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A generalized multiplier transform on a univalent inte-
gral operator

D.O. Makinde*, J. O. Hamzat, A. M. Gbolagade

Abstract. The focus of this paper is to obtain a generalization of a multiplier transformation for
analytic univalent functions in relation to an integral operator of the form

1

F, = foz Hle (%’c(t)) "dt,u € C and |u| < 1 and obtain its coefficient estimates using the
relationship between starlike and convex functions. Also, we obtain the growth and distortion
theorems for the operator.
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1. Introduction and Preliminaries

Let A denote the class of normalized univalent functions of the form
oo
fR) =2+ an2" (1)
n=2

which are analytic in the unit disc U = {z € C: |2| < 1}.
For the function f of the form (1) in A, the following results are well known: f is said to
be starlike respectively convex if and only if

Re{szgg)} > 0,2 <1

and

21"(2)
f'(z)
From the above, it is clear that f is convex if and only if zf/(z) is starlike. Swamy [4],
introduced a multiplier differential operator of the form I3 5 defined by:

I () = z+§: <a+k‘ﬁ>”anzn

k=2

Re{1+ }>0,|z|<1.
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which is analytic and univalent in the unit disk. For details see [4].
Definition: Let s, 3,7 > 0, a a real number such that a + 5+ > 0. Then for a subclass

f of A, of the form:
z)=z+ Z al 2" (2)
n=2

and i(1 <4 < k) we define the linear operator I, 5 f(z) by:

af(z) +Bzf'(z) +v2(2f'(2))

I = 3
srf(2) a+ B+ 3)
Ic%,ﬂﬁf(z) = lapry(apnf(2)) (4)
i () = lapy (I35 f(2) (5)
Thus from (3),(4) and (5), we obtain the representation for I 5 f(z) given by:
B a+np+n’y n
I3 5 f(2 z—I—Z( P )anz (6)

Remarks: For a function f(z) of the form (1), it follows from (5) that:
Io00f(2) = f(z). The operator I 5 is a generalization of many operators of this kind
in the literature.

Ipof(z) = 153f(2) 4]
Igz,l,Of(Z) = Igf(z)’a > —1, [17 2]

I g0f(z) = Ng,[4]
Now, let
a+nB+n’y i n
oz,B'yf’L Z—|—Z< Oé+,3+")/ >anz7 (7)

1

appealing to the integral operator of the form F, = foz Hle ( igs)) “ds studied in [3], we
define F,(z) by:

S0 (Lasa fil)\ 5
Fy(2) =/ [T (<2252 ) "dtop € € and |u| < 1,5, 8,7 > 0, (8)
0 =1

where -
z)=z+ Z al 2" (9)

n=2

and the class I';;.q 5.4(C1, C2,0) to be
. H(z) + % -1

Lpia,4(C1,¢2,0) = a,B, 'yf’b< z) € <d,, (10)

Cl( (2) + )+C2
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where H(z) = Z;,,*/‘/((ZZ))
%

Furthermore, let

2 2 S .
(iﬁ'yfi( ):Z+Z?2<%) az and I? 5791( ) Z—i—ZZO:Q(%ﬂY) b 2",
we define the convolution of f; and g;, ogﬁwf( z) x I 5792( z) = (I;ﬁﬁf x I8 ng)(z) by:

a+nB+ny i om
(Lo g fi % 105.,9)( —z+z< P S )anbnz (11)

In this paper, we study some coefficients of the generalized operator

Ing, A=A

deﬁned in (6) in relation to the integral operator in (8) which gives rise to the subclass of
the univalent analytic functions in (10).

Lemma [3]: f; is in the class T'y((1,¢2,7) if and only if Zle S onf[(1+~G) +
a(yG = D]lal| <G+ aGl—]1-a|,0< G, <1

We now state and prove the results in this paper.

2. Main Results

Theorem 1: Let F), be as defined in (8). Then I ;
F,uoz,é"y(ChC% ) I
S 3 () (14 66) + (36 — D)lak| < 81G1 + | 1l
0<(,0<1,0<0<1,8,y>0,pueCand |pu <1
Proof: Given that
k IQ 7 t 2 .

2) = foz [T, (%()) dt and Iaﬁvfl(z) =z+ Z;’LOZQ(%)%%Z”,

with simple calculation, we have

fi(z) belongs to the class

iy (e netaian ) b w (g el
H(z)+ 11 Sh (5 et )

G(HE + 1)+ G| [ Shia(mmamean) 165 w50, m00en)
Zle " (erfo:Q :):Sa%z">

where z = <7a+n’8+n27) JH(z) = 2Eu(a)”

a+LB+y Fu(z)
2F/(2) ko1 (#apsTi(2) _
and Ff(z) =iy <% - 1) and for z — 1~ we have

HE | o e s, Ealyeinplai]
G (H(z)+i>+<2 CLtpCal =38y o2y 2°[ni+ptal g |
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which is bounded by ¢ only if
1=+ 5 02w = pl [t | <6 (161 + ol — S So0p eon(Gr + o) | )

fixing the value of z and restructuring, we have the result.

