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Ñìåøàííàÿ Çàäà÷à äëÿ Ïîëóëèíåéíûõ Ãèïåðáîëè÷å-

ñêèõ Óðàâíåíèé ñ Äèíàìè÷åñêèì Ãðàíè÷íûì Óñëîâèåì

Ñ.Î. Ðóñòàìîâà

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à äëÿ ïîëóëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâ-

íåíèé ñ íåëèíåéíîé äèññèïàöèåé è ñ äèíàìè÷åñêèì ãðàíè÷íûì óñëîâèåì. Ñïåðâà ñìåøàííàÿ

çàäà÷à ìîäåëèðóåòñÿ óðàâíåíèåì ñ íåëèíåéíûì îïåðàòîðîì â íåêîòîðîì ãèëüáåðòîâîì ïðî-

ñòðàíñòâå. Ïðèìåíÿÿ èçâåñòíûå ðåçóëüòàòû î ðàçðåøèìîñòè îïåðàòîðíî- äèôôåðåíöèàëüíûõ

óðàâíåíèé, äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé, ðàññìàòðèâàåìîé

ñìåøàííîé çàäà÷è. Äàëåå èññëåäóåòñÿ êîððåêòíîñòü ïðåäåëüíîé çàäà÷è.
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1. Ââåäåíèå

Ïîëóëèíåéíûå âîëíîâûå óðàâíåíèÿ ñ íåëèíåéíîé äèññèïàöèåé è íåëèíåéíûì èñ-
òî÷íèêîì èññëåäîâàíû â ðàáîòàõ [1, 2]. Â ðàáîòå [1] ðàññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à

utt −∆u+ f(x) = 0, x ∈ Ω, t > 0

∂νu+ u = −g(ut) = 0, x ∈ Γ, t > 0,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,

ãäå Ω - îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé Γ. Ïðè âûïîëíåíèè íåêîòîðûõ óñëî-
âèé èññëåäîâàíî ñóùåñòâîâàíèå ìèíèìàëüíîãî ãëîáàëüíîãî àòòðàêòîðà.

Â ðàáîòå [2], íàëàãàÿ íåêîòîðûå óñëîâèÿ íà íåëèíåéíûå ôóíêöèè g0(x), g(·), f(·)
è h(·) äîêàçàíî ñóùåñòâîâàíèå ñëàáûõ ëîêàëüíûõ ðåøåíèé ñìåøàííîé çàäà÷è

utt + g0(ut) = ∆u+ f(u), x ∈ Ω, t > 0

∂νu+ u+ g(ut) = h(u), x ∈ Γ, t > 0,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,
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Â ðàáîòå [4] èññëåäîâàíî ñóùåñòâîâàíèå ðåøåíèé ñìåøàííîé çàäà÷è:

utt − µ(t)uxx +Ku+ λut = f(t, x), 0 < x < 1, 0 < t < T,

u(0, t) = 0, t > 0,

−µ(t)ux(1, t) = Q(t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x). 0 < x < 1,

ãäå Q(t) = K1(t)u(1, t) + λ1(t)ut(1, t) − g(t) −
t∫
0

K(t − s)u(1, s)ds, µ(t), K(t), K1(t),

λ1(t), g(t), f(t, x) -íåïðåðûâíûå ôóíêöèè, µ(t) ≥ µ0, à µ0,K, λ -íåêîòîðûå ïîñòîÿííûå.
Ïîäîáíûå çàäà÷è èññëåäîâàíû òàêæå â ðàáîòàõ [4, 5, 6].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à äëÿ ïîëóëèíåéíûõ âîëíîâûõ
óðàâíåíèé ñ íåëèíåéíîé äèññèïàöèåé è íåëèíåéíûì èñòî÷íèêîì

utt − uxx +B1(ut) +B2(u) = f(t, x), x ∈ (0, 1), t > 0, (1)

ñ ãðàíè÷íûìè

u(t, 0) = 0, t > 0 (2)

εutt(t, 1) + ux(t, 1) + b1(ut(t, 1)) + b2(u(t, 1)) = g(t), t > 0 (3)

è íà÷àëüíûìè óñëîâèÿìè

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1), (4)

ãäå B1(s) = µ|s|q−1s, b1(s) = µ1|s|q1−1s, B2(s) = η|s|p−1s, b2(s) = η1|s|p1−1s,
f(t, x) ∈W 1

2 ([0, T ]× (0, 1)), g(t) ∈W 1
2 (0, T ).

