

p(t) = [h(t)]−1
{
h′(t)− f(x0, t) +

+
∞∑
k=1

λkα(t)u′k(t) + (γ(t) + λkβ(t))uk(t) + p(t)

∫ t

0
γ(τ)uk(τ)dτ

}
yk(x0)

èëè ó÷èòûâàÿ , ÷òî

u′k(t) = − λkβ(t)

1 + λkα(t)
uk(t) +

1

1 + λkα(t)
Fk (t;u, p)
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èìååì
p(t) = [h(t)]−1

{
h′(t)− f(x0, t) +

+
∞∑
k=1

[(
γ(t) +

λkβ(t)

1 + λkα(t)

)
uk(t) +

λkα(t)

1 + λkα(t)
Fk (t;u, p) + p(t)

∫ t

0
uk(τ)dτ

]
yk(x0)

}
.

(48)
Äëÿ òîãî, ÷òîáû ïîëó÷èòü óðàâíåíèå äëÿ âòîðîé êîìïîíåíòû p(t) ðåøåíèÿ
{u(x, t), p(t)} çàäà÷è (1)-(3), (11), (12) ïîäñòàâèì âûðàæåíèå (46) â (48):

p(t) = [h(t)]−1
{
h′(t)− f(x0, t) +

∞∑
k=1

[(
γ(t) +

λkβ(t)

1 + λkα(t)

) (
ϕke

−
∫ t
0

λkβ(s)ds

1+λkα(s) +

+

∫ t

0

Fk(τ ;u, p)

1 + λkα(τ)
e
−

∫ t
τ

λkβ(s)ds

1+λkα(s)dτ

)
+

λkβ(t)

1 + λkα(t)
Fk (t;u, p) + p(t)

∫ t

0
γ(τ)uk(τ)dτ

]
yk(x0)

}
.

(49)
Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (1)-(3), (11), (12) ñâåëîñü ê ðåøåíèþ ñèñòåìû (47),

(49) îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé u(x, t) è p(t).
Äëÿ èçó÷åíèÿ âîïðîñà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1)-(3), (11),(12) âàæíóþ

ðîëü èãðàåò ñëåäóþùàÿ
Ëåììà 3. Åñëè {u(x, t), p(t)} - ëþáîå ðåøåíèå çàäà÷è (1)-(3), (11),(12) , òî ôóíê-

öèè

uk(t) =

∫ 1

0
u(x, t)zk(x)dx(k = 1, 2, ...)

óäîâëåòâîðÿþò íà [0, T ] ñèñòåìå (45).
Äîêàçàòåëüñòâî. Ïóñòü {u(x, t), a0(t)} - ëþáîå ðåøåíèå çàäà÷è (1)-(3), (11),(12) .
Óìíîæèâ îáå ÷àñòè óðàâíåíèÿ (1) íà ôóíêöèþ zk(x) (k = 1, 2, ...), èíòåãðèðóÿ

ïîëó÷åííîå ðàâåíñòâî ïî x îò 0 äî 1 è ïîëüçóÿñü ñîîòíîøåíèÿìè∫ 1

0
ut(x, t)zk(x)dx =

d

dt

∫ 1

o
u(x, t)zk(x)dx = u′k(t) ,∫ 1

0
uxx(x, t)zk(x)dx = −λk

∫ 1

o
u(x, t)zk(x)dx = −λkuk(t),∫ 1

0
utxx(x, t)zk(x)dx = −λk

∫ 1

o
ut(x, t)zk(x)dx = −λku′k(t) (k = 1, 2, ...)

ïîëó÷àåì, ÷òî óäîâëåòâîðÿåòñÿ óðàâíåíèå (44).
Àíàëîãè÷íî, èç (2) ïîëó÷àåì, ÷òî âûïîëíÿåòñÿ óñëîâèå (45).
Òàêèì îáðàçîì, uk(t) (k = 0, 1, ...) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (44), (45). À îòñþ-

äà, íåïîñðåäñòâåííî ñëåäóåò, ÷òî ôóíêöèè uk(t) (k = 0, 1, ...) óäîâëåòâîðÿþò íà [0, T ]
ñèñòåìå (46). Ëåììà äîêàçàíà.

Î÷åâèäíî, ÷òî åñëè uk(t) =
∫ 1
0 u(x, t)zk(x) dx (k = 1, 2, ...) ÿâëÿþòñÿ ðåøåíèåì ñè-

ñòåìû (46), òî ïàðà {u(x, t), p(t)} ôóíêöèé u(x, t) =
∑∞

k=0 uk(t)yk(x) è p(t) ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû (47), (49).
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Èç ëåììû 3 ñëåäóåò, ÷òî èìååò ìåñòî ñëåäóþùåå
Ñëåäñòâèå2. Ïóñòü ñèñòåìà (46), (48) èìååò åäèíñòâåííîå ðåøåíèå. Òîãäà çà-

äà÷à (1)-(3), (11),(12) íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ, ò.å. åñëè çàäà÷à (1)-
(3), (11),(12) èìååò ðåøåíèå, òî îíî åäèíñòâåííî.

