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Existence and Uniqueness of a Solution to the Optimal
Control Problem with Lions Type Functional for the Lin-
ear Nonstationary Guasi-Optics Equation
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Abstract. In this paper we consider the optimal control problem with an integral performance
criterion of the Lions functional type for the linear nonstationary quasi-optics equation with a
special gradient term. Such quality criteria are usually formed on the basis of the Dirichlet-
Neumann mapping on the boundary. The theorems on the existence and uniqueness of the solution
to the considered optimal control problem are proved.
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1. Introduction

Optimal control problems for the nonstationary quasi-optics equation with a special
gradient term often arise in nonlinear optics when studying the propagation of a light
beam in the inhomogeneous medium, in which the role of control is usually played by the
refractive and absorption indices of the medium, as well as the initial phase of the emitted
wave [1]. Note that identification problems for a non-stationary quasi-optics equation
without a special gradient term earlier were studied in [2-6] and others, when the quality
criteria were built mainly on the basis of final observations.

In this paper, we consider the optimal control problem for the nonstationary quasi-
optics equation with a special gradient term, in which the role of control is usually played
by the refractive and absorption indices of the medium and the performance criterion
is a Lions-type functional. Such quality criteria are usually formed on the basis of the
Dirichlet-Neumann mapping on the boundary. This approach for determining the initial
function in the inverse problem for the parabolic equation was used by J.-L. Lyons [7].
And then it was widely used in the works of A.D. Iskenderov to determine the coefficients
of the basic types of equations of mathematical physics and the nonstationary Schrodinger
equation [8-11].
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It should be noted that a similar problem for the nonstationary quasi-optics equation
without a special gradient term, when the coefficients of the equation are boundedly
measurable functions, was previously studied in [10]. Taking into account the above, we
can assert that the problem considered in this work differs from the works [2-6, 10] and
others in the formulation. Therefore, this work is relevant and is of interest both from a
theoretical and practical point of view.

2. Problem Formulation

Let I > 0,7 > 0,L > 0 be given numbers; 0 < =z < [,0 <t < T,0 < z <
L,y = (0,1) x (0,t), Q, = (0,1) x (0,2), Q. = (0,1) x (0,t) x (0,2), Q@ = Qpp,
Q = (0,T) x (0,L); C¥([0,T],B) be a Banach space of the defined and & > 0 time
continuousely differentable on the interval [0, 7] function with values from Banach space;
L, (0,1) be a Lebesque space of the functions summing on the interval (0,7) with order
p>1; sz 0,1), W;f’m (Qr) ,Wf’m (Qr),p > 1,k > 0,m > 0 be a Sobolev spaces defined
as for example in [12]; Wi"h! () be a Hilbert space of the elements u = u (z, ¢, z) from
having generalized derivatives %, g—;‘ from the space Ly () with scalar production and
norm defined as follows

(Ul, UQ)WQO,I,I(Q) = /

( _ Ouq Og Ouq 0o
u1U2 —— +
Q

o ot aa) awatdz,

||u||W20*1’1(Q): (U,U)WQOJJ(Q);

W22’0’O () be a Hilbert space of the elements v = u (z,t, z) from Ls (2) having generalized

derivatives %, % from Ly (©2) with scalar product and norm defined as follows

- _ Ouq 0o 82u1 82a2
(u17u2)W§’°’0(§2) = /Q (uluz + i + 922 a2 dxdtdz,

HUHW22,O,O,(Q) = (u,u)Wz,o,o(Q);

2
Wyt (Q) = i @) (Y wyh (Q);

2,1,1
Ws  (£2) be subspace of the space W;’l’l (©) the elements of which turn to zero on
S={(z,t,2):2=0,1,t €(0,T),z € (0,L)}.
Consider the optimal control problem on minimizing the functional:

Ja (v) = 1 =27 ) +allo — il (1)

on the set

Vv

0
{U = (v0,v1) : Vm € Lo (0,1), |vm ()| < b,V € (0,1),m = 0,1}
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under the conditions

iagip + iag 8;;73 —a 8;/}2” + z’ag(a;)aéfi” + a(z)y + vo () Wy + ivy () 1y =
= fplz,t,2),p=1,2, (z,t,2) € Q, (2)
Yy (2,0,2) = pop (z,2),p=1,2,(x,2) € Qp, (3)
Up (2,1,0) = p1p (2,1) . p = 1,2, (2,1) € Qr, (4)
$1(0,8,2) = ¢ (I, £,2) = 0,(t, 2) € Qrr, (5)
09 (0,t, 2) _ s (1,1, 2) —0,(L,2) € Qry, (6)