Èññëåäóåòñÿ ðàçðåøèìîñòü çàäà÷è (1)-(4). Äàëåå â ñëó÷àå q = q1 = 1 èññëåäóÿ
ïðåäåë ðåøåíèé çàäà÷è (1)-(4)ïðè ε → 0, äîêàçûâàåòñÿ, ÷òî ïðåäåëüíàÿ ôóíêöèÿ
ÿâëÿåòñÿ ðåøåíèåì ñìåøàííîé çàäà÷è:

utt − uxx + µut +B2(u) = f(t, x), x ∈ (0, 1), t > 0, (5)

u(t, 0) = 0, t > 0, (6)

ux(t, 1) + µ1ut(t, 1) + b2(u(t, 1)) = g(t), t > 0, (7)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1). (8)
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2. Ìîäåëèðîâàíèå çàäà÷è â îïåðàòîðíîé ôîðìå è òåîðåìû
ðàçðåøèìîñòè

Íîðìó â ïðîñòðàíñòâå L2(0, 1) áóäåì îáîçíà÷àòü ÷åðåç ‖ · ‖. Ïóñòü
X0, X1, . . . , Xk íåêîòîðûå ïðîñòðàíñòâà Áàíàõà. ×åðåç W k

p (0, T ;X0, X1, . . . , Xk) è

Ck([0, T ];X0, X1, . . . , Xk) îáîçíà÷èì ñëåäóþùåå ïðîñòðàíñòâî:

W k
p (0, T ;X0, X1, . . . , Xk) =

{
f :

dif

dti
∈ L∞(0, T ;Xi), i = 0, 1, . . . , k

}
, 1 ≤ p ≤ +∞,

Ck([0, T ];X0, X1, . . . , Xk) =

{
f :

dif

dti
∈ C([0, T ];Xi), i = 0, 1, . . . , k

}
.

Ââåäåì òàêæå ñëåäóþùèå îáîçíà÷åíèÿ:

×åðåç W k
2 (0, 1) îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà, à ÷åðåç 0W

1
2 (Ω) îáîçíà÷èì ñëå-

äóþùåå ïîäïðîñòðàíñòâî 0W
1
2 (0, 1) = {ν : ν ∈ W 1

2 (0, 1), ν(0) = 0}. Ïóñòü H - ïðÿìàÿ
ñóììà L2(0, 1) è R, ò.å. H = L2(0, 1) ⊕ R = {w : w = (u, a), u ∈ L2(0, 1), α ∈ R}, ñî
ñêàëÿðíûì ïðîèçâåäåíèåì

〈w1, w2〉H =

1∫
0

u1(x)u2(x)dx+ εα1 · α2,

ãäå wk = (uk, αk), u1, u2 ∈ L2(0, 1), α1, α2 ∈ R.
Ââåäåì òàêæå îáîçíà÷åíèÿ: H1 = {ũ : ũ = (u, u(1)), u ∈ W 2

2 (0, 1) ∩ 0W
1
2 (0, 1)},

H0 = {ũ : ũ = (u, u(1)), u ∈ 0W
1
2 }.

Â ïðîñòðàíñòâå H = L2(0, 1)⊕R îïðåäåëèì ëèíåéíûé îïåðàòîð AD(A) = H1,

Aεũ = (−uxx(x),
1

ε
ux(1)), ũ = (u, u(1)).

Îïðåäåëèì íåëèíåéíûé îïðåàòîð G(·) ñëåäóþùèì îáðàçîì

G(ν̃) =
(
µ|ν(x)|q−1ν(x), µ1|ν(1)|q1−1ν(1)

)
.

Îïðåäåëèì òàêæå íåëèíåéíûé îïåðàòîð Φ(·) ñëåäóþùèì îáðàçîì

Φ(ν̃) =
(
η|ν(x)|p−1ν(x), η1|ν(1)|p1−1ν(1)

)
.

Ïóñòü ũ = (u(x), u(1)), ν̃ = (ν(x), ν(1)) ∈ H1, òîãäà â ñèëó îïðåäåëåíèÿ ñêàëÿðíîãî
ïðîèçâåäåíèÿ â H, îïðåäåëåíèÿ îïåðàòîðà Aε, ïîëó÷èì, ÷òî

〈Aεũ, ν̃〉 = −
1∫

0

uxx(x)ν(x)dx+
1

ε
· εux(1)ν(1) =
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= −
1∫

0

u(x)νxx(x)dx+ u(1)νx(1) = 〈ũ, Aεν̃〉,

ò.å. Aε - ëèíåéíûé ñèììåòðè÷åñêèé îïåðàòîð. Ñ äðóãîé ñòîðîíû,

〈ũ, Aεν̃〉 =

1∫
0

|uxx|2dx ≥ 0.

