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Êîððåêòíàÿ ðàçðåøèìîñòü îäíîãî êëàññà îïåðàòîðíî-

äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

âòîðîãî ïîðÿäêà â ãèëüáåðòîâîì ïðîñòðàíñòâå

Ð.Ô. Ãàòàìîâà

Àííîòàöèÿ. Â äàííîé ðàáîòå äîêàçàíû òåîðåìû î êîððåêòíîé ðàçðåøèìîñòè îäíîãî êëàññà

îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ,

êîòîðûå îáåñïå÷èâàþò êîððåêòíóþ ðàçðåøèìîñòü äàííîãî óðàâíåíèÿ. Ýòè óñëîâèÿ âûðàæåíû

ñâîéñòâàìè îïåðàòîðíûõ êîýôôèöèåíòîâ äàííîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, îïåðàòîðíî-äèôôåðåíöèàëüíîå óðàâíåíèå,

âåêòîð-ôóíêöèÿ, ñàìîñîïðÿæåííûé îïåðàòîð, ðåãóëÿðíîå ðåøåíèå, ðåçîëüâåíòà, ñïåêòð.

ÏóñòüH ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî, C-ïîëîæèòåëüíî îïðåäåëåííûé
ñàìîñîïðÿæåííûé îïåðàòîð â H, ñ îáëàñòüþ îïðåäåëåíèÿ D(C). Îáîçíà÷èì ÷åðåç
Hp(p ≥ 0) øêàëó ãèëüáåðòîâûõ ïðîñòðàíñòâ, ïîðîæäåííûõ îïåðàòîðîì C, ò.å. Hp =
D(Cp) ñî ñêàëÿðíûì ïðîèçâåäåíèåì (x, y)p = (Cpx, Cpy) , x, y ∈ D(Cp). Ïðè p = 0
ñ÷èòàåì, ÷òî H0 = H.

Ïóñòü L2 (R
n;H) åñòü ãèëüáåðòîâî ïðîñòðàíñòâî âåêòîð-ôóíêöèè

f(x) = f(x1, x2...xn), x = (x1, x2...xn) ∈ Rn,

îïðåäåëåííûõ ïî÷òè âñþäó â H ñî çíà÷åíèåì â H ñ íîðìîé

‖f‖L2(Rn;H) =

∫
Rn

‖f(x1, x2...xn)‖2H dx1dx2...dxn

1/2

.

Îáîçíà÷èì ÷åðåç D (Rn;H2) ìíîæåñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ âåêòîð-
ôóíêöèé, îïðåäåëåííûõ â Rn ñ êîìïàêòíûìè íîñèòåëÿìè. Â ëèíåéíîì ìíîæåñòâå
D (Rn;H2) îïðåäåëèì íîðìó [ ]

‖u‖ =

 n∑
∂xk

∥∥∥∥ ∂u∂xk
∥∥∥∥2
L2(Rn;H)

+
∥∥C2u

∥∥2
L2(Rn;H)

1/2
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Ìíîæåñòâî D (Rn;H2) ïî ýòîé íîðìå íå ÿâëÿåòñÿ ïîëíûì ïðîñòðàíñòâîì. Åãî ïî-
ïîëíåíèå îáîçíà÷èì ÷åðåç W 2

2 (R
n;H2).

Â ïðîñòðàíñòâå H ðàññìîòðèì îïåðàòîðíî-äèôôåðåíöèàëüíîå óðàâíåíèå

−
n∑
k=1

ak
∂2u(x)

∂x2k
+

n∑
k=1

Rk
∂u(x)

∂xk
+ Tu(x) + C2u(x) = f(x), x ∈ Rn, (1)

çäåñü f(x) = f(x1, x2, ..., xn), u(x) = u(x1, x2, ..., xn) âåêòîð-ôóíêöèè, îïðåäåëåí-
íûå â Rn ïî÷òè âñþäó ñî çíà÷åíèÿìè â H, ak, k = 1, 2, ..., n, ïîëîæèòåëüíûå ÷èñëà,
Rk, k = 1, 2, ..., n,, T -ëèíåéíûå îïåðàòîðû â H,C-ïîëîæèòåëüíî îïðåäåëåííûé ñàìî-
ñîïðÿæåííûé îïåðàòîð â H.

Îïðåäåëåíèå 1. Åñëè ïðè f(x) ∈ L2(R
n;H) ñóùåñòâóåò âåêòîð-ôóíêöèÿ

u(x) ∈ W 2
2 (R

n;H), êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ (1) ïî÷òè âñþäó â Rn, òî u(x)
íàçûâàåòñÿ ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1).

