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On Spectral Properties of the Family of Fourth Order
Differential Operators with Finite and Exponentially De-
creasing Coefficients

S.A.Aliyev

Abstract. In the space L2 (0,∞) we consider a pencil of fourth order differential operators when
the principle characteristical polynomial has a root (imaginary unit) of multiplicity three and a
simple root (−i) with continuous boundary conditions at zero whose number of conditions de-
pends on the location of spectral parameter λ in a complex plane.The pencil has a characteristical
property that its principal part is not self-adjoint and has a threefold continuous spectrum. The
linearity or exponential decrease conditions imposed on the coefficients of differential expression
ensures the existence of transformation operator that transforms the solution of the equation under
consideration to the solution of the equation containing only principal terms. It was proved that
if the pencil has finitely many nonreal eigen-values and has no spectral properties, then the finite
function f(x) smooth to the 7-th order and whose support does not contain a zero point we have
a formula of spectral expansion of a continuous trace in eigen functions of discrete spectrum and
in principal functions uniformly convergent for all x ∈ [0,∞).
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In the space L2 (0,∞) we consider a pencil of differential operators Lαλ , generated by
the differential equation

l

(
x,

d

dx
, λ

)
y ≡

(
d

dx
− iλ

)3( d

dx
+ iλ

)
y + r(x)

dy

dx
+ (λp(x) + q(x)) y = 0, (1)

and boundary conditions

Uv (y) = αv0y (0, λ) + αv1y
′ (0, λ) + αv2y

′′ (0, λ) + αv3y
′′′ (0, λ) = 0, v = 1, 3 (2)

where λ is a spectral parameter, r(x), p(x), q(x) are complex valued functions; a) deter-
mined and continuous on the finite interval [0, a] with continuous derivatives to the third,
fourth and fifth orders, respectively and vanish outside the interval [0, a]; b) determined
and continuous, exponentially decreasing on the interval [0,∞);αvk are fixed complex
numbers such that the forms Uv(y) are linearly independent, the number of boundary
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conditions change depending on location of the parameter λ in the complex plane, here
v = 1, 3, k = 0, 3.

Different issues in the aspect of direct spectral analysis and inverse problems related
to theory of ordinary differential pencils given on finite intervals [2-6,10,15,17] and infi-
nite intervals [1,2,8,9,11-14,16,18-22] both in the case of simple roots [3,4,8,9,12] and in
the case of multiple roots [1,2,6-9,13-18] of the principal characteristical polynomial with
coefficients satisfying certain conditions of algebraic relations [6,8,10], with integrability
conditions [13,14,16,19,20] and also with periodic and almost periodic coefficients and
their small perturbations [5,8,12,18] were studied intensively subsequently up to now. As
a result, a certain spectral theory of regular and singular differential pencils was created
only in the case of simple roots of the principal characteristical polynomial. A well-defined
spectral theory of singular pencils with multiple characteristical roots was not qet created.
The study of spectral expansions in the elements of the solutions of singular spectral prob-
lems with multiple characteristics is special in difficulty and little-studied section related
to generalized theory of series of expansions in eigen-functions of a discrete spectrum and
in principle function of the continuous spectrum. In special case of twofold roots of a prin-
cipal characteristical polynomial, the multiple spectral expansion formulas were obtained
in [13, 14].

The present paper is the continuation of the studies [16,19,20], where the equation
(1) is studied and the transformation operators transforming the solution of the equation(
d
dx − iλ

)3 ( d
dx + iλ

)
y = 0 to the solution of the equation (1), were constructed. In [19] it

was shown that the pencil Lαλ with certain conditions of integrability of the coefficients of
equation (1), may have in open lower and open upper semipeanes finite or denumerable
number of eigenvalues, while the continuous spectrum files the real axis with spectral
properties. In [20] being the continuation of [19] it is proved that if a pencil has a finitely
many nonreal eigenvalues and has no spectral properties, then for the function f(x) smooth
to the 7-th order, finite in the vicinity of a zero and infinity we have a formula of spectral
expansion in eigen functions of a discrete spectrum and in principal functions of the
continuous function, uniformly convergent for all x ∈ [0,∞).

Note that the pencil Lαλ has a characteristical property: the principle part is a not
self-adjoint and has a three-fold continuous spectrum.