ò.å. Aε îãðàíè÷åí ñíèçó. Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.
Ëåììà 1. Ïðè ëþáûõ λ > 0, ε > 0 , Aε - ñàìîñîïðÿæåííûé ïîëîæèòåëüíî îïðå-

äåëåííûé îïåðàòîð â H = L2(0, 1)⊕R.
Èç îïðåäåëåíèÿ íåëèíåéíîãî îïåðàòîðà G(·) ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå
Ëåììà 2. Ïðè ëþáûõ µ > 0, µ1 > 0, G(·) - ìîíîòîííûé îïåðàòîð â H.
Ëåììà 3. Ïðè ëþáûõ η > 0, η1 > 0, Φ(·) äåéñòâóåò èç H0 â H è óäîâëåòâîðÿåò

ëîêàëüíîìó óñëîâèþ Ëèïøèöà, ò.å.

‖Φ(w1)− Φ(w2)‖H ≤ c(r)‖w1 − w2‖H0 ,

ãäå ‖w1‖H1 ≤ r, ‖w2‖H0 ≤ r.
Ïóñòü ϕ ∈W 2

2 (0, 1)∩ 0W
1
2 (0, 1), ψ ∈ 0W

1
2 (0, 1), òîãäà èñïîëüçóÿ ëåììû 1-3, çàäà÷ó

(1)-(4) ìîæåì ñôîðìóëèðîâàòü êàê çàäà÷ó Êîøè â ïðîñòðàíñòâå H = L2(0, 1)⊕R

w′′(t) +Aεw(t) +G(w′(t)) + Φ(w(t)) = F (t, x), (9)

w(0) = w0, w′(0) = w1, (10)

ãäå F (t, x) = (f(t, x), g(t)), w0 = (ϕ(x), ϕ1), w1 = (ψ(x), ψ(1)).

Ðàññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî Z = H(A
1
2
ε )×H, ñî ñêàëÿðíûì ïðîèçâåäå-

íèå

[z1, z2] = 〈A
1
2
ε u1, A

1
2
ε u2〉H + 〈ν1, ν2〉H ,

ãäå zi = (ui, νi), i = 1, 2.
Çàìåíîé u = w, ν = wi, çàäà÷ó (9),(10) ìîæåì ñâåñòè ê çàäà÷å Êîøè â ïðîñòðàíñòâå

Z = H(A
1
2
ε )×H :

z′(t) + Ãεz(t) + G̃(z(t)) = Φ̃(z(t)) + F̃ (t, x), (11)

z(0) = z0, (12)

ãäå

z0 = (w0, w1), Ãε =

(
0 −I
Aε 0

)
, D(Ãε) = H(A

1
2
ε )×H,

G̃(z) =

(
0

−G(z2)

)
, F̃ (t, x) =

(
0

F (t, x)

)
.
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Ëåììà 4. Ïóñòü ε > 0, µ > 0, µ1 > 0, òîãäà Mε = Ãε+ G̃(·) ÿâëÿåòñÿ ìàêñèìàëüíî
ìîíîòîííûì îïåðàòîðîì â Z.

Â ñèëó ëåìì 1-3 è òåîðåìû 4.1 [6], ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü ε > 0, µ > 0, µ1 > 0, F̃ (·) ∈ W 1
1 (0, T ; 0W

1
2 , L2(0, 1)), òîãäà ïðè

ëþáûõ z0 ∈ D(Ãε +G) çàäà÷à

z′(t) + Ãεz(t) + G̃(z(t)) = F̃ (t, x), (13)

z(0) = z0, (14)

èìååò åäèíñòâåííîå ðåøåíèå z = zε ∈W 1
∞(0, T ; 0W

1
2 , L2(0, 1)) è zε(t) ∈ D(Ãε +G) äëÿ

âñåõ 0 ≤ t ≤ T .
Êðîìå òîãî, åñëè z0 ∈ D(Ãε +G) è F̃ (·) ∈ L1(0, T ;Z), äëÿ âñåõ 0 ≤ t ≤ T , òî

ñóùåñòâóåò îáîáùåííîå ðåøåíèå z ∈ C([0, T ];Z).