Îïðåäåëåíèå 2. Åñëè ïðè ëþáîì f(x) ∈ L2(R
n;H) ñóùåñòâóåò ðåãóëÿðíîå ðåøå-

íèå u(x), äëÿ êîòîðîãî èìååò ìåñòî îöåíêà

‖u‖W 2
2 (R

n;H) ≤ C · ‖f‖L2(Rn;H) ,

òî óðàâíåíèå (1) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìûì. Ñïåðâà äîêàæåì ñëåäóþùóþ
òåîðåìó.

Òåîðåìà 1. Ïóñòü C-ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð â
H, ak > 0, k = 1, 2, ..., n; îïåðàòîðû Rk(k = 1, 2, ..., n) è iT ñèììåòðè÷åñêèå îïåðàòîðû
â H, ïðè÷åì D(Rk) ⊃ D(C), D(T ) ⊃ D(C2). Òîãäà ïðè ξ = (ξ1, ξ2, ..., ξn) ∈ Rn èìååò
ìåñòî îöåíêà

2∑
j=0

(
1 +

n∑
k=1

|ξk|2
)j
·
∥∥C2−jL−1 (iξ, iξ2, ..., ξn)

∥∥ ≤ const, (2)

ãäå

L (iξ1, iξ2, ..., iξn) = L0 (iξ1, iξ2, ..., iξn) + L1 (iξ1, iξ2, ..., iξn)

à

L0 (iξ1, iξ2, ..., iξn) =

(
n∑
k=1

akξ
2
kE + C2

)

L1 (iξ1, iξ2, ..., iξn) =

(
n∑
k=1

Rkiξk + T

)
.

Äîêàçàòåëüñòâî. Ïóñòü ψ ∈ D(C2).

Èç ñèììåòðè÷íîñòè îïåðàòîðîâ Rk è iT è èç óñëîâèÿ D(Rk) ⊃ D(C), D(T ) ⊃
D(C2) ñëåäóåò, ÷òî îíè çàìûêàåìû, à èç òåîðåìû î çàìêíóòîì ãðàôèêå ñëåäóåò, ÷òî
îïåðàòîðû RkC

−1(k = 1, 2, ..., n) è TC−2 îãðàíè÷åíû â H.
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Ëåãêî âèäåòü, ÷òî äëÿ îïåðàòîðà

L1 (iξ1, iξ2, ..., iξn) =
n∑
i=1

iξkRk + T

èìååò ìåñòî ðàâåíñòâî

(L1 (iξ1, iξ2, ..., iξn)ψ1ψ)H = i
n∑
i=1

(ξkRkψ,ψ)H + (Tψ, ψ)H =

= i

[
n∑
k=1

[ξk(Rkψ,ψ)− i(Tψ, ψ)]

]
,

ò.å. (L1(iξ1, iξ2...iξnψ,ψ)H ìíèìîå ÷èñëî. Òîãäà

|(L(iξ1, iξ2...iξnψ,ψ)| = |L0 (iξ1, iξ2, ..., iξn) + L1 (iξ1, iξ2, ..., iξn)| ≥

≥ (L0 (iξ1, iξ2, ..., iξn)ψ,ψ) =

((
n∑
k=1

akξ
2
k + C2

)
ψ,ψ

)
≥

≥
(
C2ψ,ψ

)
+ sup

k
ak

n∑
k=1

ξ2k ‖ψ‖
2 ≥ const

(
n∑
k=1

|ξk|
2 + µ20

)
‖ψ‖2 ,

ãäå µ0 åñòü íèæíÿÿ ãðàíèöà ñïåêòðà îïåðàòîðà L−1 (iξ1, iξ2, ..., iξn). Ñëåäîâàòåëüíî,
îïåðàòîð C ñóùåñòâóåò è(

L−1 (iξ1, iξ2, ..., iξn)ψ,ψ
)
≤
∥∥L−1 (iξ1, iξ2, ..., iξn)ψ∥∥ · ‖ψ‖ ,

ò.å. ∥∥L−1 (iξ1, iξ2, ..., iξn)ψ∥∥ · ‖ψ‖ ≥ (L−1 (iξ1, iξ2, ..., iξn)ψ,ψ) ≥
≥ const

(
n∑
k=1

|ξk|
2 + µ20

)
‖ψ‖2 .