Oz Ox
where ¢ is an imaginary unit, ag > 0, a; > 0, « > 0, by > 0, by > 0- are given numbers;
0<z<L,0<t<T0<z<L, Q = (0,1 x(0,¢), Q, = (0,1) x (0,2), Qp, =
(0,1) x (0,t) x (0,2),9Q = Qpr, Q. = (0,t) x (0,2); a(z),a2 (z) are given measurable
bounded functions satisfying the following conditions:

0
fio < a(x) < po, V€ (0,1), po, fig = const > 0; (7)

d
> ()] < g, | 221

0
' < p2,Vx € (0,1), p1, p2 = const > 0,a3 (0) = az (1) =0;  (8)

and the measurable functions oy, (2, 2) , @1, (2, 1), fp (2, ¢, 2) ,p = 1, 2 satisfy the conditions

0 2.1 021
wor € Wo (Q2r),p11 € Wy (Q271); 9)
2,1 o2 (0, 2) _ o2 (I, 2) _ .
2.1 Opo2 (0,t) oz (I,t) .
¥12 € W2 (QT) 3 ax — a$ - Oat € (07T) ) (11)
fo e W (Q),p=1,2 (12)

w = (wp,w1) € H=Ls(0,1) x Ly (0,1) is a given element; the symbol @ stands “for almost
all”.

The problem of determining functions from conditions (2)-(6) for each will be called
a reduced problem. It is clear that the reduced problem consists of two initial-boundary
value problems for a linear nonstationary quasi-optics equation with a special gradient
term. For each v € V the first initial boundary value problem is the problem of determining
the function ¢ = 91 (x,t) = 1 (z,t;v) from conditions (2)-(5) for p = 1 and the second
initial boundary value problem is the problem of determining 1y = 9 (z,t) = 12 (x, t;v)
from conditions (2)-(4), (6) for p = 2.
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Definition 2.1. By the solution of the reduced problem (2)-(6) for each v € V we mean

0211
the functions 1 = 1 (z,t,2) = Y1 (x,t,z;v) from the functional space Wo () and

Yo = Yo (x,t,2) = o (,t,2;0) from the functional space VV22’1’1 (Q) satisfying (2) for
almost all (x,t,z) € Q initial conditions (3), (4) for almost all (x,z) € Qf, and boundary
conditions (5), (6) for almost all (t,z) € Q, respectively.

Reduced problem (2)-(6), as noted above, consists of two initial-boundary value prob-
lems, i.e. of the first initial-boundary value problem (2) - (5) and the second initial-
boundary value problem (2)-(4), (6), which were studied earlier in the works [13, 14]. It
should be noted that the initial-boundary value problems for a linear nonstationary quasi-
optics equation without a special gradient term, when the coefficients of the equation are
square-summable functions, were previously studied in [15]. Based on the results of the
works [13, 14], we can establish the validity of the statement:

Theorem 2.2. Let conditions (7)-(12) be satisfied. Then reduced problem (2)-(6) for each
0 21,1
v € V has a unique solution 1 € Wy (Q),199 € W22’1’1 (Q) and for this solution the

following estimates are valid:

2 2 2 2

H%H 0211 <c <||9001” 021 + H‘PHH 021 + ||f1HWO’1’1(Q)> ) (13)
Wa () Wa (L) Wy (Qr 2
2 2 2 2

leliyzia gy < e2 (002l g, + lerzlyzr g, + 1 faloing ) (14)

where the constants ¢y > 0,c2 > 0 do not depend on @op, P1p, fp.p = 1,2.

This theorem implies that functional (1) makes sense in the considered class of solutions
to the reduced problem (2)-(6) for each given v € V.

3. Existence and uniqueness of the solution of the optimal control
problems

First, let us establish that optimal control problem (1)-(6) has a unique solution for
a > 0. To this end, we first formulate the following theorem, which is known from [16].

Theorem 3.1. Let X be a uniformly conver space, U be a closed unbounded set from f(,
the functional I (v) is lower bounded and lower semicontinuous on U, o > 0, f > 1 are
given numbers. Then there is a dense subset G of the space X such that for any w € G
the functional

Jo(0) =1 () +ao—wlf

reaches its lowest value on U. If B > 1, then the minimum value of the functional J, (v)
1s attained at the single element of U.