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó

utt − uxx +B1(ut) = f(t, x), x ∈ (0, 1), t > 0, (15)

u(t, 0) = 0, t > 0 (16)

εutt(t, 1) + ux(t, 1) + b(ut(t, 1)) = g(t), t > 0 (17)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1), (18)

Èñïîëüçóÿ òåîðåìó 1 ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü ε > 0, µ ≥ 0, µ1 ≥ 0, òîãäà ïðè ëþáûõ ϕ ∈ W 2
2 (Ω) ∩ 0W

1
2 ,

ψ ∈ 0W
1
2 è T > 0 çàäà÷à (15)-(18) èìååò åäèíñòâåííîå ðåøåíèå uε(·) ∈ W 2

∞([0, T ];
W 2

2 (Ω) ∩ 0W
1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî u(1, ·) ∈W 2

∞([0, T ], R).

Äàëåå ó÷èòûâàÿ Ëåììó 4 è òåîðåìó 7.2, èç [1](ñì. òàêæå [7]) ïîëó÷èì ñëåäóþùåå
óòâåðæäåíèå

Òåîðåìà 3. Ïóñòü ε > 0, µ ≥ 0, µ1 ≥ 0,F̃ (·) = W 1
1 (0, T ; 0W

1
2 , L2(0, 1)), òîãäà

ñóùåñòâóåò òàêîå T ′ > 0, ÷òî ïðè ëþáûõ z0 ∈ D(Ãε +G) çàäà÷à

z′(t) + Ãεz(t) + G̃(z(t)) + Φ̃(z(t)) = (̃F )(t, x), (19)

z(0) = z0, (20)

èìååò åäèíñòâåííîå ðåøåíèå z = zε ∈W 1
∞(0, T ; 0W

1
2 , L2(0, 1)) è zε(t) ∈ D(Ãε +G).

Êðîìå òîãî, åñëè z0 ∈ D(Ãε +G) è F̃ (·) ∈ L1(0, t, Z) äëÿ âñåõ 0 ≤ t ≤ T , òî
ñóùåñòâóåò îáîáùåííîå ðåøåíèå z ∈ C([0, T ′];Z).

Åñëè Tmax > 0 äëèíà ìàêñèìàëüíîãî èíòåðâàëà ñóøåñòâîâàíèÿ ëîêàëüíîãî ðåøå-
íèÿ, òî âûïîëíÿåòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ

1. lim
t→Tmax−0

‖zε(t)‖2 = +∞;

2. Tmax = +∞.
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Îòñþäà ïîëó÷èì ñëåäóþùèé ðåçóëüòàò î ñóùåñòâîâàíèè ëîêàëíûõ ðåøåíèé äëÿ
ñìåøàííîé çàäà÷è (1)-(4).

Òåîðåìà 4. Ïóñòü ε > 0, µ ≥ 0, µ1 ≥ 0, òîãäà ïðè ëþáûõ ϕ ∈ W 2
2 (Ω) ∩ 0W

1
2 ,

ψ ∈ 0W
1
2 , ñóùåñòâóåò òàêîå T ′ > 0, ÷òî çàäà÷à (1)-(4) èìååò åäèíñòâåííîå ðåøåíèå

uε(·) ∈W 2
∞([0, T ′];W 2

2 (Ω) ∩ 0W
1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî u(1, ·) ∈W 2

∞([0, T ′];R).
Åñëè Tmax > 0 äëèíà ìàêñèìàëüíîãî èíòåðâàëà ñóøåñòâîâàíèÿ ëîêàëüíîãî ðå-

øåíèÿ uε(·) ∈ W 2
∞([0, Tmax);W 2

2 (Ω) ∩ 0W
1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî u(1, ·) ∈

W 2
∞([0, Tmax), R), òî âûïîëíÿåòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ

1. lim
t→Tmax−0

[‖ut(t, ·)‖2 + ‖ux(t, ·)‖2 + |ut(t, 1)|2] = +∞; (21)

2. Tmax = +∞.

3. Ðàçðåøèìîñòü "â öåëîì"ñìåøàííîé çàäà÷è (1)-(4)

