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On Some Generalized Inequalities for Two-Dimensional
ϕ-Convex Functions

F.B. Yalçın

Abstract. In this study, we worked at general convexity of functions which is named ϕ-convexity.
Initially, we derived a generalized Ostrowski’s type inequality for every positive ϕ-convex func-
tion and obtained a generalized Hadamard’s type inequality for every ϕ-convex functions. Most
especially, we identified two-dimensional ϕ-convex functions and verified Hermite-Hadamard in-
equality for these functions. Concordantly, we generalized the above mentioned inequalities for
every positive two-dimensional ϕ-convex function and every two-dimensional ϕ-convex function,
respectively.
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1. Introduction and Preliminaries

The function f : I ⊆ R→ R is referred convex, if the inequality satisfies for x, y ∈ I

f (λx+ (1− λ)y) ≤ λf (x) + (1− λ) f (y) ; λ ∈ [0, 1] .

It becomes famous the following Hermite-Hadamard inequality for convex functions [1]

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f (x) dx ≤ f (a) + f (b)

2
.

Alomari [2] generalized this classical Hermite-Hadamard type inequalities for every convex
function and obtained some sharps Ostrowski’s type inequalities for every positive convex
function on [a, b] as follows, respectively:

h
n∑
k=1

f

(
xk−1 + xk

2

)
≤
∫ b

a
f (t) dt ≤ h

2

[
f (a) + 2

n−1∑
k=1

f (xk) + f (b)

]
;

∫ b

a
f (x) dx− (b− a) f (t) ≤ h

2

[
f (a) + 2

n−1∑
k=1

f (xk) + f (b)

]
.
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Recently, Dragomir [3] proved the following Hadamard’s type inequality for convex func-
tions on the coordinates as follows:

f

(
a+ b

2
,
c+ d

2

)
≤ 1

2 (b− a)

∫ b

a
f

(
x,
c+ d

2

)
dx+

1

2 (d− c)

∫ d

c
f

(
a+ b

2
, y

)
dy

≤ 1

(b− a) (d− c)

∫ b

a

∫ d

c
f (x, y) dxdy

≤ 1

4 (b− a)

∫ b

a
[f (x, c) + f (x, d)] dx+

1

4 (d− c)

∫ d

c
[f (a, y) + f (b, y)] dy

≤ 1

4
[f (a, c) + f (a, d) + f (b, c) + f (b, d)] .

Like as Alomari [2], Mwaeze [4] proved some generalizations inequalities of the above
inequality on [a, b]× [c, d], as follows:

d− c
2n

n∑
k=1

∫ b

a
f

(
x,
yk−1 + yk

2

)
dx+

b− a
2n

n∑
k=1

∫ d

c
f

(
xk−1 + xk

2
, y

)
dy

≤ 1

(b− a)(d− c)

∫ b

a

∫ d

c
f (x, y) dxdy

≤ d− c
4n

∫ b

a
[f (x, c) + f (x, d)] dx+

b− a
4n

∫ d

c
[f (a, y) + f(b, y)] dy

+
d− c
2n

n−1∑
k=1

∫ b

a
f (x, yk) dx+

b− a
2n

n−1∑
k=1

∫ d

c
f (xk, y)dy ;

∫ b

a

∫ d

c
f(x, y)dxdy ≤ b− a

4n

[
(n+ 1)

∫ d
c f (a, y) dy + (n+ 1)

∫ d
c f (b, y)dy

+2
∑n−1

k=1

∫ d
c f (xk, y) dy

]

≤ d− c
4n

[
(n+ 1)

∫ b
a f (x, c) dx+ (n+ 1)

∫ b
a f (x, d)dx

+2
∑n−1

k=1

∫ b
a f (x, yk) dx

]
.

The Hermite-Hadamard type integral inequality for convex functions has received renewed
attention in recent years and the remarkable varieties of refinements and generalizations
have been found in [1]-[14]. In this context, the Hermite-Hadamard type inequalities for
ϕ-convex functions were obtained by many researchers in literature (see, [5]-[10]). For
example, in 1999, Youness [5] defined E-convexity such that a function f : Rn → R is
said to be E-convex on a set M ⊂ Rn iff there is a map E : Rn → Rn such that M is an
E-convex set and

f (λE (t) + (1− λ)E (s)) ≤ λf (E (t)) + (1− λ) f (E (s))
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for each t, s ∈ M and λ ∈ [0, 1] . Also, Sarikaya et al. [6] improved Youness’s definition
such that a function f : [a, b] ⊂ R → R is called ϕ-convex function on [a, b] , if the
following inequality holds

f (λϕ (t) + (1− λ)ϕ (s)) ≤ λf (ϕ (t)) + (1− λ) f (ϕ (s))

for all t, s ∈ [a, b], λ ∈ [0, 1] and ϕ : [a, b]→ [a, b], a < b is a function. Besides, Cristescu
[7] presented the following inequality for ϕ-convex functions:

f

(
ϕ (u) + ϕ (v)

2

)
≤ 1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (x) dx ≤ f (ϕ (u)) + f (ϕ (v))

2
.

