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1. Introduction

In the last ten years there is a great interest to degenerating and singular equations
including the equations containing Bessel’s differential operator

Bi =
∂2

∂x2
i

+
γi
xi

∂

∂xi
, γi > 0, i = 1, 2.

Note that in these directions there exist investigations of I.A. Kiprianov [13], [14],
I.A. Kiprianov, V.I. Kononenko [15], I.A. Kiprianov and M.I. Klyuchanchev [16], F.G.
Mukhlisov [18], F.G. Mukhlisov, A.Sh. Khismatullin [19], A.Sh. Khusmatullin [20].

The mentioned equations are often encountered in applications, for example in axial
symmetry problems of continuum mechanics. One of the intensely developing directions
is investigation of elliptic equations with Bessel operator that in 1967 were called by I.A.
Kiprianov Bn-elliptic. The first papers on B-elliptic equations relates to the equations of
the form

∆Bu(x) =
n−2∑
i=1

∂2u(x)

∂x2
i

+Bn−1u(x) +Bnu(x) = 0.

I.A. Kiprianov and his colleages extensively studied the operator ∆Bn and some its
generalizations.

I.A. Kiprianov showed that the volume potential

u(x) =

∫
Rn+

|y|2−n−γT yf(x)(y′)γdy
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is the solution of the B-elliptic equation

∆Bu(x) = f(x).

The generalized shift operator T y is defined by

T yf(x) = Cγ,n

π∫
0

π∫
0

f
(
x′ − y′, (x′′, y′′)β

)
dν(β)

where dν (β) =
n∏

i=n−1
sinγi−1 βi dβn−1dβn, x′ = (x1, . . . , xn−2) ∈ Rn−2,

x′′ = (xn−1, xn) ∈ R2, (xi, yi)βi = (x2
i − 2xiyi cosβi + y2

i )
1
2 , (x′′, y′′)β =(

(xn−1, yn−1)βn−1 , (xn, yn)βn
)

and

Cγ,n = π−1 Γ−1

(
|γ|
2

) n∏
i=n−1

Γ

(
γi + 1

2

)
=

2|γ|
π

(
|γ|
2

+ 1

)
ω(2, n, γ).

Study of wave propagation in infinite domains has a great value in physics and me-
chanics. Long-range wave propagation in atmosphere, sound propagation in sea, waves
in pipes belong to such ones. These phenomena reduce to boundary value problems in
cylindrical domains for the Helmholts equation. There is a wide references devoted to
different boundary value problems for partial equations in laminated media.

For distinguishing physically interesting solutions of boundary value problems for ellip-
tic equations in infinite domains with a spectral parameter when this parameter is a point
of the continuous spectrum of the problem, three methods are used, more exactly the limit
absorption principle, limit amplitude principle and Zommerfeld’s radiation condition. For
brevity, these principles and the Zommerfeld condition are called radiation principles.

2. Main results

Denote by Rm(y), m–dimensional Euclidean space with the point y = (y1, . . . , ym),
by Rn(x) the same space with the point x = (x1, . . . , xn), Rn+(x) = {x ∈ Rn(x);x =
(x′, xn−1, xn), xn−1 > 0, xn > 0}, γn−1 > 0, γn > 0.

Let Λ = Rn+(x)×Ω be a cylindrical domain in Rn+(x)×Rm(y), where Ω is a bounded

domain in Rm(y) with a smooth boundary ∂Ω, where ∂Ω ∈ C[ 3m2 ].

Consider in Λ the following boundary value problem

(∆B + k2)u(k, x, y) = f(x, y), (1)

u(k, x, y)|Γ = 0, (2)
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where f(x, y) ∈ C∞0 (Λ), k2 is a constant number not necessarily real, Γ is the boundary
of the cylinder Λ.

Note that in these directions there exist many investigations of A.N. Tikhonov, A.A.
Samarskii [1], L.A. Murave [2], M.V. Federyuk [3], B.A. Iskenderov, Z.G. Abbasov, E.Kh.
Eyvazov [10], B.A. Iskenderov, A.I. Mekhtieva [11].