Òåîðåìà 5. Ïóñòü µ ≥ 0, µ1 ≥ 0, η ≥ 0, η1 ≥ 0, òîãäà ïðè ëþáûõ ϕ ∈ W 2
2 (Ω) ∩

0W
1
2 , ψ ∈ 0W

1
2 çàäà÷à (1)-(4) èìååò åäèíñòâåííîå ðåøåíèå uε(·) ∈ W 2

∞([0, T ];W 2
2 (Ω) ∩

0W
1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî u(1, ·) ∈W 2

∞(0, T ;R).
Äîêàçàòåëüñòâî. Óìíîæàåì îáå ÷àñòè (1) íà uεt(t, x) è èíòåãðèðóåì ïî îáëàñòè

[0, t]× [0, 1]. Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì:

1

2

1∫
0

|uεt(t, x)|2dx+
1

2

1∫
0

|uεx(t, x)|2dx−

−
t∫

0

uεt(t, 1)uεt(t, 1)dx− µ0

t∫
0

1∫
0

|uεs(s, x)|q0+1dxds+

+
η0

p0 + 1

1∫
0

|uε(s, x)|p0+1dx =
1

2
‖ψx‖2 +

1

2
‖ϕx‖2 +

η0
p0 + 1

1∫
0

|ϕ(x)|p0+1dx. (22)

Àíàëîãè÷íûì îáðàçîì, óìíîæàåì îáå ÷àñòè (3) íà uεt(1, t) è èíòåãðèðóåì ïî îáëàñòè
[0, t]. Èìååì

ε

2
|uεt(t, 1)|2 +

t∫
0

uεt(s, 1)uεt(s, 1)ds+ µ1

1∫
0

|uεs(s, 1)|q1+1ds+

+
η1

p1 + 1
|uε(t, 1)|p1+1 =

ε

2
|ψ(1)|2 +

η

p1 + 1
|ϕ(1)|p1+1. (23)

Ñóììèðóÿ (22) è (23) ïîëó÷èì, ÷òî

1

2

1∫
0

|uεt(t, x)|2dx+
1

2

1∫
0

|uεx(t, x)|2dx+
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+µ1

t∫
0

|uεs(s, 1)|q1+1ds+ µ0

t∫
0

1∫
0

|uεs(s, x)|q0+1dxds+

+
η0

p0 + 1

1∫
0

|uε(s, x)|p0+1dx+
ε

2
|uεt(t, 1)|2 +

η1
p1 + 1

|uε(t, 1)|p1+1 =

=
1

2

1∫
0

|ψ(x)|2dx+
1

2

1∫
0

|ϕx(x)|2dx− η0
p0 + 1

1∫
0

|ϕ(x)|p0+1dx+

+
ε

2
|ψ(1)|2 +

η

p1 + 1
|ϕ(1)|p1+1.

Ïðèìåíÿÿ Ëåììó Ãðîíóîëà îòñþäà ïîëó÷èì àïðèîðíóþ îöåíêó (21).

4. Ñìåøàííàÿ çàäà÷à ñ ëèíåéíîé äèññèïàöèåé è èññëåäîâàíèå
ïðåäåëüíîé çàäà÷è

Ñíà÷àëà çàìåòèì, ÷òî â ñèëó ëåììû 4 â ýòîì ñëó÷àå ëèíåéíûé îïåðàòîð −M =
−Ãε −G ÿâëÿåòñÿ ìàêñèìàëüíî äèññèïàòèâíûì. Òîãäà â ñèëó Ëåìì 1-4 èñïîëüçóÿ [8]
ïîëó÷èì, ÷òî ñïðàâåäëèâû ñëåäóþùèå ðåçóëüòàòû

Òåîðåìà 6. Ïóñòü ε > 0, µ ≥ 0, µ1 ≥ 0, q = q1 = 1, g′(·) ∈ L2(0, T ), òîãäà ïðè
ëþáûõ ϕ(·) ∈ W 2

2 (Ω) ∩ 0W
1
2 , ψ(·) ∈ 0W

1
2 , ñóùåñòâóåò òàêîå T

′ > 0 ÷òî çàäà÷à (1)-(4)
èìååò åäèíñòâåííîå ðåøåíèå uε(·) ∈ C2([0, T ′]; W 2

2 (Ω)∩ 0W
1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî

u(1, ·) ∈ C2([0, T ′];R).
Åñëè Tmax > 0 äëèíà ìàêñèìàëüíîãî èíòåðâàëà ñóøåñòâîâàíèÿ ëîêàëüíîãî ðåøå-