Concordantly, we intend to establish some important generalizations of the last above
inequality for ϕ-convex functions on real number line and on the coordinates, respectively.

2. Main Results

This section contains three sub-sections. In the first sub-section we obtained a sharp
Ostrowski’s type inequality for every positive ϕ-convex function and a generalized
Hadamard’s type inequalities for every ϕ-convex functions. In the second sub-section we
introduced two-dimensional ϕ-convex functions and derived Hermite-Hadamard inequality
for these functions. In the third sub-section we verified the above mentioned inequalities
for positive two-dimensional ϕ-convex functions and two-dimensional ϕ-convex functions,
respectively.

2.1. Generalized Inequalities for ϕ-Convex Functions on the Real Line

Initially, we need to obtain our main results the following propositions. For this reason, we
used for their proof the similar methods of the papers in [12]-[14]. Let ϕ : [u, v] → [u, v],
a < b a continuous function and Hϕ : [0, 1]→ R be defined by

Hϕ (λ) :=
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f

(
λt+ (1− λ)

ϕ (u) + ϕ (v)

2

)
dt,

where f : [u, v]→ R is a ϕ-convex function [u, v] ⊂ R, λ ∈ [0, 1] ;

Proposition 2.1. Let f : [u, v] → R be as above. Then i) Hϕ (λ) is ϕ-convex on [0, 1],
ii) we get

inf
λ∈[0,1]

Hϕ (λ) = Hϕ (0) = f

(
ϕ (u) + ϕ (v)

2

)
;

sup
λ∈[0,1]

Hϕ (λ) = Hϕ (1) =
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (t) dt,

iii) Hϕ (λ) is monotonic nondecreasing on [0, 1] .
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Proof. i) Let γ, δ ≥ 0 with γ + δ = 1 and λ1, λ2 ∈ [0, 1] . Then

Hϕ (γλ1 + δλ2) =
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f

 γ
(
λ1t+ (1− λ1) ϕ(u)+ϕ(v)2

)
+δ
(
λ2t+ (1− λ2)ϕ(u)+ϕ(v)2

)  dt

≤ γ 1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f

(
λ1t+ (1− λ1)

ϕ (u) + ϕ (v)

2

)
dt

+δ
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f

(
λ2t+ (1− λ2)

ϕ (u) + ϕ (v)

2

)
dt = γHϕ (λ1) + δHϕ (λ2)

which shows that Hϕ (λ) is ϕ-convex on [0, 1].
ii) By Jensen’s inequality

Hϕ (λ) ≥ f

(
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)

[
λt+ (1− λ)

ϕ (u) + ϕ (v)

2

]
dt

)
= f

(
ϕ (u) + ϕ (v)

2

)
.

Using ϕ-convexity of f

Hϕ (λ) ≤ 1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)

[
λf (t) + (1− λ)f

(
ϕ (u) + ϕ (v)

2

)]
dt

= λ
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (t) dt+ (1− λ) f

(
ϕ (u) + ϕ (v)

2

)
.

Combining the last inequalities

f

(
ϕ (u) + ϕ (v)

2

)
≤ Hϕ (λ)

≤ λ 1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (t) dt+ (1− λ) f

(
ϕ (u) + ϕ (v)

2

)
≤ 1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (t) dt

for all λ ∈ [0, 1] .
iii) Let λ1, λ2 ∈ (0, 1) with λ1 < λ2. Then

Hϕ (λ2)−Hϕ (λ1)

λ2 − λ1
≥ H ′ϕ+ (λ1)

=
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f ′+

(
λ1t+ (1− λ1)

ϕ (u) + ϕ (v)

2

)(
t− ϕ (u) + ϕ (v)

2

)
dt.

Since f is ϕ-convex on [u, v] ⊂ R, we deduce that

f

(
ϕ (u) + ϕ (v)

2

)
− f

(
λ1t+ (1− λ1)

ϕ (u) + ϕ (v)

2

)
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≥ λ1
∫ ϕ(v)

ϕ(u)
f ′+

(
λ1t+ (1− λ1)

ϕ (u) + ϕ (v)

2

)(
ϕ (u) + ϕ (v)

2
− t
)
dt.

For every t ∈ [u, v] . So,

1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f ′+

(
λ1t+ (1− λ1)

ϕ (u) + ϕ (v)

2

)(
t− ϕ (u) + ϕ (v)

2

)
dt

≥ 1

λ1

[
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f

(
λ1t+ (1− λ1)

ϕ (u) + ϕ (v)

2

)
dt− f

(
ϕ (u) + ϕ (v)

2

)]

≥ 1

λ1

[
Hϕ (λ1)− f

(
ϕ (u) + ϕ (v)

2

)]
≥ 0.

