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Maximal regularity of parameter dependent differential-
operator equations on the halfline

Hummet K. Musaev

Abstract. This paper focuses on boundary value problems for differential-operator equations in
half line. The equations and boundary conditions contain certain small and spectral parameters.
The uniform L,— separability is obtained. Here the explicit formula for the solution is given and
behavior of solution is established with small parameter. It used to obtain singular perturbation
result for the convolution differential-operator equation.
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1. Introduction

It is well known that the differential equations with parameters play important role in
modelling of physical processes. Differential-operator equations (DOEs) with small param-
eters have also significant applications to the developed theory to problems in mathemat-
ical physics. Note that, DOEs are studied e.g., in [1 — 3], [6 — 11],[21] and the references
therein. Moreover, convolution differential-operator equations have been studied e.g., in
[12 — 17].

The main aim of this paper is to show the uniform separability properties of boundary
value problems (BVPs) for the following DOE with parameters

—eu” (t) + Ayu(t) = f(t), (1.1)

where Ay = A+ \I, A are linear operators in a Banach space E, a = a(t) is a scalar valued
function on (0;00), € is a small and X is a complex parameter, u(t) = u(e,t).

We derive the representation of solution involving semigroup generated by operator A
which allows to obtain the maximal regularity properties of DOEs and the sharp coercive
L, estimates of solution uniformly with respect to small and spectral parameter.

The treatment of the singular perturbation problem for the abstract integro-differential
equations studied e.g in [8] . In contrast to these, here uniform separability properties of
the problem (1.1) is derived in L, (0, oco; E).
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Since the Banach space E and linear operator A are arbitrary, by chousing the space F
and operators A we can obtained different results which occur in a wide variety of physical
systems.

The present paper is organized as follows. The first section in this paper contains
an introduction. Section 2 collects definitions, some notations and basic propertis of
vector-valued function spaces, in particular, weighted L, y—spaces and weighted multiplier
conditions. In section 3 we consider the corresponding homogeneous problem and prepares
for the proof of the main result of this paper. In section 4 by applying this results the
uniform L,—separability of nonhomogeneous problem (1.1) is proved.

2. Notation and conventions

Let E be a Banach space and Ly (%; E) denotes the space of strongly measurable
FE-valued functions that are defined on the measurable subset 2 C R™ with the norm

1
P

11, = 1 e = - / If @ | 1< p < esssupf(a)] g, p =
(9]

Let N, R denote the sets of natural and real numbers, respectively.
Let C be the set of the complex numbers and

Se={N AeC, JargA| < p}U{0},0< p < 7.

Let Q be a domain in R™. C(Q, E) and C"™)(Q; E) will denote the spaces of E -valued
bounded, uniformly strongly continuous and m -times continuously differentiable functions
on {2, respectively.

A linear operator A is said to be ¢-positive in a Banach space F with bound M > 0
if D (A) is dense on E and

IR Al = (A 2D, <M )

for any A € S,, 0 < ¢ < m, where [ is the identity operator in E. For convenience,
sometimes we write A + X instead of A+ Al and denoted by Ay. It is known [19,§1.15.1]
that there exist the fractional powers A? of a positive operator A. Let F (Ae) denote the
space D (Aa) with the graph norm

1

p
[ullpasy = (HUHP + HAHUH )p 1<p<oo, —oo<6< oo

Let S (R™; E') denote the Schwartz class, i.e. the space of E-valued rapidly decreasing
smooth functions on R™ and F' denote the Fourier transformation. If the map u — Au =
F~Y (¢) Fu, u € S (R™; Ey) is well defined and extends to a bounded linear operator

A: L,(R"; E1) = L, (R"; E»)
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then a function ¥ € C (R"; B (Ey, E»)) is called a Fourier multiplier from L, (R"; E7) to
L, (R™; Ey). The set of all multipliers from L, (R"; E1) to L, (R"; E3) will be denoted by
M? (Ey, Es) .

Let @, = {¥), € M} (E1,Es), h € Q}. We say that W, is a collection of uniformly
bounded multipliers (UBM) if there exists a positive constant M independent on h € Q
such that

HF’llI’hFUHLp(Rn;EQ) < Mllullp,&n;z,) -

for all h € @ and u € S (R"; Ey) ,where @) denote a set of some parameters.

A family of operators T' C B (E1, Es) is called R-bounded ( see e.g. [4], [19],[20] ) if
there is a constant C' > 0 such that for all 11,75, ...,T,, € T and uy us, ..., uym € E1, m € N
the inequality

Q [[7=t E» Q [[7=t B

is valid, where {r;} is a sequence of independent symmetric {—1, 1}-valued random
variables on €2. The smallest C for which the above estimate holds is called a R-bound of
the collection T and denoted by R{T}.