íèÿ,òî âûïîëíÿåòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ

1. lim
t→Tmax−0

[‖ut(t, ·)‖2 + ‖ux(t, ·)‖2 + |ut(t, 1)|2] = +∞;

2. Tmax = +∞.

Òåîðåìà 7. Ïóñòü η ≥ 0, η1 ≥ 0, q = q1 = 1, òîãäà ïðè ëþáûõ ϕ(·) ∈W 2
2 (Ω)∩ 0W

1
2 ,

ψ(·) ∈ 0W
1
2 , çàäà÷à (1)-(4) èìååò åäèíñòâåííîå ðåøåíèå uε(·) ∈ C2([0, T ];W 2

2 (Ω) ∩
∩ 0W

1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî u(1, ·) ∈ C2([0, T ];R).

Òåïåðü èññëåäóåì ðàçðåøèìîñòü ïðåäåëüíîé çàäà÷è, ò.å. çàäà÷è

utt − uxx + ut +B2(u) = f(t, x), x ∈ (0, 1), t > 0, (24)

u(t, 0) = 0, t > 0, (25)

ux(t, 1) + ut(t, 1) + b2(u(t, 1)) = g(t), t > 0, (26)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1), (27)

ãäå B2(s) = µ|s|q−1s, b2(s) = µ1|s|q1−1s.
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Òåîðåìà 8. Ïóñòü η ≥ 0, η1 ≥ 0, òîãäà ïðè ëþáûõ ϕ(·) ∈ W 2
2 (Ω) ∩ 0W

1
2 ,

ψ(·) ∈ 0W
1
2 , ÷òî çàäà÷à (24)-(27) èìååò åäèíñòâåííîå ðåøåíèå uε(·) ∈ C2([0, T ];W 2

2 (Ω)∩
∩ 0W

1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî u(1, ·) ∈ C2([0, T ];R).

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8 è ε > 0, òîãäà ïðè ëþáûõ
ϕ(·) ∈ W 2

2 (Ω) ∩ 0W
1
2 , ψ(·) ∈ 0W

1
2 çàäà÷à (1)-,(4) èìååò åäèíñòâåííîå ðåøåíèå uε(·) ∈

C2([0, T ′]; W 2
2 (Ω) ∩ 0W

1
2 ; 0W

1
2 , L2(0, 1)) òàêîå, ÷òî uε(1, ·) ∈ C2([0, T ′], R)

Óìíîæàåì îáå ÷àñòè (1) íà uεt(t, x) è èíòåãðèðóåì ïî îáëàñòè [0, t]× [0, 1]. Àíàëî-
ãè÷íûì îáðàçîì, óìíîæàåì îáå ÷àñòè (3) íà uεt(1, t) è èíòåãðèðóåì ïî îáëàñòè [0, t].

Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì:

1

2

1∫
0

|uεt(t, x)|2dx+
1

2

1∫
0

|uεx(t, x)|2dx+

+µ0

t∫
0

1∫
0

|uεs(s, x)|2dxds+
η0

p0 + 1

1∫
0

|uε(s, x)|p0+1dx+ µ1

t∫
0

|uεs(s, 1)|2ds+

+
ε

2
|uεt(t, 1)|2 +

η1
p1 + 1

|uε(t, 1)|p1+1 =

=
1

2

1∫
0

|ψ(x)|2dx+
1

2

1∫
0

|ϕx(x)|2dx− η0
p0 + 1

1∫
0

|ϕ(x)|p0+1dx+

+
ε

2
|ψ(1)|2 +

η

p1 + 1
|ϕ(1)|p1+1.

Îòñþäà ñëåäóåò àïðèîðíàÿ îöåíêà

1

2

1∫
0

|uεt(t, x)|2dx+
1

2

1∫
0

|uεx(t, x)|2dx+

+

1∫
0

|uε(s, x)|p0+1dx+

1∫
0

|uεs(s, 1)|2ds+

+ε|uεt(t, 1)|2 + |uε(t, 1)|p1+1 ≤ C1, 0 ≤ t ≤ T, (28)

ãäå C1 > 0 íå çàâèñèò îò 0 < ε < 1.
Èç (1) ïîëó÷èì, ÷òî

1∫
0

|uεtt(0, x)|2dx ≤ c

 1∫
0

|ϕtt(x)|2dx+

1∫
0

|ϕ(x)|2p0dx+

+

1∫
0

|ψ(x)|2dx+

1∫
0

|f(0, x)|2dx

 ≤ C2, (29)
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à èç (3) ïîëó÷èì

ε|uεtt(0, 1)| ≤ |ϕx(1)|+ µ1|ψ(1)|+ η1|ϕ(1)|p1 + |g(0)| ≤ C3, (30)

ãäå C2 è C3 íå çàâèñÿò îò ε > 0.