Consequently, Hϕ (λ2)−Hϕ (λ1) ≥ 0 for 1 ≥ λ2 > λ1 ≥ 0. That completes the proof.
Proposition 2.2. Suppose that f : [u, v]→ R is ϕ-convex and the mapping Gϕ : [0, 1]→
R is defined by

Gϕ (λ) :=
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)

[
f

(
1 + λ

2
ϕ (u) +

1− λ
2

s

)
+ f

(
1 + λ

2
ϕ (v) +

1− λ
2

s

)]
ds.

Then i) Gϕ (λ) is ϕ-convex and monotonic nondecreasing on [0, 1], ii) we get

inf
λ∈[0,1]

Gϕ (λ) = Gϕ (0) =
1

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (t) dt;

sup
λ∈[0,1]

Gϕ (λ) = Gϕ (1) =
f (ϕ (u)) + f (ϕ (v))

2
.

Proof. It is obviously proved like as Proposition 2.1.
Remark 2.1. Let f : [u, v] → R be ϕ-convex function on [u, v] and the mappings
Hϕ,i, Fϕ,i : [0, 1]→ R be defined by

Hϕ,i (λ) :=
n

ϕ (v)− ϕ (u)

∫ ϕ(ti)

ϕ(ti−1)
f

(
λs+ (1− λ)

ϕ (ti−1)− ϕ (ti)

2

)
ds;

Gϕ,i (λ) :=
n

ϕ (v)− ϕ (u)

∫ ϕ(ti)

ϕ(ti−1)

[
f

(
1 + λ

2
ϕ (ti−1) +

1− λ
2

s

)
+ f

(
1 + λ

2
ϕ (ti) +

1− λ
2

s

)]
ds,

for all s ∈ [ti−1, ti] .

Applying Propositions 2.1 and 2.2, then we obtain for f : [ti−1, ti] → R, i = 1, . . . , n
i) Hϕ,i and Gϕ,i are ϕ-convex for all λ ∈ [0, 1] and s ∈ [ti−1, ti]; ii) Gϕ,i and Fϕ,i are
monotonic nondecreasing for all λ ∈ [0, 1] and s ∈ [ti−1, ti]; iii) we get

Hϕ,i (0) = f

(
ϕ (ti−1) + ϕ (ti)

2

)
; Hϕ,i (1) =

n

ϕ (v)− ϕ (u)

∫ ϕ(ti)

ϕ(ti−1)
f (s) ds;
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Gϕ,i (0) =
n

ϕ (v)− ϕ (u)

∫ ϕ(ti)

ϕ(ti−1)
f (s) ds; Gϕ,i (1) =

f (ϕ (ti−1)) + f (ϕ (ti))

2
.

Proposition 2.3. Let f : [u, v] → R be a ϕ-convex function and define the mappings
Hϕ, Fϕ : [0, 1]→ R given by

Hϕ =
n∑
i=1

Hϕ,i (λ); Gϕ =
n∑
i=1

Gϕ,i (λ)

where Hϕ,i and Gϕ,i are defined in Remark 2.1. Then i) Hϕ and Gϕ are ϕ-convex for
all λ ∈ [0, 1] and s ∈ [u, v]; ii) Hϕ and Gϕ are monotonic nondecreasing for all λ ∈ [0, 1]
and s ∈ [u, v]; iii) we get

inf
λ∈[0,1]

Hϕ (λ) = Hϕ (0) =
n∑
i=1

f

(
ϕ (ti−1) + ϕ (ti)

2

)
;

sup
λ∈[0,1]

Hϕ (λ) = Hϕ (1) =
n

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (s) ds;

inf
λ∈[0,1]

Gϕ (λ) = Gϕ (0) =
n

ϕ (v)− ϕ (u)

∫ ϕ(v)

ϕ(u)
f (s) ds;

sup
λ∈[0,1]

Gϕ (λ) = Gϕ (1) =
1

2

[
f (u) + f (v) + 2

n−1∑
i=1

f (ϕ (ti))

]
.

Proof. Taking the sum over from i to n by Hϕ,i (0) ; Hϕ,i (1) and Gϕ,i (0) ;Gϕ,i (1), this
proof is completed.
Let us give firstly the generalized Ostrowki’s type inequality for every positive ϕ-convex
functions on the interval [u, v] ⊂ R.
Theorem 2.1. Let f : [u, v]→ R+ be a positive ϕ-convex function and f ∈ L[u, v]. Then
the following inequality holds∫ ϕ(v)

ϕ(u)
f (t) dt− [ϕ (v)− ϕ (u)] f (ϕ (s))

≤ ϕ (v)− ϕ (u)

2n

[
f (ϕ (u)) + f (ϕ (v)) + 2

n−1∑
k=1

f (ϕ (tk))

