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A generalized multiplier transform on a univalent inte-
gral operator

D.O. Makinde∗, J. O. Hamzat, A. M. Gbolagade

Abstract. The focus of this paper is to obtain a generalization of a multiplier transformation for
analytic univalent functions in relation to an integral operator of the form

Fµ =
∫ z
0

∏k
i=1

(
Iα,β,γfi(t)

t

) 1
µ

dt, µ ∈ C and |µ| ≤ 1 and obtain its coefficient estimates using the

relationship between starlike and convex functions. Also, we obtain the growth and distortion
theorems for the operator.
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1. Introduction and Preliminaries

Let A denote the class of normalized univalent functions of the form

f(z) = z +
∞∑
n=2

anz
n (1)

which are analytic in the unit disc U = {z ∈ C : |z| < 1}.
For the function f of the form (1) in A, the following results are well known: f is said to
be starlike respectively convex if and only if

Re
{zf ′(z)
f(z)

}
> 0, |z| < 1

and

Re
{

1 +
zf ′′(z)

f ′(z)

}
> 0, |z| < 1.

From the above, it is clear that f is convex if and only if zf ′(z) is starlike. Swamy [4],
introduced a multiplier differential operator of the form Inα,β defined by:

Inα,βf(z) = z +
∞∑
k=2

(α+ kβ

α+ β

)n
anz

n
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which is analytic and univalent in the unit disk. For details see [4].
Definition: Let s, β, γ ≥ 0, α a real number such that α+ β + γ > 0. Then for a subclass
f of A, of the form:

f(z) = z +
∞∑
n=2

ainz
n (2)

and i(1 ≤ i ≤ k) we define the linear operator Isα,β,γf(z) by:

Iα,β,γf(z) =
αf(z) + βzf ′(z) + γz(zf ′(z))′

α+ β + γ
(3)

I2α,β,γf(z) = Iα,β,γ(Iα,β,γf(z)) (4)

Isα,β,γf(z) = Iα,β,γ(Is−1α,β,γf(z)) (5)

Thus from (3),(4) and (5), we obtain the representation for Isα,β,γf(z) given by:

Isα,β,γf(z) = z +
∞∑
n=2

(α+ nβ + n2γ

α+ β + γ

)s
ainz

n (6)

Remarks: For a function f(z) of the form (1), it follows from (5) that:
Iα,0,0f(z) = f(z). The operator Isα,β,γ is a generalization of many operators of this kind
in the literature.

Isα,β,0f(z) = Inα,βf(z), [4]

Isα,1,0f(z) = Inαf(z), α > −1, [1, 2]

Is1,β,0f(z) = Nn
β , [4]

Now, let

Isα,β,γfi(z) = z +
∞∑
n=2

(
α+ nβ + n2γ

α+ β + γ

)s
ainz

n, (7)

appealing to the integral operator of the form Fα =
∫ z
0

∏k
i=1

(
fi(s)
s

) 1
α
ds studied in [3], we

define Fµ(z) by:

Fµ(z) =

∫ z

0

k∏
i=1

(Iα,β,γfi(t)
t

) 1
µ
dt, µ ∈ C and |µ| ≤ 1, s, β, γ ≥ 0, (8)

where

fi(z) = z +

∞∑
n=2

ainz
n (9)

and the class Γµ;α,β,γ(ζ1, ζ2, δ) to be

Γµ;α,β,γ(ζ1, ζ2, δ) =

Isα,β,γfi(z) ∈ A :

∣∣∣∣∣∣ H(z) + 1
µ − 1

ζ1

(
H(z) + 1

µ

)
+ ζ2

∣∣∣∣∣∣ < δ

 , (10)
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where H(z) =
zF ′′µ (z)

F ′µ(z)

Furthermore, let

Isα,β,γfi(z) = z +
∑∞

n=2

(
α+nβ+n2γ
α+β+γ

)s
ainz

n and Isα,β,γgi(z) = z +
∑∞

n=2

(
α+nβ+n2γ
α+β+γ

)s
binz

n,

we define the convolution of fi and gi, I
s
α,β,γf(z) ∗ Isα,β,γgi(z) = (Isα,β,γf ∗ Isα,β,γg)(z) by:

(Isα,β,γfi ∗ Isα,β,γgi)(z) = z +
∞∑
n=2

(
α+ nβ + n2γ

α+ β + γ

)s
ainb

i
nz

n (11)

In this paper, we study some coefficients of the generalized operator
Inα,β,γ : A→ A
defined in (6) in relation to the integral operator in (8) which gives rise to the subclass of
the univalent analytic functions in (10).
Lemma [3]: fi is in the class Γα(ζ1, ζ2, γ) if and only if

∑k
i=1

∑∞
n=2 n

[
(1 + γζ1) +

α(γζ2 − 1)
]
|ain| ≤ γ|ζ1 + αζ2| − |1− α|, 0 ≤ ζ1, ζ2 ≤ 1

We now state and prove the results in this paper.