In the present paper, at first we assume that: a) the coefficients of the functions
r(x), p(x), q(x) in the pencil Lαλ vanish outside the interval [0, a]. Then we study the
case b) when the coeffcients of the equation are exponentially decreasing functions on the
semi-axis [0,∞). Here all the notations from [19] are hold.

Let us consider the case a) The functions r(x), p(x), q(x) equal zero outside the interval
[0, a]. Then for y+

j (x, λ, a) = xj−1eiλx, j = 1, 3, y−4 (x, λ, a) = e−iλx x > a. Then the

functions y+
j (x, λ, a) , j = 1, 3; y−4 (x, λ, a) are determined for all complex λ (λ ∈ C) and

are entire functions representable in the form

yj (x, λ, a) = xj−1eiλx +
∫∞
x K+

j (x, t) eiλtdt, Imλ ≥ 0

y4 (x, λ) = e−iλx +
∫∞
x K− (x, t) e−iλtdt, Imλ ≤ 0

(3)

whose kernels K±j (x, t) satisfy the conditions (6), (7) of [19].
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Here, according to the results of [16] the kernels K±j (x, t) ≡ 0, j = 1, 3, K−j (x, t) ≡
0, for x+ t > 2a.

Thus, the system
{
y+
j (x, λ, a) , j = 1, 3; y−4 (x, λ, a)

}
forms the solution of the equa-

tion (1) with finite coefficients for all λ and by their means as in [19] we can construct the
kernel

Ka (x, ξ, λ) =

{
K+
a (x, ξ, λ) , Imλ > 0

K−a (x, ξ, λ) , Imλ < 0
(4)

where

K+
a (x, ξ, λ) =

{ ∑3
i=1

[
h+
i (ξ, λ, a) + ω+

i (ξ, λ, a)
]
y+
i−1 (x, λ, a) for ξ < x∑3

i=1

[
h+
i (ξ, λ, a) y+

i−1 (x, λ, a)− ω+
4 (ξ, λ, a)

]
y+

0 (x, λ, a) for ξ > x
(5)

here y+
j (x, ξ, λ) , j = 1, 3; y−4 (x, λ) were renumbered as

y+
0 (x, ξ, λ) , y+

1 (x, ξ, λ) , y+
2 (x, ξ, λ) , y−0 (x, ξ, λ), h+

i (x, λ, a) = Aia(λ)
Aa(λ) , Aa (λ) =

det ‖Ui (yk)‖3i,k=1 6= 0;Aia (λ) is a determinant obtained from Aa (λ) changing Uv (y1) by

Uv (y4); ω+
i (ξ, λ, a) = z+

5−i (ξ, λ, a) , i = 1, 4; z+
i (x, λ, a) , i = 1, 4 are the solutions of the

conjugated equation l∗λ
(
x, ddx , λ

)
z (x, λ) = 0

K−a (x, ξ, λ) =

{ [
h− (ξ, λ, a) + ω−1 (ξ, λ, a)

]
y−0 (x, λ, a) , for ξ < x

h− (ξ, λ, a) y−0 (x, λ, a)−
∑4

i=2 ω
−
i (ξ, λ, a) y+

i−2 (x, λ, a) , for ξ > x
(6)

h− (x, λ, a) =
1

Uv
(
y−0
) 4∑
i=2

Uv
(
y+
i−2

)
ω−i (ξ, λ, a) , z−5−i (ξ, λ, a) = ω−i (ξ, λ, a) , i = 1, 4.

The kernel Ka (x, ξ, λ) is a holomorphic function in the upper and lower half-plane
with the exception of finitely many eigenvalues

λ+
1 (a), . . . , λ+

l (a), Imλ+
j (a) > 0, j = 1, l

λ−1 (a), . . . , λ−m(a), Imλ−j (a) < 0, j = 1,m

and K+
a (x, ξ, λ) allows analytic continuation from the upper halfplane to the lower one

(K−a (x, ξ, λ) from the lower halfplane to the upper one) and is a meromorphic function.
This time K+

a (x, ξ, λ) may have finitely many poles µ+
1 , . . . , µ

+
s (for K−a (x, ξ, λ) such

numbers may be µ−1 , . . . , µ
−
n ) in the form of spectral properties.