Theorem 3.2. Let the conditions of Theorem 2.2 be satisfied. Let, in addition, w € H
be a given element. Then there exists a dense subset G of the space H such that, for any
w € G at a > 0 optimal control problem (1)-(6) has a unique solution.
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Proof. First, we prove the continuity of the functional

Jo (v) = l[1 = 2170 (15)

ontheset V. Let Av € B = Lo (0,1)x Lo (0,1) be an increment of any element v € V such
that v + Av € V and Ay, = Ay, (2,1, 2) = ¢y (2,8, 250 + Av) — Yy, (2, t, 2;0), p = 1,2,
where 1, (x,t,z;v) ,p = 1,2 is a solution of the reduced problem (2) -(6) at v € V. From
conditions (2)-(6) follows that Ay, = Ay, (z,¢,2),p = 1,2 is a solution to the following
system of initial boundary value problems

OAY,  OAY FaAX) OAY
i L +iag P Py 92 P 1 iay () Wp +a(x) Ay + (vo (z) + Avg (2)) Avp+

+i (01 () + Avy () Ay = —Avg () Pp — 1801 (2) Pp,p = 1,2, (2,1,2) € 2, (16)
Ay (2,0,2) =0,p=1,2,(z,2) € Qp, (17)

Ay, (2,t,0) =0,p = 1,2, (z,t) € Qp, (18)

Ay (0,t,2) = Ay (I,t,2) =0, (t,2) € Q, (19)

OAYy (0,t,2)  OAYPa(l,t, 2)
ox N ox
Let’s estimate the solution of this system. For this purpose, we multiply both sides of
equations (16) by functions Ay, = A, (2,t,2),p = 1,2 and integrate the obtained
equalities over the domain €2;,. Then we get the validity of the equalities

=0,(t,2) € Q. (20)

—ai + iaz (a;)

OAY, . OAY, D A,
/Qtz( ot a0 0z Jz?

3§1/1p + a(z) A¢p> A, dzdrdo+
X

+ /Q (0 (2) + Avo (2)) [ Ayl + (v (2) + Avr (2) | A0, [*) dedrdd =

= —/ (Avg (z) ¥y + iAvy (x) ) Appdadrd,p = 1,2,Vt € [0,T],Yz € [0, L] .
Qtz

Applying the formula of integration by parts on the left-hand side of these equalities
and using the boundary conditions (19) and (20), it is easy to obtain the validity of the

equalities
A, DA, Y, |?
A A
/Q< gr At tiao =5 AUy tar| =5+
A _
+ias(x) 9 6;”” Ay, + a(z) |A¢p|2> dzdrdf+

+ /Q (w0 (2) + Avo (2)) [ Ayl + i (v (2) + Aot (2) | A0, [*) dedrdd =
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_ / (Avo (2) by + Ay () 1) Adydudrdd,p = 1,2,9¢ € [0,T],¥= € [0, 1] (21)
Qtz

It is clear that the complex conjugation of these equalities has the form:

OAY, _ O0AY,
/Qtz< =5 Ay, —iag P Ay +ay

AP, |?

ox

OAY,
ox

—iag(x)

Ay, + a(x) |A¢}p|2> dzdrdf+

n /Q <(v0 (z) + Avg (2)) |AY,[2 — i (v (x) + Avy (x)) |A¢py2) dzdrdd =

= —/ (Avg (z) by — 1AV (2) ) Appdzdrdf, p =1,2,Vt € [0,T),Vz € [0, L].
Qi

Subtracting these equalities from equalities (21), we get

z/ <8A¢p Ay, + 98%, Az/)p> dxdrdf + iao/ (8A¢p Ay, + 08Yy A?,Z)p) dxdrdf+
Qtz Qtz

ot ot G 9%
. O0A - OAY
- /Qtz % (@) < 8;/} FAvp+ a:f . A%) dxdrdf+
+2i /Q ((m (z) 4+ Avy (z)) m%p) dzdrdd = — i Avg (z) (VpAhy — PpAip,) dudrdd—

—2i Avy () (ﬂ)pAlzp + @pA@ZJp) dxdrdf,p =1,2,vt € [0,T],Vz € [0, L].
Qtz

Using these equalities it is easy to establish the validity of the following equalities