Denote by C∞0 (Λ) the space of infinitely differentiable finite functions whose support is
contained in Λ, by C l(D) the space of functions continuous together with the derivatives
to order l, inclusively in the domain D ⊂ Rn+ ×Rm.

Definition 2.1. Let Jmk2 6= 0, the function u(k, x, y) ∈ C2(Λ) ∩ C(Λ), convergent to
zero as x→∞, be called the solution of problem (1)–(2) if it satisfies equation (1) in the
ordinary sense and vanishes on the boundary Γ of the cylinder Λ.

In the case when k2 is a point of the continuous spectrum of problem (1)–(2) there exist
three methods to distinguish physically interesting solutions of the problem. This is limit
absorption principle, limit amplidude or at infinity radiation conditions are imposed on
the solution of problem (1)–(2). We will justify these principles and study the conditions
for problem (1)–(2).

We determine the Fourier-Bessel transform by the equalities

FBn [f(x)](s) =

∫
Rn+

f(x) · j γn−1−1

2

(xn−1 · sn−1)j γn−1
2

(xn · sn)e−i(x
′,s′)x

γn−1

n−1 x
γn
n dx,

where (x′, s′) =
n−2∑
m=1

xm · sm.

Using the property of generalized shift, it is easy to show

FB(f ∗ g) = FB(f) · FB(g).

Alongside with problem (1)–(2) we consider the problem

(∆B + k2)G(k, x, y) = δ(x, y), (3)

G(k, x, y)|Γ = 0, (4)

where x, y ∈ Λ, δ(x) is Dirac’s delta-function.

Definition 2.2. Let Jmk2 6= 0. Decreasing solutions of problem (3)–(4) as x → ∞ (for
every y ∈ Ω) will be called the Green function of problem (1)–(2).

Theorem 2.3. [9]. Let

F (t) =

a∫
0

ϕ(τ)e−tτdτ, a > 0,

where ϕ(τ) is an analytic function regular at the points of the interval 0 < τ ≤ a, while in
the vicinity of the point τ = 0 is representable by the series

ϕ(τ) = τα(a0 + a1τ + · · · ), α > −1.

66



Then as t→ +∞

F (t) =

∞∑
p=1

Γ(α+ 1)

tα+p
ap−1,

where Γ(α) is Euler’s gamma-function.

It holds the following asymptotic estimation of Hankel functions for large values of the
argument and in what follows we will use it ([8])

H(1,2)
µ (z) =

√
2

πz
e±i(z−

πµ
2
−π

4 )(1 +O(z−1)). (5)

As it was above noted, for k2 > 0 for distinguishing physically interesting solutions of
problem (1)–(2) the limit absorption principle is used.

Definition 2.4. We say that for problem (1)–(2) the limit absorption principle holds if
for the solution of this problem converging to zero at infinity, with the complex parameter
k2
ε = k2 + iε (ε 6= 0) there exists the limit

u(k, x, y) = lim
ε→0

u(kε, x, y)

uniformly with respect to x, y at every compact from Λ and u(k, x, y) satisfies the limit
problem.

For constructing the solution of problem (1)–(2) with the complex parameter k2
ε we

perform Fourier-Bessel transform with respect to x and get the following boundary value
problem

[∆y + (k2
ε − |s|2)]û(kε, x, y) = f̂(s, y),

û(k, x, y)|∂Ω = 0,

where û(kε, x, y) = FBn [u(kε, x, y)](s) is the Fourier-Bessel transform with respect to x
and ∆y is the Laplace operator with respect to the variable y.

Consider the following operator L = −∆y with the domain of definition

D(L) =
{
v : v ∈ C2(Ω) ∩ C(Ω), ∆v ∈ L2(Ω), v|∂Ω = 0

}
For the operator L it holds the following theorem.

Theorem 2.5. [5]. The set of eigen values {λ`} of the operator L is denumerable and
has no finite limit points, each eigen value λ` has a finite multiplicity and the least eigen
value is prime. The eigen functions {ϕ`(y)} may be chosen as real and orthonormed. Any
function from L2(Ω) expands in regularly convergent Fourier series with respect to {ϕ`(y)}.