]
(1)

foralls ∈ [u, v] , ϕ (tk) = ϕ (u) + kϕ(v)−ϕ(u)n , k = 0, 1, 2, . . . , n;n ∈ N.
Proof. Since f is ϕ-convex on [u, v], then f is ϕ-convex on each subinterval [tk−1, tk]. So,
for s ∈ [tk−1, tk], k = 1, 2, . . . , n

f (λϕ (tk−1) + (1− λ)ϕ (s)) ≤ λf (ϕ (tk−1)) + (1− λ) f (ϕ (s)) , k = 1, 2, . . . , n (2)

Integrating (2) with respect to λ on [0, 1]
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∫ 1

0
f (λϕ (tk−1) + (1− λ)ϕ (s)) dλ ≤ f (ϕ (tk−1)) + f (ϕ (s))

2
. (3)

Changing of variable t = λϕ (tk−1) + (1− λ)ϕ (s) in (3)∫ ϕ(s)

ϕ(tk−1)
f (t) dt ≤ ϕ (s)− ϕ (tk−1)

2
[f (ϕ (tk−1)) + f (ϕ (s))] . (4)

Using the above method∫ ϕ(tk)

ϕ(s)
f (t) dt ≤ ϕ (tk)− ϕ (s)

2
[f (ϕ (s)) + f (ϕ (tk))] . (5)

Adding the inequalities (4) and (5)∫ ϕ(s)

ϕ(tk−1)
f (t) dt+

∫ ϕ(tk)

ϕ(s)
f (t) dt =

∫ ϕ(tk)

ϕ(tk−1)
f (t) dt

≤ ϕ (s)− ϕ (tk−1)

2
[f (ϕ (tk−1)) + f (ϕ (s))] +

ϕ (tk)− ϕ (s)

2
[f (ϕ (s)) + f (ϕ (tk))]

≤ ϕ (tk)− ϕ (tk−1)

2
[f (ϕ (tk−1)) + f (ϕ (tk))] +

ϕ (v)− ϕ (u)

n
f (ϕ (s)) (6)

Taking the sum over k from 1 to n on (6)

n∑
k=1

∫ ϕ(tk)

ϕ(tk−1)
f (t) dt =

∫ ϕ(v)

ϕ(u)
f (t) dt

≤
n∑
k=1

ϕ (tk)− ϕ (tk−1)

2
[f (ϕ (tk−1)) + f (ϕ (tk))] +

n∑
k=1

ϕ (v)− ϕ (u)

n
f (ϕ (s)).

≤ 1

2
max
k
{ϕ (tk)− ϕ (tk−1)}

n∑
k=1

[f (ϕ (tk−1)) + f (ϕ (tk))] + (ϕ (v)− ϕ (u)) f (ϕ (s))

=
ϕ (v)− ϕ (u)

2n

[
f (ϕ (t0)) + f (ϕ (t1)) + f (ϕ (tn−1)) + f (ϕ (tn))

+
∑n−1

k=2 [f (ϕ (tk−1)) + f (ϕ (tk))]

]
+(ϕ (v)− ϕ (u)) f (ϕ (s))

=
ϕ (v)− ϕ (u)

2n

[
f (ϕ (u)) + f (ϕ (v)) + 2

n−1∑
k=1

f (ϕ (tk))

]
+ (ϕ (v)− ϕ (u)) f (ϕ (s)) . (7)

This completes the proof.
Let us obtain the generalized Hadamard’s type inequality for every ϕ-convex functions.
Theorem 2.2. Let f : [u, v] → R be a ϕ-convex function and f ∈ L[u, v]. Then the
double inequality holds

ϕ (v)− ϕ (u)

n

n∑
k=1

f

(
ϕ (tk−1) + ϕ (tk)

2

)
≤
∫ ϕ(v)

ϕ(u)
f (t) dt
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≤ ϕ (v)− ϕ (u)

2n

[
f (ϕ (u)) + 2

n−1∑
k=1

f (ϕ (tk)) + f (ϕ (v))

]
(8)

where ϕ (tk) = ϕ (u) + kϕ(v)−ϕ(u)n , k = 0, 1, 2, . . . , n; n ∈ N.
Proof. As similar method of Theorem 2.1, using ϕ-convexity of f on each sub-interval
[tk−1, tk] ⊆ [u, v], k = 1, 2, . . . , n we obtain the right side of the inequality (7). Accordingly

f

(
ϕ (tk−1) + ϕ (tk)

2

)
= f

(
λϕ (tk) + (1− λ)ϕ (tk−1)

2
+

(1− λ)ϕ (tk) + λϕ (tk−1)

2

)

≤ 1

2
[f (λϕ (tk) + (1− λ)ϕ (tk−1)) + f ((1− λ)ϕ (tk) + λϕ (tk−1))] . (9)

Following method of procedure between the inequalities (3) and (7) to the inequality
(9), we get the left side of the inequality (7).

Remark 2.2. In Theorem 2.2 for n = 1, then we refer to Hermite-Hadamard inequality
on the real number line.