2. Main Results

Theorem 1: Let Fµ be as defined in (8). Then Isα,β,γfi(z) belongs to the class
Γµ;α,β,γ(ζ1, ζ2, δ) if∑k

i=1

∑∞
n=2 n

(
α+nβ+n2γ
α+β+γ

)s [
(1 + δζ1) + µ(δζ2 − 1)

]
|ain| ≤ δ|ζ1 + µζ2| − |1− µ|,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1
Proof: Given that

Fµ(z) =
∫ z
0

∏k
i=1

(
Iα,β,γfi(t)

t

) 1
µ
dt and Isα,β,γfi(z) = z +

∑∞
n=2(

α+nβ+n2γ
α+β+γ )sainz

n,

with simple calculation, we have

∣∣∣∣∣∣ H(z) + 1
µ − 1

ζ1

(
H(z) + 1

µ

)
+ ζ2

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

∑k
i=1

(
z+

∑∞
n=2 nx

sainz
n

)
−
∑k
i=1 µ

(
z+

∑∞
n=2 x

sainz
n

)
∑k
i=1 µ

(
z+

∑∞
n=2 x

sainz
n

)
∑k
i=1 ζ1

(
z+

∑∞
n=2 nx

sainz
n

)
+ζ2

∑k
i=1 µ

(
z+

∑∞
n=2 x

sainz
n

)
∑k
i=1 µ

(
z+

∑∞
n=2 x

sainz
n

)

∣∣∣∣∣∣∣∣∣∣∣∣∣
where x =

(
α+nβ+n2γ
α+β+γ

)
, H(z) =

zFµ(z)′′

Fµ(z)′

and
zF ′′µ (z)

F ′µ(z)
=
∑k

i=1
1
µ

(
zIsα,β,γf

′
i(z)

Isα,β,γfi(z)
− 1
)

and for z → 1− we have∣∣∣∣∣∣ H(z)+ 1
µ
−1

ζ1

(
H(z)+ 1

µ

)
+ζ2

∣∣∣∣∣∣ ≤ |1−µ|+
∑k
i=1

∑∞
n=2 x

s|n−µ||ain|
|ζ1+µζ2|−

∑k
i=1

∑∞
n=2 x

s|nζ1+µζ2||ain|
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which is bounded by δ only if

|1− µ|+
∑k

i=1

∑∞
n=2 x

s |n− µ|
∣∣ain∣∣ ≤ δ (|ζ1 + µζ2| −

∑k
i=1

∑∞
n=2 x

sn(ζ1 + µζ2)
∣∣ain∣∣)

fixing the value of x and restructuring, we have the result.

Remark: The above theorem shows the relationship between the convexity of the
integral operator in (8) and the starlikeness of the differential operator in (7).

Corollary 1: Let Fµ be as defined in (8). and Isα,β,γfi(z) belongs to the class
Γµ;α,β,γ(ζ1, ζ2, δ), also let fi belong to the class Γα(ζ1, ζ2, γ) as given in lemma 1. Then
fi ⊂ Isα,βγfi(z), 0 ≤ ζ1, ζ2 ≤ 1,
0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1.
Proof: Let Fµ be as defined in (8). and Isα,βγfi(z) belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ).
From theorem 1, we have:

k∑
i=1

∞∑
n=2

[
n(1 + δζ1) + µ(δζ2 − 1)

]
|ain| ≤

(α+ β + γ)s
[
δ|ζ1 + µζ2| − |1− µ|

]
(α+ nβ + n2γ)s

≤ δ|ζ1 + µζ2| − |1− µ|

which Proves the result.

Corollary 2: Let Isα,βγfi(z) belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ). Then

|ain| ≤
(α+β+γ)s

[
(δ|ζ1+µζ2|)−|1−µ|

][
n(1+δζ1)+µ(δζ2−1)

]
(α+nβ+n2γ)s

,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1.

Corollary 3: Let Isα,βγfi(z) belongs to the class Γ1;α,β,γ(ζ1, ζ2, δ). Then

|ain| ≤
(α+β+γ)sδ|ζ1+ζ2|[

n(1+δζ1)+(δζ2−1)
]
(α+nβ+n2γ)s

,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, α > 0.

Corollary 4: Let Isα,βγfi(z) belongs to the class Γ1;1,β,γ(ζ1, ζ2, δ). Then

|ain| ≤
(1+β+γ)sδ|ζ1+ζ2|[

n(1+δζ1)+(δζ2−1)
]
(1+nβ+n2γ)s

,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, α > 0.