As it follows from this theorem for eigen values of the operator L we have the chain of
the inequalities:

0 < λ1 ≤ λ2 ≤ . . . ≤ λ` ≤ . . . , as`→∞.
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As k2
ε − |s|2 6= λ` for any s ∈ Rn and û(kε, x, y) ∈ D(L), then using theorem 2.3 for

solving problem (1)–(2), we get

û(kε, x, y) = Rk2ε−|s|2 f̂(s, y) =

∞∑
l=1

C`(s)ϕ`(y)

λ` − k2
ε + |s|2

, (6)

where Rµ is a resolvent of the operator L,

C`(s) =

∫
Ω

f̂(s, y)ϕ`(y)dy. (7)

Note that λ` and ϕ`(y) are independent of s.

Theorem 2.6. The Green’s function of problem (1)–(2) is an analytic function of k, except

the denumerable number of points k = ±λ
1
2
` , ` = 1, 2, . . . , being the branching points and

for it expansion (19) doesn’t hold, where λ` are eigen values of the operator L, ϕ`(y) are
appropriate eigen functions.

Now, the solution of problem (1)–(2) is determined as Fourier-Bessel’s inverse trans-
form of û(k, x, y)

u(kε, x, y) =

∫
Rn+

û(kε, s, y)j γn−1−1

2

(xn−1 · sn−1)j γn−1
2

(xn · sn)e−i(x
′,s′)s

γn−1

n−1 s
γn
n ds

=

∞∑
l=1

ϕ`(y)

∫
Rn+

C`(s)j γn−1−1

2

(xn−1 · sn−1)j γn−1
2

(xn · sn)e−i(x
′,s′)

λ` − k2
ε + |s|2

s
γn−1

n−1 s
γn
n ds. (8)

Here, the term by term integration is valid by uniform convergence of series (6) and
its derivatives ([17]). Taking (7) into account in (8), we get

u(kε, x, y) =

∞∑
l=1

ϕ`(y)

×
∫
Rn+

f`(ξ) ∫
Rn+

ei(ξ
′,s′)

n∏
l=n−1

j γl−1

2

(xlsl)j γl−1

2

(ξlsl)

λ` − k2
ε + |s|2

s
γn−1

n−1 s
γn
n ds

 ξγn−1

n−1 ξ
γn
n dξ, (9)

where

f`(ξ) =

∫
Ω

f(ξ, y)ϕ`(y)dy. (10)

Denote
J`(kε, x, ξ) =
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= lim
N→∞

∫
|s|≤N

ei(ξ
′−x′,s′)

n∏
l=n−1

j γl−1

2

(xlsl)j γl−1

2

(ξlsl)

λ` − k2
ε + |s|2

s
γn−1

n−1 s
γn
n ds. (11)

Passing in (11) to spherical coordinates, and taking into account spherical symmetry
(λ` − k2

ε + |s|2)−1, we have:

J`(kε, x, ξ) = lim
N→∞

N∫
0

|s′|n−2

∫
Ωr

ei|ξ
′−x′||s′| cos θdω



×


√
N2+|s′|2∫

0

n∏
l=n−1

j γl−1

2

(xlsl)j γl−1

2

(ξlsl)

λ` − k2
ε + |s|2

s
γn−1

n−1 s
γn
n dsn−1dsn

 d|s′|. (12)

where Ωr is a sphere of radius r centered at the origin, θ is an angle between the directions
of the vectors ξ′ − x′ and s′, while ω-is a point of a unit sphere. As∫

Ωr

ei|ξ
′−x′||s′|cosθ)dω = (2π)

n−2
2
−1(|ξ′ − x′||s′|)1−n−2

2 jn−2
2
−1(|ξ′ − x′||s′|), (13)

where j l
2
(z) is the Bessel function of order l

2 . Substituting (13) in (12), we get

J`(kε, x, ξ) = (2π)
n−4
2 |ξ′ − x′|

4−n
2 lim

N→∞

N∫
0

|s′|
n−4
2 jn−4

2
(|ξ − x′||s′|)×

×


√
N2+|s′|2∫

0

n∏
l=n−1

j γl−1

2

(xlsl)j γl−1

2

(ξlsl)