Let family of operators Tj, C B (F1, E2) depending on the parameter h € Q). Here Ty,
is called uniformly R-bounded with respect to h if there is a constant C' independent of
h € @, such that

sup R{T,} < C.
heQ

A Banach space F is said to be a space satisfying a multiplier condition if, for any
¥ e C(R; B(E)), the R-boundedness of the set

{lF D7w (©) s ¢ e R\{0}, j = 0,1}, (2.1)

implies that ¥ is a Fourier multiplier, i.e. ¥ € M} (E) for any p € (1,00).
The @p-positive operator A is said to be R-positive in a Banach space FE if the set

{@+9ces,f oo

is R-bounded.
The operator A (t) is said to be uniformly ¢-positive in E with respect to ¢t with bound
M >0, if D(A(t)) is independent on ¢, dense in F, and

M
1+ A

H(A (1) +>\)_1H <

for all A € S,,0 < ¢ < m,where M does not depend on ¢ and .
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A positive operator A(t) is said to be a uniformly R-positive in a Banach space E if
there exists a ¢ € [0, 7) such that the set

E(A+ENTY; €e8,
{

is uniformly R-bounded.

Let Ey and F be two Banach spaces and Fy is continuously and densely embedded
into £. Let m is a positive integer. W;" (0, 00; Ep, E) denotes the collection of E-valued
functions u € L, (0, 00; Ep) that have the generalized derivatives u(™ € L, (0, 00; E) with
the norm

< 0.
LP(OvoO§E)

Fullige = Vel e ) = Wl 0y + )

For Ey = E it denotes by W (Q; E) .
Let ¢ is a positive parameter. We define in the space W (0, 00; Ep, E') the following
parametrized norm

(m) ‘

Il 00 = Wl 0y + [, o

3. DOEs with small parameter

Consider the following BVP for elliptic differential-operator equation with small pa-
rameters

+1

{.Lu = —eu"(t) + Ayu(t) = f(t), te (0;00),L1u= s o/ (0) + E%BU(O) =fo (3.1)

where u (t) = u (e, t) is a solution of (3.1), A are linear operator in a Banach space E,
A\ = A+l a = a(t) is a scalar valued function on Ry = (0;00), fo € Ep = (E(A), E)y,
here (E(A), E),,, denotes the real interpolation space between E(A) and E, p € (1,00),

1 . L. .
0= %pp, «, B are complex numbers, € is a small positive, and X is a complex parameters,

ie,ee(0,1).
For investigation of main problem first all of consider the corresponding homogeneous
problem

{.—su"(t) + A)\U(t) =0L1u = fp. (32)

Condition 3.1. Assume the following conditions are satisfied:
1) E is a Banach space satisfying the uniformly multiplier condition for p € (1,00);
2) A is a R—positive operator in E for 0 < ¢ < 7.
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Theorem 3.1. Assume Condition 3.1 holds and —Ba~! € S,,, 0 < 1 +¢ < 7. Then
the problem (3.2) for Vfy € E, has a unique solution u(t) € W2 (Ry; E(A), E) and the

coercive estimate

2 . .
Sl
=0

u® (t)(

A < .
b 1Al < (33)

c [|A|1‘9 Ifoll g + ||f0”Ep]

holds uniformly with respect to € and A € S, with sufficiently large |A|.
Proof. We consider the BVP equivalent to (3.2)

{—u"(t) + e P Ayu(t) = 0Lyu = fp. (3.4)

By definition of positive operator, e 1A, is R—positive uniformly with respect to .
Then we have the estimate H(€*1AA + ,u)flu <C \,u\_l, where |arg A\| < ¢, |arg p| < ¢1,
©1+ ¢ < m and C independent of ¢, depending on ¢ only. Then in view of [5] and [21]
an arbitrary solution of equation (3.4) belonging to the space sz (Ry; E(A), E), has the
form

1 1
u(t) = Fig,
where g € (E (A) ’E)ﬁ,p'

Taking into account boundary conditions we obtain that the representation of the

solution of the problem (3.4)

_1 1 -1
u(t) = g_%e_ta QAE |:—O£A)2\ + B:| f(). (35)

ul® (t)(

<
L(RyE) + [ Au(®)ll L, m) <

+

1 _1 % 1 -1
At A (—aAi +ﬁ> o
LP(R-HE)

+
Lp(Ry; E)

1 1l 1 -1
S NE (—Ai)e‘tf 243 [—aA§+6] fo

_l’_

A b L -1
e 22 Aye A —aAl + fo
LP(R+§E)
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0