2.2. Two-dimensional ϕ-Convex Functions and Related Inequality

Let ∆ := [u1, u2] × [v1, v2] ⊆ R2, u1 < u2, v1 < v2, ϕ : ∆ → ∆ be a continuous function.
Definition of a two-dimensional ϕ-convex function (or ϕ-convex functions on ∆) is follows:

Definition 2.1. A function F :∆→ R is called ϕ-convex on ∆, if the following inequality
holds

F (λϕ (t1) + (1− λ)ϕ (t2) , λϕ (s1) + (1− λ)ϕ (s2))

≤ λF (ϕ (t1) , ϕ (s1)) + (1− λ)F (ϕ (t2) , ϕ (s2))

for all (t1, s1), (t2, s2) ∈ ∆ and λ ∈ [0, 1] . If the above inequality is reversed then F is
said to be ϕ-concave on ∆.

Definition 2.2. A function F : ∆ → R is called ϕ-convex on the coordinates, if the
following partial mappings are defined ϕ-convex Fs : [u1, u2] → R, Fs (u) := F (u, s) and
Ft : [v1, v2] → R, Ft (v) := F (t, v) for all t ∈ [u1, u2] and s ∈ [v1, v2].

Lemma 2.1. Every ϕ-convex function on ∆ is ϕ-convex on the coordinates, but converse
is not true.

Proof. Let F : ∆→ R be a ϕ-convex function on ∆. Consider Ft : [v1, v2]→ R defined
by Ft (v) := F (t, v) . Now for s1, s2 ∈ [v1, v2] and λ ∈ [0, 1]

Ft (λϕ(s1) + (1− λ)ϕ(s2))

= F (t, λϕ (s1) + (1− λ)ϕ (s2)) = F (λt+ (1− λ) t, λϕ(s1) + (1− λ)ϕ(s2))

≤ λF (t, ϕ(s1)) + (1− λ)F (t, ϕ(s2)) = λFt (ϕ (s1)) + (1− λ)Ft (ϕ (s2)) .

Then, Ft is ϕ-convex on [u1, u2]. Similarly, it can be show that Fs is ϕ-convex on [v1, v2].
Thus, F is a ϕ-convex function on the coordinates. Let’s give a counter example for
converse:
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Example 2.1. Let us consider a function F0 : [0, 1]2 → [0,∞) defined as F0 (t, s) := ts
and ϕ : [0, 1]2 → [0, 1]2, ϕ (t, s) := (t, s). Then F is not ϕ-convex on [0, 1]2.

Proof. Let us assume that F is ϕ-convex on [0, 1]2. But for (t, 0) , (0, s) ∈ [0, 1]2

F0 (λϕ (t, 0) + (1− λ)ϕ (0, s)) = F 0 (λt, (1− λ) s) = λ (1− λ) ts;

λF0 (ϕ (t, 0)) + (1− λ)F0 (ϕ (0, s)) = λF0 (t, 0) + (1− λ)F0 (0, s) = 0.

Thus

F0 (λϕ (t, 0) + (1− λ)ϕ (0, s)) > λF0 (ϕ (t, 0)) + (1− λ)F0 (ϕ (0, s))

for all λ ∈ [0, 1] , that is F is not ϕ-convex on [0, 1]2.

Let us derive Hermite-Hadamard inequality for ϕ-convex functions on the coordinates.

Theorem 2.3. Let F : ∆→ R be a two-dimensional ϕ-convex function on ∆. Then the
following inequality holds for ϕ (ui) < ϕ (vi) , i = 1, 2 as follows:

F

(
ϕ(u1) + ϕ(u2)

2
,
ϕ(v1) + ϕ(v2)

2

)
≤ 1

2 (ϕ(u2)− ϕ(u1))

∫ ϕ(u2)

ϕ(u1)

F

(
t,
ϕ(v1) + ϕ(v2)

2

)
dt

+
1

2 (ϕ(v2)− ϕ(v1 ))

∫ ϕ(v2)

ϕ(v1)
F

(
ϕ(u1) + ϕ(u2)

2
, s

)
ds

≤ 1

(ϕ(u2)− ϕ(u1)) (ϕ(v2)− ϕ(v1))

∫ ϕ(u1)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ 1

4 (ϕ(u2)− ϕ(u1))

∫ ϕ(u2)

ϕ(u1)
[F (t, ϕ(v1)) + F (t, ϕ(v2))] dt

+
1

4 (ϕ(v2)− ϕ(v1))

∫ ϕ(v2)

ϕ(v1)
[F (ϕ(u1), s) + F (ϕ(u2), s)] ds

≤ 1

4
[F (ϕ(u1), ϕ(v1)) + F (ϕ(u1), ϕ(v2)) + F (ϕ(u2), ϕ(v1)) + F (ϕ(u2), ϕ(v2))] . (10)

Proof. Using ϕ-convexity of the partial mapping Ft (v) on [ϕ(v1), ϕ(v2)]

Ft

(
ϕ(v1) + ϕ(v2)

2

)
≤ 1

ϕ(v2)− ϕ(v1)

∫ ϕ(v2)

ϕ(v1)

Ft (s) ds ≤
Ft (ϕ(v1)) + Ft (ϕ(v2))

2
.