Corollary 5: Let Isα,βγfi(z) belongs to the class Γµ;α,0,0(ζ1, ζ2, δ). Then

|ain| ≤
δ|ζ1+µζ2|−|1−µ|[

n(1+δζ1)+µ(δζ2−1)
] ,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1.

Corollary 6: Let Isα,βγfi(z) belongs to the class Γµ;α,β,γ(1, 1, δ). Then
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|ain| ≤
(α+β+γ)sδ|1+µ|−|1−µ|[

n(1+δ)+µ(δ−1)
]
(α+nβ+n2γ)s

,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1.

Corollary 7: Let Isα,βγfi(z) belongs to the class Γµ;α,β,γ(0, 1, δ). Then

|ain| ≤
(α+β+γ)s(δµ−|1−µ|)

n
[
1+µ(δ−1)

]
(α+nβ+n2γ)s

,

0 ≤ ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1.

Theorem 2: Let Fµ be as defined in (8) and Isα,βγfi(z), Isα,βγgi(z) belong to the
class Γµ;α,β,γ(ζ1, ζ2, δ) . Then (Isα,βγfi ∗ Isα,βγgi(z))(z) belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ)
if
λ ≤ |1−µ|2−δ|ζ1+µζ2||1−µ|−|1−µ|

∑k
i=1

∑∞
n=2 x

s(δ|nζ1+µζ2|+|n−µ|)
δ|ζ1+µζ2|2−|ζ1+µζ2||1−µ|−

∑k
i=1

∑∞
n=2 x

s(δ|nζ1+µζ2|+|n−µ|)|ζ1+µζ2|
.

Proof: Let Isα,βγfi(z), I
s
α,βγgi(z) belong to the class Γµ;α,β,γ(ζ1, ζ2, δ),

then from theorem 1 we have,∑k
i=1

∑∞
n=2 x

s(δ|nζ1 + µζ2|+ |n− µ|)|ain|
δ|ζ1 + µζ2| − |1− µ|

≤ 1

and ∑k
i=1

∑∞
n=2 x

s(δ|nζ1 + µζ2|+ |n− µ|)|bin|
δ|ζ1 + µζ2| − |1− µ|

≤ 1

respectively. We need to find the smallest λ such that∑k
i=1

∑∞
n=2 x

s(λ|nζ1 + µζ2|+ |n− µ|)|ainbin|
λ|ζ1 + µζ2| − |1− µ|

≤ 1 (12)

and by Cauchy Schwartz inequality, we have∑k
i=1

∑∞
n=2 x

s(δ|nζ1 + µζ2|+ |n− µ|)
√
|ainbin|

δ|ζ1 + µζ2| − |1− µ|
≤ 1. (13)

Thus, it suffices to show that:∑k
i=1

∑∞
n=2 x

s(λ|nζ1 + µζ2|+ |n− µ|)|ainbin|
λ|ζ1 + µζ2| − |1− µ|

≤
∑k

i=1

∑∞
n=2 x

s(δ|nζ1 + µζ2|+ |n− µ|)
√
|ainbin|

δ|ζ1 + µζ2| − |1− µ|

from where we have: √
|ainbin| ≤

λ|ζ1 + µζ2| − |1− µ|
λ|ζ1 + µζ2|+ |1− µ|

. (14)

But from (13), we have:√
|ainbin| ≤

δ|ζ1 + µζ2| − |1− µ|∑∞
n=2 nx

s(δ|ζ1 + µζ2|+ |1− µ|)
. (15)
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Combining (14) and (15), gives:

δ|ζ1 + µζ2| − |1− µ|∑∞
n=2 nx

s(δ|ζ1 + µζ2|+ |1− µ|)
≤ λ|ζ1 + µζ2| − |1− µ|
λ|ζ1 + µζ2|+ |1− µ|

.

Thus, we have:

λ ≤
|1− µ|2 − δ|ζ1 + µζ2||1− µ| − |1− µ|

∑∞
n=2 x

s(δ|nζ1 + µζ2|+ |n− µ|)
δ|ζ1 + µζ2|2 − |ζ1 + µζ2||1− µ| −

∑∞
n=2 x

s(δ|nζ1 + µζ2|+ |n− µ|)|ζ1 + µζ2|
(16)

which proves the result.
Corollary 8: Let Fµ be as defined in (8) and Isα,βγfi(z), I

s
α,βγgi(z) belong to the class

Γµ;α,β,γ(ζ1, ζ2, δ) and (Isα,βγfi ∗ Isα,βγgi(z))(z) belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ). Then

|ain||bin| ≤
qs(λ|ζ1+µζ2|−|1−µ|)
nps(λ|ζ1+µζ2|+|1−µ|) , 0 ≤, ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1

where p = α+ nβ + n2γ and q = α+ β + γ and λ is as defined in (16).
Corollary 9: Let Fµ be as defined in (8) and Isα,βγfi(z), I

s
α,βγgi(z) belong to the class

Γµ;α,β,γ(ζ1, ζ2, δ) and (Isα,βγfi ∗ Isα,βγgi(z))(z) belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ). Then

|ain| ≤
qs(λ|ζ1+µζ2|−|1−µ|)

nps(λ|ζ1+µζ2|+|1−µ|)|bin|
, 0 ≤, ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1