Ñëåäîâàòåëüíî,

∥∥L−1 (iξ1, iξ2, ..., iξn)ψ∥∥ ≥ const( n∑
k=1

|ξk|
2 + µ20

)
‖ψ‖

Òàêèì îáðàçîì, ïðè ξ = (ξ1, ξ2, ..., ξn) ∈ Rn ðåçîëüâåíòà L−1 (iξ1, iξ2, ..., iξn) ñóùå-
ñòâóåò è ∥∥L−1 (iξ1, iξ2, ..., iξn)∥∥ ≥ const( n∑

k=1

|ξk|
2 + µ20

)−1
4
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èëè (
n∑
k=1

ξ2k + µ20

)
·
∥∥L−1 (iξ1, iξ2, ..., iξn)∥∥ ≥ const.

Îòñþäà ñëåäóåò, ÷òî∥∥∥|ξk|2 L−1 (iξ1, iξ2, ..., iξn)∥∥∥ ≤ const, k = 1, 2, ..., n (3)∥∥L−1 (iξ1, iξ2, ..., iξn)∥∥ ≤ const, (4)

ïîñêîëüêó

(
n∑
k=1

|ξk|2 + µ20

)
≥ µ20. Òåïåðü ïîêàæåì, ÷òî∥∥C2L−1 (iξ1, iξ2, ..., iξn)

∥∥ ≤ const.
Ïóñòü x ∈ H. Òîãäà ψ = C−2x ∈ H2. Â ýòîì ñëó÷àå ïîëó÷àåì, ÷òî(

L (iξ1, iξ2, ..., iξn)C
−2x,C−2x

)
≥
(
L−10 (iξ1, iξ2, ..., iξn)C

−2x,C−2x
)
≥ 4

≥

((
n∑
k=1

|ξk|2E + C2

)
C−2x,C−2x

)
=

n∑
k=1

|ξk|2
∥∥C−2x∥∥2 + (x,C−2x) .

Îòñþäà ïîëó÷àåì, ÷òî(
x,C−2x

)
≤
∣∣L (iξ1, iξ2, ..., iξn)C

−2x,C−2x
∣∣ ≤

≤
∥∥L (iξ1, iξ2, ..., iξn)C

−2x
∥∥ · ∥∥C−2x∥∥ ≤

≤
∥∥L (iξ1, iξ2, ..., iξn)C

−2x
∥∥ · ∥∥C−2x∥∥ · ‖x‖ . (5)

Òàê êàê C−2 ñàìîñîïðÿæåííûé îïåðàòîð, òî

sup
‖x‖=1

(
x,C−2x

)
=
∥∥C−2∥∥ .

Òîãäà èìååì

sup
‖x‖=1

(
x,C−2x

)
≤ sup
‖x‖=1

∥∥L (iξ1, iξ2, ..., iξn)C
−2x

∥∥ · ∥∥C−2x∥∥ · ‖x‖ ,
ò.å. ∥∥C−2∥∥ ≤ sup

‖x‖=1

∥∥L (iξ1, iξ2, ..., iξn)C
−2x

∥∥ · ∥∥C−2x∥∥ .

Îòñþäà èìååì, ÷òî

sup
∥∥L (iξ1, iξ2, ..., iξn)C

−2x
∥∥ ≥ 1.

À ýòî îçíà÷àåò, ÷òî ∥∥C2L−1 (iξ1, iξ2, ..., iξn)C
−2x

∥∥ ≤ 1. (6)
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Ñ ýòîé öåëüþ ðàññìîòðèì âûðàæåíèå

‖ξkCϕ‖2 =
∞∫
µ0

ξ2kµ2d (Eϕ,ϕ) , ϕ ∈ D(C2).

Î÷åâèäíî, ÷òî

ξ2kµ
2(

ξ2k + µ2
)2 ≤ ξ2k

µ2(
ξ2k
µ2

+ 1
)2 ≤ τ2

(tτ2 + 1)2
≤ 1.

Ïîýòîìó

‖ξkCϕ‖2 =
∞∫
µ0

ξ2k + µ2d (Eµϕ,ϕ) ≤
∥∥ξ2kϕ∥∥2 + ∥∥C2ϕ

∥∥2 .
Òàêèì îáðàçîì,∥∥ξkCL−1 (iξ1, iξ2, ..., iξn)ϕ∥∥2 ≤ ∥∥ξ2kL−1 (iξ1, iξ2, ..., iξn)ϕ∥∥2+

+
∥∥C2L−1 (iξ1, iξ2, ..., iξn)ϕ

∥∥2 ≤
≤
(∥∥ξ2L−1 (iξ1, iξ2, ..., iξn)∥∥2 + ∥∥C2L−1 (iξ1, iξ2, ..., iξn)

∥∥2) ‖ϕ‖2 . (7)

Èç îöåíîê (3), (4), (6) è (7) ñëåäóåò, ÷òî

2∑
j=0

(
1 +

2∑
k=1

|ξk|

)j ∥∥C2−jL−1 (iξ1, iξ2, ..., iξn)
∥∥ ≤ const.