Because of Ft (v) := F (t, v)

F

(
t,
ϕ(v1) + ϕ(v2)

2

)
≤ 1

ϕ(v2)− ϕ(v1)

∫ ϕ(v2)

ϕ(v1)

F (t, s) ds ≤
F (t, ϕ(v1)) + F (t, ϕ(v2))

2
.

(11)
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Integrating (11) with respect to t on [ϕ(u1), ϕ(u2)]

1

ϕ (u2)− ϕ (u1)

∫ ϕ(u2)

ϕ(u1)
F

(
t,
ϕ(v1) + ϕ(v2)

2

)
dt

≤ 1

(ϕ(u2)− ϕ(u1)) (ϕ(v2)− ϕ(v1))

∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dsdt

≤ 1

2 (ϕ(u2)− ϕ(u1))

∫ ϕ(u2)

ϕ(u1)
[F (t, ϕ(v1)) + F (t, ϕ(v2))]dt. (12)

Similarly for Fs (u)

1

ϕ(v2)− ϕ(v1)

∫ ϕ(v2)

ϕ(v1)
F

(
ϕ(u1) + ϕ(u2)

2
, s

)
ds

≤ 1

(ϕ(u2)− ϕ(u1)) (ϕ(v2)− ϕ(v1))

∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dsdt

≤ 1

2 (ϕ(v2)− ϕ(v1))

∫ ϕ(v2)

ϕ(v1)
[F (ϕ(u1), s) + F (ϕ (u2) , s)]ds. (13)

Using (12) and (13), we get the second and third inequality of (10). Additionally by the
left side of (11) for Ft (v) and Fs (u), respectively

F

(
ϕ(u1) + ϕ(u2)

2
,
ϕ(v1) + ϕ(v2)

2

)
≤ 1

ϕ(u2)− ϕ(u1)

∫ ϕ(u2)

ϕ(u1)
F

(
t,
ϕ(v1) + ϕ(v2)

2

)
dt;

F

(
ϕ(u1) + ϕ(u2)

2
,
ϕ(v1) + ϕ(v2)

2

)
≤ 1

ϕ (v2)− ϕ(v1)

∫ ϕ(v2)

ϕ(v1)
F

(
ϕ(u1) + ϕ(u2)

2
, s

)
ds.

Adding the above inequalities, we get the first inequality of (10). Also, by the right side
of (11) for Ft (v) and Fs (u), respectively

1

ϕ(u2)−ϕ(u1)

∫ ϕ(u2)

ϕ(u1)
F (t, ϕ(v1)) dt≤

F (ϕ(u1),ϕ(v1)) +F (ϕ(u2),ϕ(v1))

2
;

1

ϕ(u2)−ϕ(u1)

∫ ϕ(u2)

ϕ(u1)
F (t, ϕ(v2)) dt≤

F (ϕ(u1),ϕ(v2)) +F (ϕ(u2),ϕ(v2))

2
;

1

ϕ(v2)−ϕ(v1)

∫ ϕ(v2)

ϕ(v1)
F (ϕ(u1),s)ds≤

F (ϕ(u1),ϕ(v1)) +F (ϕ(u1),ϕ(v2))

2
;

1

ϕ(v2)−ϕ(v1)

∫ ϕ(v2)

ϕ(v1)
F (ϕ(u2),s) ds≤

F (ϕ(u2),ϕ(v1)) +F (ϕ(u2),ϕ(v2))

2
.

Accordingly, we obtain the last inequality of (10) adding the above four inequalities.
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2.3. Generalized Inequalities for Two-dimensional ϕ-Convex Functions

Let ∆ := [u1, u2] × [v1, v2] ⊆ R2, u1 < u2, v1 < v2 and ϕ : ∆ → ∆ be a continuous
function. Let us prove the generalized Ostrowki’s type inequality for related functions.

Theorem 2.4. Let F : ∆ → R+ be two-dimensional positive ϕ-convex function on ∆.
Then the following inequality holds∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (u2)− ϕ (u1)

4n

[
(n+ 1)

∫ ϕ(v2)
ϕ(v1)

F (ϕ (u1) , s) ds+ (n+ 1)
∫ ϕ(v2)
ϕ(v1)

F (ϕ (u2) , s) ds

+2
∑n−1

k=1

∫ ϕ(v2)
ϕ(v1)

F (ϕ (tk) , s) ds

]

+
ϕ (v2)− ϕ (v1)

4n

[
(n+ 1)

∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (v1)) dt+ (n+ 1)
∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (v2)) dt

+2
∑n−1

k=1

∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (sk)) dt

]
,

where (tk) = ϕ (u1) + kϕ(u2)−ϕ(u1)n , ϕ (sk) = ϕ (v1) + kϕ(v2)−ϕ(v1)n , k = 0, 1, 2, . . . , n,
n ∈ N.
Proof. Using Theorem 2.1 for the partial mapping Fs : [u1, u2]→ R+ at t = ϕ (u2)∫ ϕ(u2)

ϕ(u1)
Fs (t) dt− [ϕ (u2)− ϕ (u1)]Fs (ϕ (u2))

≤ ϕ (u2)− ϕ (u1)

2n

[
Fs (ϕ (u1)) + Fs (ϕ (u2)) + 2

n−1∑
k=1

Fs (ϕ (tk))

]
.