Remark: The above theorem shows the relationship between the convexity of the
integral operator in (8) and the starlikeness of the differential operator in (7).
Corollary 1: Let F, be as defined in (8). and I 5 fi(z) belongs to the class
Iia,8(C15C2,6), also let f; belong to the class I'o((1, (2,7) as given in lemma 1. Then
fz cI 57fz( ) 0< C17C2 < 1a

0<6<1 B,y >0,pu € Cand |u| <1.

Proof: Let F), be as defined in (8). and I ﬁvfz(z) belongs to the class I' ;.0 8.4 (C1, (2, 6).
From theorem 1, we have:

k oo
; (a+B+7)*[0]¢ + pa| — |1 — pl]
272 n(1+6¢1) + p(6G — 1)]]al| < CET RS
<0G+ pGe| — |1 — pf

which Proves the result.

Corollary 2: Let I 5 fi(z) belongs to the class I'yqpg4(CriC2,9). Then
gl < (aB47)* [ (81614162 ~11—pl]

" [n(486) Fu(8ce—1) | (atnBny)s
0 < CvaQ < 170 << 17/87,7 > Oau € C and ’,u’ < 1.

Corollary 3: Let ijﬁvfi(z) belongs to the class I'i.q~(C1,¢2,9). Then
‘ai | < (a+B4+7)%8|¢1+Ca|

"7 [n(1+6¢)+(0¢—1)] (a-+nBtny)
0§(1,C2§1,0<5<1,0¢>0.

Corollary 4:  Let Ig’ﬁwfi(z) belongs to the class T'1;1,5,(C1,¢2,0). Then
|ai | < (1+8+7)%6|¢1+Co|

" 0486 +(8¢2—1) | (14nBn24)s
0<(,6<1,0<d<1l,a>0.

Corollary 5: Let I By
ai‘ < _OGtpt|=[1-pyl

- [71(1—1—5(1)-&-11(1542—1)]7
0<(,0<1,0<0<1,8,vy>0,upeCand |pu <1

fi(z) belongs to the class I'y.q,0,0(C1,¢2,6). Then

Corollary 6:  Let Iaﬁny(Z) belongs to the class I',.05+(1,1,0). Then
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ai| < (atB+7)*0|14p|=[1-p|
" [n(148)+u(6-1) | (a+nptn2y)s]
0<¢1,<1,0<0<1,8,7>0,upeCand [p <1

Corollary 7:  Let I; g fi(z) belongs to the class I'yq54(0,1,0). Then
ai| < (atB+9)7(p—|1—p|)

" n[1+u(6—1)] (a+nﬁ+n2'y)57
0 < Clv(? < 170 << 17/377 > Oau € Cand ’,U/’ < 1.

Theorem 2: Let F), be as defined in (8) and I] 4 fi(2), I 5,9i(2) belong to the

class I'ja,8,4(C1, G2, 6) - Then (I 5. fi* I3, 5,9i(2))(2) belongs to the class I'y;q,5,5(C1, G2, 6)
if
[1=pl> =816t pal L= pal |1 =l S50y 33525 @° (Blna 1ol +In—p])
= 8lCuHpC2 P —IC+uCal L=l =321 onlp @8 (8nCu+ute|Hn—p)) G +auc2|

Proof: Let I, 5 fi(2), I, 5,9i(2) belong to the class I'y;a g4 (C1, G2, ),

then from theorem 1 we have,

SRS w(8nGy + pal + In — pl)|al,|
0C1 + o] — |1 — pf

<1

and ‘
SF S (8|t + pta| + |n — pl)|b]
8|C1 + pa| = [1 = p

respectively. We need to find the smallest A such that

<1

T Eot 2 (Alny + ol + In = uhlakth|

<1 12
N+ 6ol — 11 -
and by Cauchy Schwartz inequality, we have

k Q Q

0[C1 + pGa| = [1 — 4
Thus, it suffices to show that:

S S, e (AlnG 4 Gl + [ — plaibh] _ Sy Y58, a0l + ol + n — pul) /b

AlCt + pGa| — 1 — pf - 8[¢1 + pal — 1 — pl

/|ai bz| < )‘Kl +:UC2| - |1 _:U“‘. (14)
T NG+ el 4 (1 = pf

from where we have:

But from (13), we have:

|a’b’|< 5|<1+M<2’_|1_M|
T e nas (9]¢ + pa| + 11— pl)

(15)
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Combining (14) and (15), gives:

8[¢1 + pa| — |1 — pf < AlC1 + pGa| — 1 — pf
Yoo s (0]C1 + pla| +[1 = pl) = AlG + pla| + |1 — p

Thus, we have:

Vo = pP =016+ pGal|L = ] = (1 = pl 05 @ (0]nG + pGl + |n — pl)
= 0[C+ pGal® =[G+ pGal|L = pl = 3202, 25 (8InCy + pGal + In = p])[Cr + pca
which proves the result.