/ 9 | Aty |* dedrdf + aO/
Q.. O Q

= — v o v i 2$T
- 2/%(1( )+ Avr (2)) | Ay ddd0+/

Qtz

;Z | Ay |2 dwdrdd + / 9 (@ () |A¢p|2> dzdrdd =

tz Qtz 8:17

das () | Ay |? dedrdo+

=-2 Avg (z) Im (YpAdhy) dwdrdf — 2 Avy (z) Re (YpAty) dzdrdf, p = 1,2
Qtz Qtz

for Vt € [0,T],Vz € [0,L]. On the left-hand side of these equalities, the third term is
equal to zero by virtue of the conditions ag (0) = az (I) = 0. Therefore, from this, using

0
conditions|v; (z) + Av; (z)| < by,Vz € (0,1), (8) and initial conditions (17), (18), as well
as the Cauchy-Bunyakovsky inequality, we can establish the validity of the inequalities

1A, (ot M2, 0 + 0 1A%, (- 22, 0 < (24 2) / Ay dedrdd+

Qtz
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2 2 2
+ (HAUOHLOO(O,Z) + HAUl”LOO(O,l)> HwP”LQ(Q) ,p=1,2,Vt € [OaT] , Vz € [07 L] :
Hence, by virtue of estimates (13), (14), we obtain the validity of the following inequalities:

1Ay (- ¢, ‘)Hi(gz) + ao [ Ay (-, 'aZ)HiQ(Qt) <c3 (”AUOH%OO(O,I) + HAle%m(o,n) +

(2 +u2)/ A dedrdd,p—=1,2,¥ € 0,T], vz € [0, ).

tz

From these inequalities, we can derive the following two types of inequalities:

18y (8117 ) < 5 (1180070 + 18011 _0)) +

t
@+ [ 180 (I, drp = 1.2V € 0,71, (22)
1A%, (-5 2) 17y 00y < € (HAUOH%W(O,Z) + HAUIH%W(0,1)> +

res [ 180 (Dl 0, 0. = 1.2V2 € 0.1). (23)

Applying Gronwall’s lemma, it is easy to establish the following estimates in these
inequalities

1865 (1,12, 0y < 6 (18001 o + 180112 o)) o= 1,2V € [0,7],  (24)

HA% ('7 '7Z)H%2(QT) <cy (HAUOH%M(O,Z) + HAUIH%OO(O,Z)> P = 1,2,VZ € [O,L], (25)

where the constants cg > 0, ¢y > 0 do not depend on Av = (Avg, Avy). Summing up these
estimates, we have:

Ay (- 2, ')H%Q(QL) + [[ Ay (-, 'aZ)H%Q(QT) <

(26)
< s (I18wll} g + 180117 0)) 2= 1,2

for Vt € [0,T], Vz € [0, L], where the constant cg > 0 does not depend on Av = (Avg, Avy).
Directly from these estimates we have:

1A 2, 0 < co 1 A0]% p = 1,2 (27)

where the constant cg > 0 does not depend on Aw.
Now let’s consider the increment of the functional Jy (v) on any element v € V. Using
formula (15), the increment of the functional Jy (v) can be represented as

Ady (v) = Jo (v + Av) — Jo (v) =

=2 /Q Re [(¥1 (z,t,2) — 2 (2,1, 2)) (AU (7,8, 2) — Ay (2,1, 2)) ] dodtdz+
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+ HA@ZJlH%Q(Q) + ||A¢2||%2(Q) - 2/QRe (AYy (z,t,2) Aty (2,t, 2)) dodtdz.  (28)

Hence, by virtue of the Cauchy-Bunyakovsky inequality and estimates (13), (14), (27), it
is easy to establish the validity of the inequality

2
Ao (0)] < exo (1 A0] 5 + [ A0)E)
From this inequality we obtain the following limiting relation

|AJy (v)] = 0 at ||Av||g =0 for Vv e V.

This inequality means the continuity of the functional Jy (v) on the set V. The set V is
a closed bounded and convex set of space B = Lo, (0,1) X Lo (0,1). Tt is easy to prove that
it is a closed bounded and convex set in a uniform convex space H = L3 (0,1) x Ly (0,1)
[17]. Then, by virtue of Theorem 3.1 formulated above, there exists a dense subset G of
the space H such that for any w € G and for any a > 0 optimal control problem (1) - (6)
has a unique solution. Theorem 3.2 is proved.

This theorem shows that optimal control problem (1)-(6) for a > 0 has a solution not
for every w € H. The next statement shows that the problem is that the optimal control
problem (1)-(6) has at least one solution at av > 0 for any w € H.