Namely ∫ ϕ(u2)

ϕ(u1)
F (t, s) dt− [ϕ (u2)− ϕ (u1)]F (ϕ (u2) , s)

≤ ϕ (u2)− ϕ (u1)

2n

[
F (ϕ (u1) , s) + F (ϕ (u2) , s) + 2

n−1∑
k=1

F (ϕ (tk) , s)

]
. (14)

Integrating (14) on [ϕ (v1) , ϕ (v2)]∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (u2)− ϕ (u1)

2n

[ ∫ ϕ(v2)
ϕ(v1)

F (ϕ (u1) , s) ds+ (1 + 2n)
∫ ϕ(v2)
ϕ(v1)

F (ϕ (u2) , s) ds

+2

n−1∑
k=1

∫ ϕ(v2)

ϕ(v1)
F (ϕ (tk) , s)ds

]
. (15)
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Similarly for Fs at t = ϕ (u1)∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (u2)− ϕ (u1)

2n

[
(1 + 2n)

∫ ϕ(v2)
ϕ(v1)

F (ϕ (u1) , s) ds+
∫ ϕ(v2)
ϕ(v1)

F (ϕ (u2) , s) ds

+2
∑n−1

k=1

∫ ϕ(v2)
ϕ(v1)

F (ϕ (tk) , s)) ds

]
. (16)

Adding (15) and (16) ∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s)dtds

≤ ϕ (u2)− ϕ (u1)

2n

[
(n+ 1)

∫ ϕ(v2)
ϕ(v1)

F (ϕ (u1) , s) ds+ (n+ 1)
∫ ϕ(v2)
ϕ(v1)

F (ϕ (u2) , s) ds

+2
∑n−1

k=1

∫ ϕ(v2)
ϕ(v1)

F (ϕ (tk) , s)) ds

]
(17)

Accordingly by using Ft : [v1, v2] → R+ at s = ϕ (v2) and s = ϕ (v1), respectively∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (v2)− ϕ (v1)

2n

[
(n+ 1)

∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (v1)) dt+ (n+ 1)
∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (v2)) dt

+2
∑n−1

k=1

∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (tk)) dt

]
. (18)

The desired inequality of this theorem is obtained by adding (17) and (18).

Let us obtain the generalized Hadamard’s inequality for related functions:

Theorem 2.5. Let F : ∆ → R be a two-dimensional ϕ-convex function on ∆. The
following inequality holds

ϕ (v2)− ϕ (v1)

2n

n∑
k=1

∫ ϕ(u2)

ϕ(u1)
F

(
t,
ϕ (sk−1) + ϕ (sk)

2

)
dt

+
ϕ (u2)− ϕ (u1)

2n

n∑
k=1

∫ ϕ(v2)

ϕ(v1)
F

(
ϕ (tk−1) + ϕ (tk)

2
, s

)
ds

≤ 1

(ϕ (u2)− ϕ (u1))(ϕ (v2)− ϕ (v1))

∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (v2)− ϕ (v1)

4n

∫ ϕ(u2)

ϕ(u1)
[F (t, ϕ (v1)) + F (t, ϕ (v2))] dt

+
ϕ (u2)− ϕ (u1)

4n

∫ ϕ(v2)

ϕ(v1)
[F (ϕ (u1) , s) + F (ϕ (u2) , s)] ds
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+
ϕ (v2)− ϕ (v1)

2n

n−1∑
k=1

∫ ϕ(u2)

ϕ(u1)
F (t, ϕ (sk)) dt+

ϕ (u2)− ϕ (u1)

2n

n−1∑
k=1

∫ ϕ(v2)

ϕ(v1)
F (ϕ (tk) , s) ds,

where tk, sk are defined as in Theorem 2.4 and ϕ (tk−1) < ϕ (tk), ϕ (sk−1) < ϕ (sk).
Proof. Using Theorem 2.2 for Ft : [v1, v2]→ R and ϕ (sk−1) < ϕ (sk).

ϕ (v2)− ϕ (v1)

n

n∑
k=1

Ft

(
ϕ (sk−1) + ϕ (sk)

2

)
≤
∫ ϕ(v2)

ϕ(v1)
Ft (s) ds

≤ ϕ (v2)− ϕ (v1)

2n

[
Ft (ϕ (v1)) + Ft (ϕ (v2)) + 2

n−1∑
k=1

Ft ( ϕ (sk))

]
.