Corollary 10: Let Fµ be as defined in (8) and Isα,βγfi(z), I
s
α,βγgi(z) belong to the class

Γµ;α,β,γ(ζ1, ζ2, δ) and (Isα,βγfi ∗ Isα,βγgi(z))(z) belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ). Then

|bin| ≤
qs(λ|ζ1+µζ2|−|1−µ|)

nps(λ|ζ1+µζ2|+|1−µ|)|ain|
, 0 ≤, ζ1, ζ2 ≤ 1, 0 < δ < 1, β, γ ≥ 0, µ ∈ C and |µ| ≤ 1.

In what follows, we show that the convex combination of the differential operator
belongs to the the class Γµ;α,β,γ(ζ1, ζ2, δ).
Theorem 3: Let Isα,βγfi(z) ∈ Γµ;α,β,γ(ζ1, ζ2, δ),
and Isα,βγgi(z) ∈ Γµ;α,β,γ(ζ1, ζ2, δ).
Then Gi(z) given by

Gi(z) = (1− λ)Isα,βγfi(z) + λIsα,βγgi(z)

= z +
∞∑
n=2

xsCinz
∗n

belongs to the class Γµ;α,β,γ(ζ1, ζ2, δ) where Cin = (1− λ)ain + λbin, 0 ≤ λ ≤ 1
Proof: Let Isα,β,γfi(z) and Isα,β,γgi(z) belong to the class Γµ;α,β,γ(ζ1, ζ2, δ). Then we have

(1− λ)(

k∑
i=1

∞∑
n=2

xs
[
n(1 + δζ1) + µ(δζ2 − 1)

]
|ain|) ≤ (1− λ)(δ|ζ1 + µζ2| − |1− µ|) (17)

and respectively

λ(

k∑
i=1

∞∑
n=2

xs
[
n(1 + δζ1) + µ(δζ2 − 1)

]
|bin|) ≤ λ(δ|ζ1 + µζ2| − |1− µ|) (18)
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adding (17) and (18) gives

(

k∑
i=1

∞∑
n=2

xs
[
n(1 + δζ1) + µ(δζ2 − 1)

]
)((1− λ)|ain|+ λ|bin|) ≤ (1− λ)(δ|ζ1 + µζ2| − |1− µ|)

+ λ(δ|ζ1 + µζ2| − |1− µ|)
= (δ|ζ1 + µζ2| − |1− µ|)

Which prove the result.

Now, we establish two of the fundamental theorems about univalent functions in
relation to function in the subclass Γµ;α,β,γ(ζ1, ζ2, δ); the growth and distortion theorems,
which provide bounds on |Isα,β,γfi(z)| and |Isα,β,γf ′i(z)| respectively. Theorems (4) and (5)
below are the growth and distortion theorems respectively.

Theorem 4: Let Isα,βγfi(z) ∈ Γµ;α,β,γ(ζ1, ζ2, δ). Then

r − (α+β+γ)(δ|ζ1+µζ2|−|1−µ|)[
n(1+δζ1)−µ(1+δζ2)

]
(α+nβ+n2γ)

r2 ≤ |Isα,βγfi(z)| ≤ r + (α+β+γ)(δ|ζ1+µζ2|−|1−µ|)[
n(1+δζ1)−µ(1+δζ2)

]
(α+nβ+n2γ)

r2.

Proof: For a function f ∈ A,
|f(z)| ≤ r +

∑∞
n=2 |an|rn ≤ r + r2

∑∞
n=2 |an|.

Similarly,
|f(z)| ≥ r − r2

∑∞
n=2 |an|.

Fixing the value of an for the function in Isα,β,γfi(z) and rearranging gives the result.

Theorem 5: Let Isα,βγfi(z) ∈ Γµ;α,β,γ(ζ1, ζ2, δ). Then

1− (α+ β + γ)(δ|ζ1 + µζ2| − |1− µ|)[
n(1 + δζ1)− µ(1 + δζ2)

]
(α+ nβ + n2γ)

r ≤ |Isα,β,γf ′i(z)| ≤

≤ 1 +
(α+ β + γ)(δ|ζ1 + µζ2| − |1− µ|)[

n(1 + δζ1)− µ(1 + δζ2)
]
(α+ nβ + n2γ)

r.

Proof: The proof follows from theorem 4.
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