Let f(x) be a finite function up to the 7-th order whose support does not contain the
point x = 0. Using the equality

δa (x− ξ) = ∂4Ka(x,ξ,λ)
∂x4

− 2iλ∂
3Ka(x,ξ,λ)
∂x3

+ 2iλ3 ∂Ka(x,ξ,λ)
∂x −

−λ4Ka (x, ξ, λ) + r(x)∂0Ka(x,ξ,λ)
∂x + (λp(x) + q(x))Ka (x, ξ, λ)

(7)

and integration by parts, we get∫ ∞
0

Ka (x, ξ, λ) f (ξ) dξ =
f(x)

λ4
+O

(
1

λ5

)
. (8)
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Assume

y± (x, λ) =

∫ ∞
0

K±a (x, ξ, λ) f (ξ) dξ (9)

and

ya (x, λ) =

{
y+
a (x, λ) , for Imλ > 0
y−a (x, λ) , for Imλ < 0.

Then

ya (x, λ) =
f(x)

λ4
+O

(
1

λ5

)
. (10)

Assume that the operator Lαa (λ) has no spectral properties and it has only finitely
many eigenvalues in the above introduced domains. Let ΓN be a contour of a circle of
radius N centered at the zero. Then from (10) it follows that as N → ∞ the following
equality is valid:

1

2πi

∫
ΓN

ya (x, λ) dλ = 0(1),
1

2πi

∫
ΓN

λya (x, λ) dλ = 0(1),
1

2πi

∫
ΓN

λ2ya (x, λ) dλ = 0(1)

(11)
1

2πi

∫
ΓN

λ3ya (x, λ) dλ = f(x) + 0(1) (12)

and by the Cauchy theorem

1

2πi

∫
ΓN

λjya (x, λ) dλ =
l∑

j=1

Resλjy+
a (x, λ)

∣∣∣∣∣∣
λ=λ+j (a)

+
m∑
j=1

Resλjy−a (x, λ)

∣∣∣∣∣∣
λ=λ−j (a)

−

− 1

2πi

∫ N

−N
λjy+

a (x, λ) +

∫ N

−N
λjy−a (x, λ) + dλ. (13)

Here as N →∞ we can pass to the limit. Then we find

0 =
1

2πi

l∑
j=1

∫
|λ−λ+j (a)|=δ

λjy+
a (x, λ) dλ+

1

2πi

m∑
j=1

∫
|λ−λ−j (a)|=δ

λjy−a (x, λ) dλ+

+
1

2πi

∫ +∞

−∞
λj
{
y−a (x, λ)− y+

a (x, λ)
}
dλ, j = 0, 1, 2 (14)

and

f(x) =
1

2πi

l∑
j=1

∫
|λ−λ+j (a)|=δ

λ3y+
a (x, λ) dλ+

1

2πi

m∑
j=1

∫
|λ−λ−j (a)|=δ

λ3y−a (x, λ) dλ+

+
1

2πi

∫ +∞

−∞
λ3
{
y−a (x, λ)− y+

a (x, λ)
}
dλ . (15)

Thus, taking into account (15) we get the proof of the following theorem.
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Theorem. Assume that the complex functions r(x), p(x), q(x) are determined and
continuous on the finite interval [0,a], has continuous derivatives to the third, fourth fifth
order, inclusively and vanish outside the interval [0,a], while the pencil Lαλa has no spectral
properties. Then for any finite function f(x) smooth to the 7-th order and whose support
does not contain the point x = 0 we have a uniformly convergent formula of spectral
expansion (15).

Case b) When the coefficients of the equation (1) are exponentially decreasing functions
on the semi-axis [0,∞).

Let

0 ≤ ηa(x) ≤ 1,ηa(x) =

{
1, 0 ≤ x ≤ a
0, x ≥ a ra(x) = r(x)ηa(x), qa(x) = q(x)ηa(x), pa(x) =

p(x)ηa(x) and ya(x, λ) be the solution of the boundary value problem

la

(
x,

d

dx
, λ

)
ya (x, λ) =

(
d

dx
− iλ

)3( d

dx
+ iλ

)
ya (x, λ) + ra(x)y′a (x, λ) +

(λ pa(x) + qa(x)) ya(x, λ) = f(x), (16)

Uv (ya (x, λ)) = 0, 0 ≤ x <∞, ya(x, λ) ∈ L2(0,∞), f(x)-is a finite function.