Òåîðåìà 1 äîêàçàíà.

Èç ýòîé òåîðåìû ñëåäóåò ñëåäóþùàÿ òåîðåìà î êîððåêòíîé ðàçðåøèìîñòè óðàâíå-
íèÿ (1).

Òåîðåìà 2. Ïóñòü C-ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð,
ak > 0 (k = 1, 2, ..., n), Rk (k = 1, 2, ..., n). è iT ñèììåòðè÷íû â H, ïðè÷åì D(Rk) ⊃
D(C), D(T ) ⊃ D(C2). Òîãäà óðàâíåíèå (1) êîððåêòíî ðàçðåøèìî.

Äîêàçàòåëüñòâî. Ïóñòü f(x) = f(x1, x2...., xn) ∈ L2(R
n;H). Òîãäà ïî òåîðåìå 1

ëîãè÷íî îïðåäåëèòü âåêòîð-ôóíêöèþ

û (ξ1, xi2, ..., ξn) = l−1 (ixi1, ixi2, ..., iξn) f̂ (ξ1, ξ2, ..., ξn) ,

ãäå f̂ (ξ1, ξ2, ..., ξn) åñòü ïðåîáðàçîâàíèå Ôóðüå âåêòîð-ôóíêöèè f (ξ1, ξ2, ..., ξn). Ïîëî-
æèì

u (ξ1, ξ2, ..., ξn) =
1

(2π)n

∫
Rn

û (ξ1, ξ2, ..., ξn) e
i〈x,ξ〉dξ1, dξ2...dξn =
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=
1

(2π)n

∫
Rn

L−1 (iξ1, iξ2, ..., iξn) f̂ (ξ1, ξ2, ..., ξn) e
i〈x,ξ〉dξ1...dξn,

ãäå 〈x, ξ〉 = x1ξ1 + x2ξ2 + ...+ xnξn. Èç òåîðåìû 1 ñëåäóåò, ÷òî

2∑
j=0

(
1 +

n∑
k=1

|ξk|j
)∥∥∥C2−jL−1 (iξ1, iξ2, ..., iξn) f̂ (ξ1, ξ2, ..., ξn)

∥∥∥
L2(Rn;H)

≤

≤
2∑
j=0

(
1 +

n∑
k=1

|ξk|j
)∥∥C2−jL−1 (iξ1, iξ2, ..., iξn)

∥∥ · ∥∥∥f̂ (ξ1, ξ2, ..., ξn)∥∥∥
L2(Rn;H)

≤

≤ const
∥∥∥f̂ (ξ1, ξ2, ..., ξn)∥∥∥

L2(Rn;H)
= const · ‖f‖L2(Rn;H) .

Òàêèì îáðàçîì, u(x1, x2...xn) = u(x) ∈W 2
2 (R

n;H) è

‖u‖W 2
2 (R

n;H) ≤ const · ‖f‖L2(Rn;H) .

Òåîðåìà äîêàçàíà. Îòìåòèì, ÷òî ïîäîáíûå çàäà÷è â ñëó÷àå ak = 1, n = 2 áûëè
ðàññìîòðåíû â ðàáîòå [4]. Äëÿ îïåðàòîðíî-äèôôåðåíèöàëüíûõ óðàâíåíèé ñ ÷àñòíû-
ìè ïðîèçâîäíûìè ÷åòâåðòîãî ïîðÿäêà âîïðîñû ðàçðåøèìîñòè èññëåäîâàíû â ðàáîòå
[5]. Âîïðîñû îäíîçíà÷íîé, íîðìàëüíîé è ôðåäãîëüìîâîé ðàçðåøèìîñòè îïåðàòîðíî-
äèôôåðåíèöàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà ðàññìîòðåíû â ðàáîòàõ [1-3] è
[6]. Âûðàæàþ ãëóáîêóþ áëàãîäàðíîñòü íàó÷íîìó ðóêîâîäèòåëþ, äîêòîðó ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîðó Ã.È. Àñëàíîâó çà ïîñòàíîâêó çàäà÷ è öåííûå ñî-
âåòû.
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