Òåïåðü ðàññìîòðèì â ïðîñòðàíñòâå E2
T îïåðàòîð

Φ(u, a) = {Φ1(u, p),Φ2(u, p)},

ãäå

Φ1(u, p) = ũ(x, t) ≡
∞∑
k=1

ũk(t)yk(x),

Φ2(u, p) = p̃(t),

à ũk(t) (k = 1, 2, ...) è ã0(t) ðàâíû , ñîîòâåòñòâåííî, ïðàâûì ÷àñòÿì (45) è (48).
Íåòðóäíî âèäåòü, ÷òî

1 + λkα(t) > λkα(t),
λkβ(t)

1 + λkα(t)
<
β(t)

α(t)
.

Ó÷èòûâàÿ ýòè ñîîòíîøåíèÿ èìååì:( ∞∑
k=1

(
λ2k ‖ũk(t)‖C[0,T ]

)2)1/2

≤
√

3

( ∞∑
k=1

(
λ2k |ϕk|

)2)1/2

+

∥∥∥∥ 1

α(t)

∥∥∥∥
C[0,T ]

√
3×

×

√T (∫ T

0

∞∑
k=1

(λk |fk(τ)|)2 dτ

)1/2

+ T ‖p(t)‖C[0,T ]

( ∞∑
k=1

(
λ2k ‖uk(t)‖C[0,T ]

)2) 1
2

 ,

(50)

‖p̃(t)‖C[0,T ] ≤
∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

{∥∥h′(t)− f(x0, t)
∥∥
C[0,T ]

+

+
√

2

( ∞∑
k=1

λ−1k

)1/2
(‖γ(t)‖C[0,T ] +

∥∥∥∥β(t)

α(t)

∥∥∥∥
C[0,T ]

)( ∞∑
k=1

(√
λk |ϕk|

)2) 1
2

+

∥∥∥∥ 1

α(t)

∥∥∥∥
C[0,T ]

√T (∫ T

0

∞∑
k=1

(|fk(τ)|)2 dτ

)1/2

+

+T ‖p(t)‖C[0,T ]

( ∞∑
k=1

(λ2k ‖uk(t)‖C[0,T ])
2

)1/2
+

+

∥∥∥∥β(t)

α(t)

∥∥∥∥
C[0,T ]

( ∞∑
k=1

‖fk(t)‖2C[0,T ]

)1/2

+ ‖p(t)‖C[0,T ]

( ∞∑
k=1

(λ2k ‖uk(t)‖C[0,T ])
2

)1/2
+
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+T ‖γ(t)‖C[0,T ] ‖p(t)‖C[0,T ]

( ∞∑
k=1

(λ2k ‖uk(t)‖C[0,T ])
2

)1/2
 . (51)

Ïðåäïîëîæèì, ÷òî äàííûå çàäà÷è (1)-(3), (11), (12) óäîâëåòâîðÿþò ñëåäóþùèì
óñëîâèÿì:

1.ϕ(x) ∈ C3 [0, 1] , ϕ(4)(x) ∈ L2(0, 1), ϕ(1) = 0 , J(ϕ) = 0 , ϕ′′(1) = 0 ,

ϕ′′′(0)− bϕ′′(0) + aϕ′(0) = 0.2.f(x, t),

fx(x, t) ∈ C(DT ), fxx(x, t) ∈ L2(DT ), f (1, t) = 0, J (f) = 0 (0 ≤ t ≤ T ) .

3.0 < α(t) ∈ C[0, T ], 0 < β(t) ∈ C[0, T ], h(t) ∈ C1[0, T ], h(t) 6= 0(0 ≤ t ≤ T ).

Òîãäà èç (49) è (50), ñ ó÷¼òîì (41), ñîîòâåòñòâåííî, ïîëó÷àåì:

‖ũ(x, t)‖B2
2,T
≤ A1(T ) +B1(T ) ‖p(t)‖C[0,T ] ‖u(x, t)‖B2

2,T
, (52)

‖p(t)‖C[0,T ] ≤ A2(T ) +B2(T )T ‖p(t)‖C[0,T ] ‖u(x, t)‖B2
2,T
, (53)

ãäå

A1(T ) =
√

6M
∥∥∥ϕ(4)(x)

∥∥∥
L2(0,1)

+ 2
√

3m4

∣∣ϕ′′′(0)
∣∣+

+

∥∥∥∥ 1

α(t)

∥∥∥∥
C[0,T ]

√
3T
(√

2M ‖fxx(x, t)‖L2(DT )
+m1 ‖fx(0, t)‖C[0,T ]

)
,

B1 (T ) =
√

3

∥∥∥∥ 1

α(t)

∥∥∥∥
C[0,T ]

T,

A2(T ) =
∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

{∥∥h′(t)− f(x0, t)
∥∥
C[0,T ]

+
√

2

( ∞∑
k=1

λ−1k

)1/2
×

×

[(
‖γ(t)‖C[0,T ] +

∥∥∥∥β(t)

α(t)

∥∥∥∥
C[0,T ]

)(
2bm0

∣∣∣∣ϕ(0) +

√
λ0

cos
√
λ0

∫ 1

0
ϕ(x) sin(

√
λ0(1− x))dx

∣∣∣∣ +

+2M
∥∥ϕ′(x)