λ` − k2
ε + |s|2

s
γn−1

n−1 s
γn
n dsn−1dsn

 d|s′| =

= (2π)
n−4
2 |ξ′ − x′|

4−n
2

n∏
l=n−1

[
2
γl−1

2 Γ

(
γl + 1

2

)]2

(ξlsl)
1−γl

2 ×

× lim
N→∞

N∫
0


√
N2+|s′|2∫

0

|s′|
n−2
2 Jn−4

2
(|ξ − x′||s′|)

×

n∏
l=n−1

J γl−1

2

(xlsl)J γl−1

2

(ξlsl)

λ` − k2
ε + |s|2

s
γn−1

n−1 s
γn
n dsn−1dsn

 d|s′| =
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= (2π)
n−4
2 |ξ′ − x′|

4−n
2

n∏
l=n−1

[
2
γl−1

2 Γ

(
γl + 1

2

)]2

(ξlsl)
1−γl

2 lim
N→∞

N∫
0

r
n+1
2

λ` − k2
ε + r2

×

×


π
2∫

0

Jn−4
2

(|ξ′ − x′|r sinϕ)
n∏

l=n−1

J γl−1

2

(rxl cosϕ)J γl−1

2

(rξl cosϕ) sin
n−1
2 ϕ cosϕdϕ

 dr.

(14)
The internal integral in (14) is Sonin’s second determined integral. Therefore we have

J`(kε, x, ξ) =

= (2π)
n−4
2

n∏
l=n−1

2
γl−1

2

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

)(ξlsl)
1−γl

2 (ξlsl)
γl−1

2 lim
N→∞

N∫
0

rn+|γ|−4

λ` − k2
ε + r2

×

 π∫
0

n∏
l=n−1

Jn+γl−2

2

(
√
|ξ′ − x′|2r2 + ξ2

l r
2 + x2

l r
2 − 2r2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2r2 + ξ2
l r

2 + x2
l r

2 − 2r2xlξl cosϕ)
n+γl−2

4

 dr

= 2
n+|γ|−2

2 π
n−4
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) lim
N→∞

N∫
0

r
n+|γ|

2
−3

λ` − k2
ε + r2

×

 π∫
0

n∏
l=n−1

Jn+γl−2

2

(
√
|ξ′ − x′|2r2 + ξ2

l r
2 + x2

l r
2 − 2r2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2r2 + ξ2
l r

2 + x2
l r

2 − 2r2xlξl cosϕ)
n+γl−2

4

 dr.

Let n+ |γ| be an odd number. Then z
n+|γ|

2 Jn+|γ|
2
−1

(z) is an even function. Therefore

J`N (kε, x, ξ) = 2
n+|γ|−2

2 π
n−4
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) lim
N→∞

N∫
−N

r
n+|γ|

2
−3

λ` − k2
ε + r2

×

×

 π∫
0

n∏
l=n−1

Jn+γl−2

2

(
√
|ξ′ − x′|2r2 + ξ2

l r
2 + x2

l r
2 − 2r2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2r2 + ξ2
l r

2 + x2
l r

2 − 2r2xlξl cosϕ)
n+γl−2

4

 dr.

Expressing the Bessel function by the Hankel function (see [8])

Jν(z) =
1

2

(
H(1)
ν (z) +H(2)

ν (z)
)
, (15)

we get

J`N (kε, x, ξ) = 2
n+|γ|

2
−4π

n−4
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) lim
N→∞

N∫
−N

r
n+|γ|

2
−3

λ` − k2
ε + r2

×
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×

 π∫
0

n∏
l=n−1

H
(1)
n+γl−2

2

(
√
|ξ′ − x′|2r2 + ξ2

l r
2 + x2

l r
2 − 2r2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2r2 + ξ2
l r

2 + x2
l r

2 − 2r2xlξl cosϕ)
n+γl−2

4

+

+

π∫
0

n∏
l=n−1

Hn+γl−2

2

(
√
|ξ′ − x′|2r2 + ξ2

l r
2 + x2

l r
2 − 2r2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2r2 + ξ2
l r

2 + x2
l r

2 − 2r2xlξl cosϕ)
n+γl−2

4

 dr

≡ J (1)
` (kε, x, ξ) + J

(2)
` (kε, x, ξ). (16)