1 ~1 43 1 -1
e et 2 [—aAi -l—ﬂ] fo <
Lp(Ry;E)
L A gebaz 1 _yehad
<eg (4 Ai@ € Afo + Cy||Aze >\f0 <
Lp(R4;E) Lp(R4;E)
1 1
1 FIlox a5 )P ! Tl —Lar P !
g 2 ¢ (C /‘A;e_ts 2 X foll dt + Cy /HAQS_tE X foll dt
0 E E

By changing of variable te"2 =2 redenoting and in view of Theorem 2.1 (see, [5]) we

obtain

o

3 t‘%Af%
/ A)z\e_E A fo
0

p
at < C [ I follly + 11 folly, |- (3.6)
E

On the other hand, by using of the positivity of operator A we have

1
< 1+ ) |4

_1 1 _1
R T

_1
s

By using the similar technique as in (3.6) we have

o 1 1 =1 p _

/ HA gl <[ IO foll + 1 folly, ] (3.7)
E

0

The from (3.6) and (3.7) we obtain (3.3).
Note that the solution of the problem (3.2) dependes on the parameter ¢, i.e., u =

u(z,e).

4. Separability properties of parameter dependent nonhomogeneous
differential-operator equation

Now we are ready to present our main result. Consider the following nonhomogeneous

problem

{.—eu(t) + Ayu(t) = f(1) Liu = fo (4.1)

Theorem 4.1. Assume that the all conditions of Theorem 3.1 are satisfied. Then for
f(t) € L, (R4 E), Vfy € E, and A, with sufficiently large |A|, the problem (4.1) has a
unique solution u € W]D2 (Ry; E(A), E) and the following coercive uniformly estimate holds
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w® (t)‘

Ly(Ry:E) + [ Au(®)l L, m) < (4.2)

—0
< C [ laymesmy + W 1ol + 1 folls, | -
Proof. Let us define

f@)={.f(), te[0,00)0, t&][0,00).

We now show that the problem (4.1) has a solution u € W7 (Ry; E(A), E) for all
f(t) € LR E), fo € B, and u(t) = u(t) + ua(t), where u;(t) is the restriction on
[0,00) of the solution @;(¢) to the equation

—eu](t) + Ayur(t) = f(t), t€ (—o0;+00) (4.3)
and wua(t) is a solution of the problem
{.—Eug(t) + A)\UQ(t) =0 Lius = fo — Liuqg
It is not hard to see that the solution of (4.3) is given by the formula
w(t)=F 'Ly (A& OFf,

where Lo(\, €,&) = A+ €2 + A and F denotes the Fourier transformation .
It follows from the expression above that

2 . .
Yol

=0

+ || Awy(t) ”LP(R;E) -

(1)

Lp(RE)

SOTrer [|[FTELE (M e ) FF Iz, gz + |FT AL (N e,€) FF L ey - (44)
1=0

2 [ i .
Let us show that operator-functions ALy ' (\,&,€) and > A2 e26 Lyt (N g, €) are
i=0
Fourier multipliers in L,(R; E).

Taking into account positivity of A and [5, Lemma 2.3] we have

125" (0O gy = H (A+e€+ A)”HB(E) <C(1+e82+ )7,

|ALG" (02,0l sy = A (A + 2624 2) ™ HB(E) <c. (4.5)

It is known that
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555 [A (A+e€+ A)*l] = 2:8% (A+e2+0) T A(A+e2+0))

The R—positivity of the operator A imply that the sets

{—2652 (A+e€2+2) 7" £€R) {0}} : {A( Ate40) ' ce R\{O}}

are R—bounded and it is R—bounds are independent on € and A.
Moreover, by using of additional and product properties and Kahane’s contraction
principle for family of R—bounded (see, [4]) operators we have the R—boundedness of

collection 56% [‘4 (A+e?+ )\)71} . This means that
d 2 -17
s)l\g)]%{ﬁd5 [A(A+5€ +A) }’SGR\{O}}SC.

Now, we prove the uniformly R—boundedness of the family of operator-functions

2 S
ST ere Lyt (M e,€).
i=0
It is clear to see that

STz Ly (Ve €)
1=0

: |
<O [ 1] 25" e )l gy
B(E) i=0

Then setting y = 2 €] |)\|7% in the following well known inequality
y<C(1+y"), fory=0, i<k,

we obtain

<C(N +e€?) (1+e2+|N) " <C. (4.6)
B(E)

S ONTzeg Lyt (M e, 8)
=0

Due to R—positivity A, we get that the set

{(IM+e€%) Lyt (A, ,€)5 € € R\ {0} }

is uniformly R—bounded. Then by Kahane’s contraction principle we have the R—boundedness
of set

2 .
{Z N2 e2g Lot (Mg, 8);5 £ € R\ {0} }
1=0
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Since,

(A +2€3) 7 (1A +€62) Lyt (A 5,6).

