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Abstract. In this paper we consider local ”complementary” weighted Morrey spaces °’c {0 }(R”).

We prove the boundedness of the weighted Hardy operators and their commutators in the spaces
[H 220

Lo (R™).
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1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [8] to study the
local behavior of solutions to second order elliptic partial differential equations. We recall
its definition as

z€R™, r>0

_A
cp,w):{feL;“(R"):Hfu,;p,A = sup rp||f|er<B<x,r»<oo}, (L.1)

where 0 < A < n, 1 < p < oo. Here and everywhere in the sequel B(z,r) stands for the
ball in R™ of radius r centered at z. Let |B(x,r)| be the Lebesgue measure of the ball
B(z,r) and |B(z,r)| = vur", where v, = |B(0,1)|. M,;(R") was an expansion of L,(R")
in the sense that £, o(R") = L,(R").

Morrey found that many properties of solutions to PDE can be attributed to the
boundedness of some operators on Morrey spaces. Hardy operators, Maximal functions
and singular integrals play a key role in harmonic analysis since maximal functions could
control crucial quantitative information concerning the given functions, despite their larger
size, while singular integrals, Hilbert transform as it’s prototype, nowadays intimately
connected with PDE, operator theory and other fields.

Inequalities involving classical operators of harmonic analysis, such as maximal func-
tions, fractional integrals and singular integrals of convolution type have been extensively
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investigated in various function spaces. Results on weak and strong type inequalities for
operators of this kind in Lebesgue spaces are classical and can be found for example in
[2, 13, 16]. Generalizations of these results to Zygmund spaces are presented in [2].

A
We denote by the local ”complementary” Morrey spaces EL?IO}(R”) the space of all
functions f € L,(R™"\B(zo,r)), r > 0 with the finite norm

A
— o’ n Rn
Hf”“ﬁ{);t)}(R") supr £l 2, R\ B(zo,r)) < 00, @0 € R",

0
where 1 <p < oo and 0 < A < n. Note that Dﬁj{)xo}(R”) = L,(R").
We consider the following Hardy operators

e [ 10
Hyf(z) = |af /Mlm| .

2. Preliminaries on Lebesgue and Morrey spaces

We use the following notation. For 1 < p < oo, L,(R"™) is the space of all classes of
measurable functions on R" for which

1
p

1A, = / f@)Pdz | < oo,

and also W L,(R"™), the weak L, space defined as the set of all measurable functions f on
R™ such that

1fllwz, =sup vl € R < |f(@)] > r}]'/F < oo,
>
For p = oo the space Lo (R™) is defined by means of the usual modification

[/l 2o = ess suplf(z)|.
z€R™

Let L, ,(R™) be the space of measurable functions on R" such that
1/p

1l = £l am = / F@Po(@)de | <oo, 1<p< oo,

and for p = 0o the space Log ,(R™) = Loo(R™).

Definition 2.1. The weight function w belongs to the class A,(R"™) for 1 < p < oo, if the
following statement

p—1
s o [ e | o [ e
up 5 w\y)ay | 7 o7~ w P y)ay
v o TB (7)) B, )]
B(z,r) B(z,r)
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is finite and w belongs to A;(R™), if there exists a positive constant C' such that for any
reR"and r >0

|B(x,r)|™? / w(y)dy < C ess sup L
Bl yeB(z,r) w(y)

Definition 2.2. We define the BM O(R") space as the set of all locally integrable functions
f such that

Iflsso = sup  |Ble,r)|"" / 1F() = Fagenldy < o0
zER™, >0 B(z,r)

or

Ifleo =inf swp (Bl [ |f() - Cldy < .
z€R™, r>0 B(z,r)

Definition 2.3. We define the BMO,,,,(R™) (1 < p < 00) space as the set of all locally
integrable functions f such that

H(f() - fB T, )XB z,r HL w(R™
IfllBaco,., = sup (z,r) (z,r) 1 Lp o (R™) < o0
zER™, r>0 HXB(x,r) HLP,W(R")

Theorem 2.4. [7, Theorem 4.4] Let 1 < p < 0o and w be a Lebesgue measurable function.
If w e Ay(R™), then the norms || - ||pmo,., and || -|Bymo are mutually equivalent.

We find it convenient to define the local ”complementary” weighted Morrey spaces in
the form as follows.