Taking into account the analyticity of the integrand function in (14) and asymptotic
(15) of the Hankel function as |s| → +∞, applying the reside theorem and tending N →
+∞, we get

J
(1)
` (kε, x, ξ) = 2

n+|γ|
2
−4π

n−4
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) lim
N→∞

N∫
−N

r
n+|γ|

2
−3

λ` − k2
ε + r2

×

×

 π∫
0

H
(1)
n+γl−2

2

(r
√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

 =

= 2
n+|γ|

2
−4π

n−4
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

)×
× lim
N→∞

π∫
0

sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

×

×

 N∫
−N

r
n+|γ|

2
−3H

(1)
n+γl−2

2

(r
√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ)

λ` − k2
ε + r2

dr

 dϕ

= i2
n+|γ|

2
−4π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) (i√λ` − k2
ε

)n+|γ|−6
2 ×

×
π∫

0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

and

J
(2)
` (kε, x, ξ) = −i2

n+|γ|
2
−4π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) (−i√λ` − k2
ε

)n+|γ|−6
2 ×
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×
π∫

0

H
(2)
n+γl−2

2

(−i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

= −i2
n+|γ|

2
−4π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) (i√λ` − k2
ε

)n+|γ|−6
2 ×

×
π∫

0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξn cosϕ)
n+γl−2

4

As (see [8])

H
(2)
n+γl−2

2

(−z) = (−1)
n+γl−2

2 H
(1)
n+γl−2

2

(z),

then from (14)–(16) it follows that

J`(kε, x, ξ) = i2
n+|γ|

2
−3π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) (i√λ` − k2
ε

)n+|γ|−6
2 ×

×
π∫

0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

(17)

Behaving in the same way as above, at even n for J`(kε, x, ξ) we get formula (7).
Substituting (17) in (9), we get

u(kε, x, y) = i2
n+|γ|

2
−3π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) ∞∑
`=1

(
i
√
λ` − k2

ε

)n+|γ|−6
2

ϕ`(y)×

×
∫
Rn+

π∫
0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

f`(ξ)ξldξ (18)

Now, substituting the value of f`(ξ) from (10) in (18) and distinguishing the function
f(x), we get

u(kε, x, y) = i2
n+γ
2
−3π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) ∞∑
`=1

(
i
√
λ` − k2

ε

)n+|γ|−6
2

ϕ`(y)×

×
∫
Rn+

π∫
0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

×
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×
∫
Ω

f(ξ, z)ϕ`(z)dzξldξ = i2
n+|γ|

2
−3π

n−1
2

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

)×
×
∫
· · ·
∫

Λ

∞∑
`=1

(
i
√
λ` − k2

ε

)n+|γ|−6
2

ϕ`(y)ϕ`(z)×

×
π∫

0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

f(ξ, z)ϕ`(z)dΛ.

The function

G(kε, x− ξ, y, z) = i2
n+|γ|

2
−3π

n−1
2

n∏
l=n−1

Γ2
(
γl+1

2

)
Γ
(γl

2

)
Γ
(

1
2

) ∞∑
`=1

(
i
√
λ` − k2

ε

)n+|γ|−6
2

ϕ`(y)ϕ`(z)×

×
π∫

0

H
(1)
n+γl−2

2

(i
√
λ` − k2

ε

√
|ξ′ − x′|2 + ξ2

l + x2
l − 2xlξl cosϕ) sinγl−1 ϕdϕ

(|ξ′ − x′|2 + ξ2
l + x2

l − 2xlξl cosϕ)
n+γl−2

4

(19)

is Green’s function of problem (1)–(2) with a complex parameter k2
ε . The theorem is

proved.

From this theorem it follows

Theorem 2.7. The solution of problem (1)–(2) with a complex parameter k2
ε is represented

in the form

u(kε, x, y) =

∫
· · ·
∫

Λ
G(kε, x− ξ, y, z)f(ξ, z)dΛ, (20)

this solution is unique, where G(kε, x− ξ, y, z) is determined by formula (19).