2 o ,
ST e L (Mg, 6) = [ZMII_ 3
=0

Moreover, it is clear to see that
a N T e
§d£ Lz; Al &L

= (N2 e3¢+ 2562 Lg' — 207 + I\ e3¢ +e6) L5 (€))L =

= [0a+ et +eery -

= (2 ede +207) 15" = 2 N L5 (e€) L5 — 2007 ehg + e€) L (€7 Ly

where
Lot =Lyt (M &,€).

Taking into account well known inequality, as we mentioned before, we have
11 _1 1 _
MZez ¢ = MMz e2 [¢] < CIA T+ ATHEPR) = C(A + < [¢P).

By using (4.5) and R—positivity of the operator A, in a similar way we obtain the
R—boundedness of the sets

{IN Lyt : € eR\{0}}, {e€2Lg' €€ R\{0} }, {( |\ +e€®)Ly':€eR\{0} }.

In view of Kahane’s contraction principle, from the additional and product properties
of the family of R—bounded operators, for all & € R, u; € E, i = 1,n we have

n 2
/ Zn(y)fjf (Zwleze (A,s@)ui dy <
o =1 =0 E
c / ST LG (e, &) + (I +262) Lg (A 2,€) + 2L (A e, &)] rily)us|| dy <
=1 E

Q

dy,
E
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where {r;(y)} of is sequence of independent symmetric {—1;1} —valued random vari-
ables. It implies that the uniformly R—boundedness the family of operator-functions

2 [ i .
e | WL (e )| e

d 2 id
S)l\lpR {§d€ Z ALz e2¢'Lyt (N e,€) 1 £ € R\ {0}} <C.
€ i=0

By virtue of definition of Fourier multiplier, from (4.5), (4.6) it follows that the
2 I3 i .
operator-functions ALy (A, €,€) and 3. |A['72 267t ()€, €) are the uniform collection
=0

1=
of Fourier multipliers in L, (R, E). Then from (4.4) we obtain that there exists a unique
solution w; € Wg(R; E(A),E) of (4.3) and the uniform estimate holds

2 . .
Sel i
=0

Note that the u;(t) is the restriction on [0, 00) of the solution @ (¢) the eqution (4.3).
From (4.7) implies that u (t) € W72(0, 00; E(A), E). By using of embedding theorems (see
[18] and [19,81.8] we get u}(0) € E, and u;(0) € E,. Hence Liu; € E,. Then by virtue of
Theorem 3.1 we obtain the problem

)

L (®:E) + HAUIHLP(R;E) <C HJTHLP(R;E) ) (4.7)

{.—eug(t) + A)\UQ(t) =0 Lius = fo — Liuy

has a unique solution us(t) that belongs to the space W2(0,00; E(A),E) for f €
L, (Ry; E). Consequently, for sufficiently large |A| we have

)

2 .
doerAlTe + [ Auallp, ) < CUlfoll s, + A" 1L foll s +
=0

LP(R-HE)

+¢ H“/IHC(RJr;Ep) +ef A ||U1HC(R+;E)> .

Moreover, from (4.7) for |arg A\| < ¢ we obtain

2 . .

3 3

§ :ga A2
1=0

By using of [18] and by estimate (4.8) we obtain

uf)

< . )
Lp(Ry;E) + HAUlHLP(R*;E) - ¢ HfHLP(R-HE) (4 8)

IN

e’ H%(@HEP Cllullwz, &, ma).m < ClflL,@m>

N

e’ Hul(o)”Ep < C Hu1|’W3’E(R+;E(A),E) <C HfHLp(R+;E) :

From [18] it follows
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1% |/ (0)]

IN

C 1 241
€5 el o+ 16l gyim) )
p,e i

2.6 1 2+2
62 Ju0)] cowwm%&ﬂ+m uwMM@)

IN

For A = &2 we obtain

1-60 61|,/

AL ) < (A Tl ) 09)
1-L+ ¢

AL < (ol W)

Then (4.8) and (4.9) we have estimate for u(0) and u;(0), i.e.

1-0
A @] < € (Rl Wl ) <1 Le- 410
1—L
AL O < ¢ (Ll W) <O 0em-
From estimates (4.7)-(4.10) we have
2 . .
>k it
=0

C (£, a5 + ol + N I foll)

Finally, using the estimate (4.8) and from the above estimate we have (4.2).

"

S (RyiE) + [ Av2| &5 <
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