Definition 2.5. Let 1 < p < oco. The local ”complementary” weighted Morrey space
MP¥(R™) is defined by the norms

A
1A lle pres o = SUPTH ([ fllL, @\ Blg.)) < 00, @0 € R™.
{IO ( r>0

y (R™)

AW
3. Weighted Hardy operator and commutators in the spaces C,C?O} (R™)

The proof of the main result of this section presented in Theorem 3.1 is based on the
estimate given in the following preliminary theorem.

Theorem 3.1. Let 1 < p < 00, 0 < XA < n, w € A,(R"). Then the weighted Hardy
A, A
operator Hg 1is bounded from the space EE?O}W(R”) to the space EE?O}W(R”).

E p? 7w

A
Proof. Let f € Lip (R"), § > 0. We have

FEL, L,
/|z|ﬁ = | 2 ¢

|z|<r B(0,r)
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£ (2)] /'z' 51
:5/ s’ 'ds | dz
B(0,r) |Z|ﬂ+6 0
:5/ s9-1 / ’f;ir)ldz ds.
0 (zeRm:s<|z|<r} 2]

Applying Hélder inequality, we get

flz — ds
| z(ﬂ) 7 11|y @ B0,9)) Il IHLP/(B(O,T))?'
lz|<r
Then we have
flz - "1 ds
/ ||z(\ﬁ)‘dz <C|w 1||Lp/(B(0,r))/0 7 1£1lL, .. R\ B, N (3.1)

|z|<r

Therefore by (3.1) we have

1HpflL, . &"\BO0,t))

_ VUS| ds
<O lw L, 3oy - K / BHfHpr(R \B(Os) 5
0 Lpw(RM\B(0,1))
|8 R
< Ol lleggre ) uwu| o T B
o Lp(BO.ID) /0 Ly (BO#) * |, ,®@m\BOb)

-

< w
> C||f”c£?6%

y @) Wl s, lwllL,(o,11) L, ®\BO)

A
-7
<Cflle P
Loy @) |[wllz,aormlwli, o |, | wmson
A
t 37? dS
< Clifllepre oy | T
Loy ®Y) Jo [Jwllr o (B(0,s)) S

A

t v

<C|lf w _—
1£1l ¢ pox R")HWHL B(0.5))

Theorem 3.2. Let 1 <p <00, 0 <A <n,we Ay(R"), bc BMO, ,-1(R").
Then the commutator of weighted Hardy operator Hg, [b, Hg|, is bounded from the

¢ .PAWw C .PAw
space Lygy (R") to the space "Ligy (R™).
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Proof. Let f € BEZEE)]: (R™), 6 > 0. We have

JRCRCTLCIPy RO IO

Z|B 217
|z|<r B(0,r)

||
= z*‘sfﬂ z) — blx z 35*1 S 2z
6/3(0”“)1\ 1b(z) — b(a)| £( ”(/0 d)d

= 7"86—1 5Bl — b Y
— 7"5—6—1 b oY
_6/0 </{Z€R":s<|z|<r} [6(2) = b(=)[[f(2)]d >d

Applying Holder inequality, we get

be) — b 11
[ PR < 0 [ 5 i, oy 18O = bl scaomit.

|b(z) — b(@)] | f(2)]
/ z|5 dz

|z|<r

< Clbllsmo,, - ||w1”Lp/(B(0,r))/O I Lo (e B0, dE- (32)

|z|<r

Then, we obtain

W

Therefore by (3.2), we get

16, Hal fl|2,, . km\B(0,0)) < ClbllBMO,, -

W

_ 3 dt
<Al 1P Jw™ i, 0|))/ t5”f||Lp,w(R"\B(O,t))7
0 Ly (B\E(0,0)
. 2B
Hﬁ | t dt
< C|bllBmo, , . IIfll = —
0w TR @) | w2, (B (0, lwllz,, (Bow) t L ®R\BOM)
B
e
< Clliswo, ,, .11 £le, A
07w ®) | @l z, o, IwllL, B0, Lo (RN\BOS)
A
P dt
< C b O , f w b
Pl310s, W ey oy ||w||L,<B<0t
< Clo| 111 b
< O, -
BM 0,p/ ,w—1 E[: (Rn HwHL ( ,P))
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