Corollary 8: Let F), be as defined in (8) and I 5. fi(2), I, 5,9i(z) belong to the class

Iyagq(CryC2,6) and ( I, 5, fi * I, 5,9i(2))(2) belongs to the class I';.q,5,,(C1,C2,6). Then

q*(AlG1 o —[1—p))
‘bzl—np(/\\411+uﬁ22|+|l =ik ,0<,01,00<1,0<d<1,8,y>0,ue Cand |ul <1

where p = a+nfB +n?y and ¢ = a + B+ v and ) is as defined in (16).
Corollary 9: Let F), be as defined in (8) and I 5. fi(2), I, 5,9i(z) belong to the class
Iy (CiyC2,6) and ( I g fi % 15, 5,9i(2))(2) belongs to the class I';.q.58,4(C1,C2,0). Then

¢° (A[G1+pCa|—[1—p))
n‘ = np* (\[C1+pCa [+ 1—p)|bE ]’ _7C17C2 <1,0< § < 17577 >0,p€ C and ’N’ <1

(16)

|a]

la

Corollary 10: Let F, be as defined in (8) and I 4. fi(2), I, 5,9:(2) belong to the class
r, a,8,(C1,¢2,9) and ( aﬁ'yfl o ﬂvgl( 2))(2) belongs to the class I';.q.58.4(C1, C2,0). Then

@® (NG +pGa|—|1—p|)
‘bz | > s ()\|C1-1FHC2|2+|1 —aDlal, ‘70 <,(1,<1,0<6<1,8,7v>0,pup€C and |H| <1

In what follows, we show that the convex combination of the differential operator
belongs to the the class I';.q 8, (C1, C2,9).
Theorem 3: Let Iéﬁwfi(z) € Tasq(Ci,C2,0),

and I ﬁ'yg’( z) € Fﬂ§a76,7(41a<236)~
Then G (z) given by

Gilz) = (1= N, i(2) + AL py0i(2)

= z+ Z 2°Cl2*n

n=2

belongs to the class I';.q 5.~ ((1, C2,6) where C% = (1 — X)al, + Ab%,,0 < A < 1

Proof: Let I;/vil( z) and I? 5792( z) belong to the class I';;.0,5,,(C1,¢2,6). Then we have

Zzw (1+6¢1) + u(0G — D]lag]) < (L =N O[G + péa| = 11— pl)  (17)

i=1 n=2

and respectively

ZZw (1+8G1) + p(8G2 — V]| ]) < A0IGr + pCel — |1 — p)) (18)

i=1 n=2
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adding (17) and (18) gives

Zzw (14 0G1) + u(6¢ = DL = Nlag + AL < (1= A)(0]¢1 + pca| — |1 — pl)

i=1 n=2
+ A(0[¢ + pa| — 1= pf)
(6]¢1 + pGa| — 11— pl)

Which prove the result.

Now, we establish two of the fundamental theorems about univalent functions in
relation to function in the subclass I',.q 8~ (C1, C2,9); the growth and distortion theorems,
which provide bounds on |1}, 5 fi(2)| and |I] 5 f(2)| respectively. Theorems (4) and (5)
below are the growth and distortion theorems respectively.

Theorem 4: Let I 5 fi(2) € Iy ,54(C15 G2, ) Then
(atB+7)(OlG1+puce|—[1—pu) 2 <|I8
[n(146¢0) —u(1+5G2)] (atninz)

(a+B+7)(8]¢1+p¢2|—1—p]) r2.

apyi2)l < n(148G1) ~u(14+6¢2) | (a-tnBtn27)

Proof: For a function f € A,

1f(2)] <r+ 300 an|r™ <r+ 123200, |an].
Similarly,

[f(2)] =7 =12 3007, |an].

Fixing the value of a,, for the function in I 5 fi(z) and rearranging gives the result.

Theorem 5: Let I 5 fi(2) € I'yapy(C1,C2,6). Then

(a+B+7)0|¢ + p| — 1 — ul) P
o [n(1+6¢) — p(1 +542)](0z+n5+n2'y)r < o fi(2)] <
<14 (@t BH)(0)G + ua| ~ |1 — pl)

= T 00 — 1+ 06 (B 2y

Proof: The proof follows from theorem 4.
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