Taking into account asymptotics (5) as z →∞ of the function H
(1)
n+γl

2
−1

(z) we get that

series (19) and its derivatives contained in equation (1), converge uniformly with respect
to ε for |x− ξ| > 0 and therefore passing in (20) and in its derivatives to limit as ε → 0,
we get that u(k, x, y) is the solution of problem (1)–(2). Thus, we proved the following
theorem.

Theorem 2.8. For problem (1)–(2) it holds the limit absorption principle (for n = 1, 2;

k = ±λ
1
2
` , l = 1, 2, . . .).

References

[1] A.N. Tikhonov, A.A. Samarskii, On radiation principle. Zhurn. eksper. i theor. fiziki,
1948, 18, no2, 243-248.

73



[2] L.A. Muravei, Asymptotic behavior for large time values of solutions of second and
third boundary value problems for a wave equation with two space variables. Proc. of
Steklov Institute of Mathematics, 1973, 126, 73-144.

[3] M.F. Federyuk, Helmholtz equation is waveguide (driving off a boundary condition from
infinity). Zhurnal vychislitelnoy matematiki i matem. fiziki, 1972, 12 no2, 374-387.

[4] I.N. Vekua, On methaharmonic functions, Proc. of the Institute of Mathematics. Tbil-
isi, 1943. v.12. 105-174

[5] V.S. Vladimirov, Equations of mathematical physics, Moscow, Fizmatgiz, 1981, 512pp.

[6] A.G. Zemanyan, Integral transformations of distributions, M. Nauka, 1974, 400pp.

[7] J.J. Hasanov, R. Ayazoglu, L.R. Aliyeva, Construction of Green function for Bessel-
Helmholtz equation, International Journal of Applied Mathematics, 2016, v. 29, no.5,
509-522.

[8] A.V. Nikiforov, V.V. Usarov, Special functions of mathematical physics, Moscow, 1974,
303pp.

[9] M.A. Evgrafov, Asymptotic estimations and entire functions, Moscow, Fizmatgiz,
1962, 200pp.

[10] B.A. Iskenderov, Z.G. Abbasov, E.Kh. Eyvazov, Radiation principles for Helmholtz
equations in cylindrical domain. DAN Azerb. SSR, 1980, v. 36, no 4, 8-11.

[11] B.A. Iskenderov, A.I. Mekhtieva, Radiation principles for Helmholtz equation in
multi-dimensional layer with impedance boundary conditions. Diff. Uravn., 1983, v.29,
no8, 1462-1464.

[12] M.B. Keldysh, On some cases of degeneration of elliptic type equations on the bound-
ary of domain. DAN SSSR 1951. v.77. no2, 181-183.

[13] I.A. Kiprianov, On a class of singular elliptic operators. Diff. Uravn. 1971. v. 7. no
11. 2066-2077.

[14] I.A. Kiprianov, Singular elliptic boundary value problems. M. Nauka, Fizmalit, 1997.
208pp.

[15] I.A. Kiprianov, V.I. Konenko Fundamental solution of B-elliptic equations. Diff.
Uravn. 1967. v. 3. 114-129.

[16] I.A. Kiprianov, M.I. Klyuchanchev, On singular integrals generated by a generalized
shift operator. Sib. Math. J., 1970. v.11, no5, 1060-1083.

[17] V.P. Mikhailov, Partial differential equations. Nauka, 1976, 391pp.

74



[18] F.G. Mukhlisov, On existence and uniqueness of the solution of some partial equations
with Bessel’s differential operator. Izvestia Vuzov Matem., 1984, no 11, 63-66.

[19] F.G. Mukhlisov, A.Sh. Khismatullin, On potentials for a degenerating B-elliptic equa-
tion. Vestnik Samarskogo gos. Techn. un-ta Ser. fiz. mat. nauki, 27 (2004), 5-9.

[20] A.Sh. Khismatullin, Solving boundary value problems for some degenerating B-elliptic
equations by potentials method. Thesis of PHD degree. Kazan. 2008. 107pp.

Dasta G. Gasymova
Azerbaijan Medical University, Baku, Azerbaijan
E-mail: leman.ismailova@mail.ru

Sakina H. Samadova
Azerbaijan State Oil and Industry University, Baku, Azerbaijan
E-mail: sakina.samadova@asoiu.edu.az

Received 30 July 2019
Accepted 18 January 2020

75