Thus
ϕ (v2)− ϕ (v1)

n

n∑
k=1

F

(
t,
ϕ (sk−1) + ϕ (sk)

2

)
≤
∫ ϕ(v2)

ϕ(v1)
F (t, s) ds

≤ ϕ (v2)− ϕ (v1)

2n

[
F (t, ϕ (v1)) + F (t, ϕ (v2)) + 2

n−1∑
k=1

F (t, ϕ (sk))

]
. (19)

Integrating all sides of (19) on [ϕ (u1) , ϕ (u2)]

ϕ (v2)− ϕ (v1)

n

n∑
k=1

∫ ϕ(u2)

ϕ(u1)
F

(
t,
ϕ (sk−1) + ϕ (sk)

2

)
dt ≤

∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (v2)− ϕ (v1)

2n

[ ∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (v1)) dt+
∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (v2)) dt

+2
∑n−1

k=1

∫ ϕ(u2)
ϕ(u1)

F (t, ϕ (sk)) dt

]
. (20)

Similarly for Fs : [u1, u2]→ R and ϕ (tk−1) < ϕ (tk)

ϕ (u2)− ϕ (u1)

n

n∑
k=1

∫ ϕ(v2)

ϕ(v1)
F

(
ϕ (tk−1) + ϕ (tk)

2
, s

)
ds ≤

∫ ϕ(u2)

ϕ(u1)

∫ ϕ(v2)

ϕ(v1)
F (t, s) dtds

≤ ϕ (u2)− ϕ (u1)

2n

[ ∫ ϕ(v2)
ϕ(v1)

F (ϕ (u1) , s) ds+
∫ ϕ(v2)
ϕ(v1)

F (ϕ (u2) , s) ds

+2
∑n−1

k=1

∫ ϕ(v2)
ϕ(v1)

F (ϕ (tk) , s) ds

]
. (21)

Adding (20) and (21), this completes the proof.
Remark 2.3. In Theorem 2.5 for n = 2, then we refer to Hermite-Hadamard inequality
on the coordinates.

3. Conclusion

In this paper, we investigated some generalized inequality for ϕ-convex functions on real
number line and on the coordinates. Using other inequalities for kinds of convex functions,
one can be verify some important generalizations.



On Some Generalized Inequalities for Two-Dimensional ϕ-Convex Functions 101

References

[1] Hadamard J.: Étude sur les propriétés des fonctions entières et en particulier d.une
function considerée par Riemann. J. Math Pures Appl., 58, 171-215 (1893)

[2] Alomari M.W.: A generalization of Hermite–Hadamard’s inequality. Kragujevac J.
Math., 41(2), 313-328 (2017)

[3] Dragomir S.S.: On Hadamards inequality for convex functions on the coordinates in
a rectangle from the plane. Taiwanese J. Math., 4, 775–788 (2001)

[4] Mwaeze E.R.: Generalized Hermite–Hadamard’s inequality for functions convex on
the coordinates. Applied Mathematics E-Notes, 18, 275-283 (2018)

[5] Syau Y. R., Lee E. S.: Some Properties of E-Convex Functions. Appl. Math. Lett.,
18, 1074–1080 (2005)

[6] Martinez-Legaz J.E., Singer I.: On ϕ-convexity of convex functions. Linear Algebra
and its Applications, 278, 163-181 (1998)

[7] Shaikh A.A., Iqbal A., Mondal C. K.: Some Results on ϕ-Convex Functions and
Geodesic Φ-Convex Functions. Differential Geometry-Dynamical Systems, 20, 159-
169 (2018)

[8] Dragomir S.S.: Inequalıtıes Of Jensen Type for ϕ-Convex Functions. Fasciculi Math-
ematici 55(1), 2015-0013 (2015)

[9] Youness E. A.: E-Convex Sets, E-Convex Functions and E-Convex Programming. J.
Optimiz. Theory.App., 102, 439–450 (1999)

[10] Cristescu, G., Lupsa, L.: Non-connected convexities and applications. Kluwer Aca-
demic Publishers, London (2002)

[11] Cristescu G.: Hadamard type inequalities for ϕ-convex functions. Annals of the Uni-
versity of Oradea, Fascicle of Management and Technological Engineering, 12(3)
(2004)

[12] Dragomir S.S.: Two Mappings in Connection to Hadamard’s Inequalities. Journal of
Mathematıcal Analysis and Applications 167, 49-56 (1992)

[13] Yang G. S., Hong M. C.: A note on Hadamard’s inequality. Tamkang J. Math. 28(1),
33–37 (1997)

[14] Gao X.: A Note on the Hermite–Hadamard Inequality. Journal Of Mathematical
Inequalities, 4(4), 587–591 (2010)



102 F.B. Yalçın
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