Îáîçíà÷àÿ yh(t, x) = 1
h(u(t+h, x)−u(t, x)) èç (1)-(4) ïîëó÷èì ñëåäóþùèå òîæäåñòâà

1

2

1∫
0

|yht(t, x)|2dx+
1

2

1∫
0

|yhx(t, x)|2dx+ µ0

t∫
0

1∫
0

|yhs(s, x)|2dxds−

−
t∫

0

1∫
0

yhs(s, 1)yhs(s, 1)ds+ η0

t∫
0

1∫
0

1

h
[C(u(s+ h, x))− C(u(s, x))]yhs(s, x)dxds =

=
1

2

1∫
0

|yht(0, x)|2dx+
1

2

1∫
0

|yhx(0, x)|2dx+

t∫
0

1∫
0

fh(s, x)yhs(s, x)dxds. (31)

Ïðèìåíÿÿ ôîðìóëû Ëàãðàíæà è èñïîëüçóÿ àïðèîðíóþ îöåíêó (28) ïîëó÷èì, ÷òî∣∣∣∣∣∣
t∫

0

1∫
0

1

h
[C(u(s+ h, x))− C(u(s, x))]yhs(s, x)dxds

∣∣∣∣∣∣ ≤

≤ c
t∫

0

1∫
0

(|u(s+ h, x)|p0 + |u(s, x)|p0) yh(s, x)yhs(s, x)dxds ≤

≤ c
t∫

0

1∫
0

[
|yh(s, x)|2 + |yhs(s, x)|2

]
dxds. (32)

Èç (31) è (32) ñëåäóåò, ÷òî

1

2

1∫
0

|yht(t, x)|2dx+
1

2

1∫
0

|yhx(t, x)|2dx+

+µ0

t∫
0

1∫
0

|yhs(s, x)|2dxds−
t∫

0

yhx(s, 1)yhs(s, 1)ds ≤

≤ 1

2

1∫
0

|yht(0, x)|2dx+
1

2

1∫
0

|yhx(0, x)|2dx+ c

t∫
0

1∫
0

|yh(s, x)|2dxds+



48 Ñ.Î. Ðóñòàìîâà

+c

t∫
0

1∫
0

|yhs(s, x)|2dxds+

t∫
0

1∫
0

|fh(s, x)|2dxds. (33)

Àíàëîãè÷íûì îáðàçîì, èç (3) ïîëó÷èì, ÷òî

ε

2
|yht(t, 1)|2 +

µ1
2

t∫
0

|yht(s, 1)|2ds+

t∫
0

yhx(s, 1)yhs(s, 1)ds ≤

≤ ε

2
|yht(0, 1)|2 +

η21
µ1

t∫
0

|yh(s, 1)|2ds+
1

µ1

t∫
0

|gh(s)|2ds. (34)

Ñóììèðóÿ (33) è (34) ïîëó÷èì íåðàâåíñòâî

1

2

1∫
0

|yht(t, x)|2dx+
1

2

1∫
0

|yhx(t, x)|2dx+
µ1
2

t∫
0

1∫
0

|yht(s, x)|2dsdx+

+
ε

2
|yht(t, 1)|2 +

µ1
2

t∫
0

|yht(s, 1)|2ds ≤ 1

2

1∫
0

|yht(0, x)|2dx+
1

2

1∫
0

|yhx(0, x)|2dx+

+c

t∫
0

|yh(s, x)|2dxds+ c

t∫
0

|yhs(s, x)|2dxds+

+
ε

2
|yht(0, 1)|2 +

η21
µ1

t∫
0

|yh(s, 1)|2ds+
1

µ1

t∫
0

|gh(s)|2ds. (35)

Â ñèëó àïðèîðíîé îöåíêè (29) èìååì ñëåäóþùèå îöåíêè:

1∫
0

|yht(0, x)|2dx ≤ C4, (36)

à èç (30) ñëåäóåò, ÷òî

ε|yht(0, 1)|2 ≤ C4, (37)

ãäå C4 > 0 íå çàâèñèò îò 0 < ε < 1.