∥∥
L2(0,1)

+

∥∥∥∥ 1

α(t)

∥∥∥∥
C[0,T ]

√
TM ‖f(x, t)‖L2(DT )

)
+

+

∥∥∥∥β(t)

α(t)

∥∥∥∥
C[0,T ]

∥∥∥‖f(x, t)‖C[0,T ]

∥∥∥
L2(0,1)

]}
,

B2(T ) =
∥∥h−1(t)∥∥

C[0,T ]

√
2

( ∞∑
k=1

λ−2k

) 1
2
[(
‖γ(t)‖C[0,T ] +

∥∥∥∥β(t)

α(t)

∥∥∥∥
C[0,T ]

) ∥∥∥∥ 1

α(t)

∥∥∥∥
C[0,T ]

T+

+

∥∥∥∥β(t)

α(t)

∥∥∥∥
C[0,T ]

+ T ‖γ(t)‖C[0,T ]

]
,
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Èç íåðàâåíñòâ (52), (53) çàêëþ÷àåì:

‖ũ(x, t)‖B2
2,T

+ ‖p̃(t)‖C[0,T ] ≤ A(T ) +B(T ) ‖p(t)‖C[0,T ] ‖u(x, t)‖B2
2,T
, (54)

ãäå
A(T ) = A1(T ) +A2(T ), B(T ) = B1(T ) +B2(T ).

Èòàê, ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó:
Òåîðåìà3. Ïóñòü âûïîëíåíû óñëîâèÿ1-3 è

(A(T ) + 2)2B(T ) < 1. (55)

Òîãäà çàäà÷à (1)-(3),(11), (12) èìååò â øàðå K = KR(‖z‖E2
T
≤ R = A(T ) + 2)

ïðîñòðàíñòâà E2
T åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Â ïðîñòðàíñòâå E2
T ðàññìîòðèì óðàâíåíèå

z = $z, (56)

ãäå z = {u, p}, êîìïîíåíòû Φi(u, p)(i = 1, 2) îïåðàòîðà $(u, p) îïðåäåëåíû ïðàâûìè
÷àñòÿìè óðàâíåíèé (47), (49), ñîîòâåòñòâåííî. Ðàññìîòðèì îïåðàòîð $(u, p) â øàðå
K = KR(‖z‖E2

T
≤ R = A(T ) + 2) èç E2

T .

Àíàëîãè÷íî (54) ïîëó÷àåì, ÷òî äëÿ ëþáûõ z, z1, z2 ∈ KR ñïðàâåäëèâû îöåíêè:

‖Φz‖E2
T
≤ A(T ) +B(T ) ‖p(t)‖C[0,T ] ‖u(x, t)‖B2

2,T
(57)

‖Φz1 − Φz2‖E2
T
≤ B(T )R

(
‖p1(t)− p2(t)‖C[0,T ] + ‖u1(x, t)− u2(x, t)‖B2

2,T

)
. (58)

Òîãäà èç îöåíîê (57) è (58), ñ ó÷åòîì (55), ñëåäóåò, ÷òî îïåðàòîð $ äåéñòâóåò â
øàðå K = KR è ÿâëÿåòñÿ ñæèìàþùèì. Ïîýòîìó â øàðå K = KR îïåðàòîð $èìååò
åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó {u, p}, êîòîðàÿ ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì
óðàâíåíèÿ (56), ò.å. ÿâëÿåòñÿ åäèíñòâåííûì â øàðå K = KR ðåøåíèåì ñèñòåìû (47),
(49).

Ôóíêöèÿ u(x, t), êàê ýëåìåíò ïðîñòðàíñòâà B2
2,T , íåïðåðûâíà è èìååò íåïðåðûâíûå

ïðîèçâîäíûå ux(x, t) ,uxx(x, t)è uxxx(x, t) â DT .
Èç (29) íåòðóäíî âèäåòü, ÷òî ut(x, t) íåïðåðûâíà â DT .
Íåòðóäíî ïðîâåðèòü, ÷òî óðàâíåíèå (1) è óñëîâèÿ (2),(3), (11) è (12) âûïîëíÿþò-

ñÿ â îáû÷íîì ñìûñëå. Òàêèì îáðàçîì, ðåøåíèåì çàäà÷è (1)�(3), (11) ,(12) ÿâëÿåò-
ñÿ ïàðà ôóíêöèé {u(x, t), p(t)}. Â ñèëó ñëåäñòâèÿ ëåììû 3 îíî åäèíñòâåííî â øàðå
K = KR.Òåîðåìà äîêàçàíà.

Ñ ïîìîùüþ òåîðåìû 1 è 3 ïîëó÷àåì îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (1)�(5).
Òåîðåìà 4. Ïóñòü âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 3è âûïîëíåíû óñëîâèÿ

ñîãëàñîâàíèÿ

ϕ(x0) = h(0).

Òîãäà çàäà÷à (1)-(5) èìååò â øàðå K = KR(‖z‖E2
T
≤ R = A(T ) + 2) ïðîñòðàíñòâà

E2
T åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå.
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