Then

y (x, λ) = ya (x, λ)+

∫ ∞
0

K (x, ξ, λ) [r(ξ) (1− ηa(ξ)) + (λp(ξ) + q(ξ)η(ξ))] ya(ξ, λ)dξ, (17)

and it is evident that

y (x, λ) =

∫ ∞
0

K (x, ξ, λ) f(ξ)dξ, ya (x, λ) =

∫ ∞
0

Ka (x, ξ, λ) f(ξ)dξ.

From determination of the system of solutions yi (x, λ) , i = 1, 4 and yja (x, λ, a) , j = 1, 4
it follows that lim

a→∞
yja (x, λ, a) = yj (x, λ) uniformly in the domain 0 ≤ x < ∞ and

Imλ ≥ 0. Their derivatives to the third order have the same property. As a→∞ we have
Aa (λ) → A(λ), Ba (λ) → B(λ), (where Ba (λ) ≡ Uv(y4a), V is one of the numbers 1,2,3,
B (λ) ≡ Uv(y4) uniformly in the domain ±Imλ ≥ 0.

Hence it follows that for any δ > 0 there will be found such a number a0 > 0 that for
all a > a0 outside the circles of radius δ > 0 centered at λ+

1 , . . . , λ
+
m+ and the functions

Aa(λ), Ba(λ) do not vanish in the upper and lower half-planes, respectively.

Equation (18) in certain denotations can be writhen in the form:

y (·, λ) = ya (·, λ)−Rλ (Ba +Qa) ya (·, λ) ,

where Ba and Qa determine appropriate operators with respect to (λr(x) + q(x)) y and
Ay′.

On the circle Γ±j =
{
λ :
∣∣∣λ− λ±j ∣∣∣ = δ

}
the operator Rλ is uniformly bounded, while

‖Ba‖ ≤ c · e−εa. Therefore lim
a→∞

‖RλBa‖ = 0 uniformly on Γ±j .
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We now consider the operator RλQa that will be determined in the following way:

RλQay =

∫ ∞
0

K (x, ξ, λ) r (ξ) (1− ηa (ξ)) y′ (ξ) dξ =

= −
∫ ∞

0
K+ (x, ξ, λ)

{
[1− ηa (ξ)] r (ξ) + [1− ηa (ξ) r (ξ)]

′
·K (x, ξ, λ)

}
y (ξ, λ) dξ.

Hence it follows that the norm of the operators generated by the kernel [1− ηa (ξ) r (ξ)]
′

K (x, ξ, λ) uniformly with respect to λ ∈ Γj tends to zero as a → ∞. Using directly
K (x, ξ, λ) and K0 (x, ξ, λ) (where K0 (x, ξ, λ) is a kernel of the operator only with principle
terms) it is verified that the operator generated by the kernel K (x, ξ, λ) in L2 (0,∞) is a
bounded operator. Therefore the norm of the operator generated by the kernel K+ (x, ξ, λ)

[1− ηa (ξ) r (ξ)]
′

also uniformly with respect to λ ∈ Γj tends to zero as a→∞. Hence it
follows that as a→∞ lim

a→∞
ya (x, λ) = y (x, λ) , λ ∈ Γ±j is valid in the sence of convergence

of L2 (0,∞).

Therefore in (14), (15) one can pass to the limit as a→∞ locally in L2 (0,∞):

f(x) =
1

2πi

m+∑
j=1

∫
|λ−λ+j |=δ

λ3y+ (x, λ) dλ+

+
1

2πi

m−∑
j=1

∫
|λ−λ−j |=δ

λ3y− (x, λ) +
1

2πi

∫ +∞

−∞
λj
{
y− (x, λ)− y+ (x, λ)

}
dλ (18)

f(x) =
1

2πi

m+∑
v=1

∫
|λ−λ+j |=δ

λjy+ (x, λ) dλ+

+
1

2πi

m−∑
j=1

∫
|λ−λ−j |=δ

λjy− (x, λ) dλ+
1

2πi

∫ +∞

−∞
λj
{
y− (x, λ)− y+ (x, λ)

}
dλj = 0, 1, 2.

(19)
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