Ñ äðóãîé ñòîðîíû, uεxt ∈ C([0, T ], L2(0, 1)), ïîýòîìó

lim
h→0

1∫
0

|yhx(0, x)|2dx = lim
h→0

1∫
0

∣∣∣∣∣∣
1∫

0

uεxt(τh, x)dτ

∣∣∣∣∣∣
2

dx ≤
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≤ c5 lim
h→0

1∫
0

|uεxt(x, t)|2dx = c5

1∫
0

|ψx|2dx ≤ c6. (38)

Â ñèëó (28) èìååì ñëåäóþùóþ îöåíêó

lim
h→0

t∫
0

1∫
0

|yh(x, t)|2dx ≤
t∫

0

1∫
0

|ut(x, s)|2dxdt ≤ c7. (39)

Àíàëîãè÷íî èìååì ñëåäóþùèå ðàâåíñòâà

lim
h→0

1∫
0

|yht(t, x)|2dxds =

1∫
0

|uεtt(t, x)|2dx; (40)

lim
h→0

1∫
0

|yhx(t, x)|2dt =

1∫
0

|uεtx(t, x)|2dx; (41)

lim
h→0

t∫
0

1∫
0

|yht(s, x)|2dt =

t∫
0

1∫
0

|uεss(s, x)|2dxds. (42)

Ñ äðóãîé ñòîðîíû

lim
h→0

t∫
0

|gh(s)|2ds =

t∫
0

|g′(s)|2ds ≤ c8; (43)

lim
h→0

t∫
0

1∫
0

|fh(s, x)|2dxds =

t∫
0

1∫
0

|f ′s(s, x)|2dxds ≤ c9. (44)

Ïåðåõîäÿ ê ïðåäåëó ïðè h→ 0 è ó÷èòûâàÿ (35)-(44) èç (32) ïîëó÷èì, ÷òî

1∫
0

|uεtt(t, x)|2dx+

1∫
0

|uεxt(t, x)|2dx+ ε|uεtt(t, 1)|2 ≤

≤ c10 + c11

t∫
0

1∫
0

|uεss(s, x)|2dsdx.

Ïðèìåíÿÿ Ëåììó Ãðîíóîëà îòñþäà èìååì àïðèîðíóþ îöåíêó

1∫
0

|uεtt(t, x)|2dx+

1∫
0

|uεxt(t, x)|2dx+ ε|uεtt(t, 1)|2 ≤ c5, 0 ≤ t ≤ T. (45)
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ãäå c5 > 0 íå çàâèñèò îò 0 < ε < 1.

Äàëåå èç (1), (29) è (40) ïîëó÷èì, ÷òî

t∫
0

1∫
0

|uεxx(t, x)|2dx ≤ C6, 0 ≤ t ≤ T. (46)

ãäå c6 > 0 íå çàâèñèò îò 0 < ε < 1.

Â ñèëó àïðèîðíûõ îöåíîê (28)- (30), (45) è (46) èç {uε} ìîæíî âûäåëèòü òàêóþ
ïîäïîñëåäîâàòåëüíîñòü {uεk}, ÷òî ïðè εk → 0

uεk −→ u ∗ −ñëàáî â L∞(0, T ;W 2
2 (Ω) ∩0 W 1

2 ); (47)

uεkt −→ ut ∗ −ñëàáî â L∞(0, T ;0W
1
2 ); (48)

uεktt −→ utt ∗ −ñëàáî â L∞(0, T ;L2(Ω)); (49)

uεkt(t, 1) −→ ut(t, 1) â C[0, T ]; (50)

uεkx(t, 1) −→ ux(t, 1) â C[0, T ]; (51)

uεktt(t, 1) −→ utt(t, 1) ∗ −ñëàáî â L2(0, T ). (52)

Òåïåðü íàïèøåì çàäà÷è (1)-(4) äëÿ ε = εk è ïåðåõîäèì ê ïðåäåëó ïðè εk → 0.
Òîãäà, ó÷èòûâàÿ (47)-(52) ïîëó÷èì, ÷òî ïðåäåëüíàÿ ôóíêöèÿ u(t, x) ÿâëÿåòñÿ ðåøå-
íèåì çàäà÷è (24)-(27).

Åäèíñòâåííîñòü ðåøåíèé äîêàçûâàåòñÿ ñòàíäàðòíûì ìåòîäîì [10].
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