Theorem 3.3. Let the conditions of Theorem 3.2 be satisfied. Then there exists at least
one solution to the optimal control problem (1)-(6) at o > 0 for any w € H.

Proof. Take any minimizing sequence {vk} cVv
lim J (%) = Jow = inf ]
T (V7)< e = e )

and set Ypr, = Ypi (T,t,2) = ¥y (m,t,z;vk) ,p=1,2,k=1,2,... By virtue of Theorem

2.2, for each v* C V reduced problem (2) - (6) has a unique solution from the space
0211

ik EWo  (Q), 19 € I/VQZ’L1 (©) and the following estimates hold

oulyins < (Lol Hlleulan  + UAlging ) =12 (29
W () 2

Wa (1) Wa (Qr

2 2 2 2
||1/12k;||W22,1,1(Q) < e (H‘PO?HW;J(QL) + ||9012”W2271(QT) + Hf2||W207171(Q)> k=12, (30)

where the right hand side does not depend on k.
Since there V' is a closed bounded and convex set from the Banach space B = Lo, (0,1) X
L (0,1), then from the sequence {vk} C V one can choose such a subsequence {vkl}

(which we again denote by {v*}) such that

oF = v, m= 0,1 (x) — weekly in Ly, (0,1) at k — co. (31)
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In addition, the set V' is (*)-weakly closed set from space B. Therefore v €V . By virtue
of the limit relation (31), we can write the following limit relation

l l
/ oF (2) q () dr — / U () q (z) dz,m = 0,1, (32)
0 0

at k — oo for any function ¢ € L; (0,1).
It follows from estimates (29), (30) that the sequences {¢ (z,t,2)},p = 1,2 are uni-

IRt

formly bounded in the norm of the spaces Wy () and W22 11(Q), respectively. Then
from these sequences one can choose such subsequences {¢p, (¢,t,2)},p = 1,2, (for sim-
plicity of presentation we again denote them by {¢p (,t,2)},p = 1,2) such that

Ypi = Vp, p=1,2 weekly in VV22’1’1 at k — oo. (33)

From these limit relations we can derive the following limit relations:

Ypre = VYp, p=1,2 weekly in La(Q), (34)
8Qﬁpk aqvbp — )
Sk SR = 1,2 weekly in Ly(Q), (35)
82¢pk 32% .
5ob 52 p = 1,2 weekly in Ly (Q), (36)
5%1@ 8¢P — )
S P p = 1,2 weekly in Ly(Q), (87)
3?/ka 81/]17 — )
5, 5, P= L2 weekly in Ly(Q) (38)

at k — oo.
Since the elements of subsequences {9y (v,t,2)},p = 1,2 are almost everywhere a
solution to the reduced problem (2)-(6) from the space W22’1’1 (Q), i.e.

0 21,1
Y1k €Wy (), € Wt (), k=1,2,....

Therefore, the elements of subsequences {¢, (x,t,2)},p = 1,2 will satisfy the integral

identities - - o~ -
. pk . pk pk . pk
/Q (1 ot a0 9z " oa2 +ia () Oz o (@) prt
—H}lg (@) Ypi + P (z) Yo — [ (z,t,2) Tp (2,8, 2)) dedtdz = 0,p = 1,2,k =1,2,...  (39)

for any functions 1, € Ls (2),p = 1,2 and the following initial
0
wpk (ZL‘,O,Z) = 5001;(17, Z)a b= 1>27 V(l’,Z) S QLa k= 1327 ceey (40)

0
Ypi (2,1,0) = @ip(z,t), p=1,2,V(z,t) € Qpr,k=1,2,..., (41)
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and boundary conditions

0
1k (0,8, 2) = 1g (Lt 2) =0,V (t,2) € @,k =1,2, ..., (42)
ank (O,t,Z) o 8w2k (lvta Z) _ 0 o
= S 0 (t2) € Qb = 1,2, (43)

Let us now show that the limit functions v, = ¥, (z,t,2),p = 1,2 are a solution to
the reduced problem (2)-(6). For this purpose, we first show that the limit functions

0
vy (x,t,2),p = 1,2 from I/V2’1’1 (Q) satisfy (2) for V (z,t,2) € Q. By virtue of the limit
relations (34)- (38) we can write the following limit relations

.0 .0 92 9
/Q (z gfk' + tag ggk —a aﬁgk + iaz ;’gk +a(x) qppk) Mpdzdtdz —

0Py Oy 2% 3% _
=1,2 44
%/Q<2 9 + iag 5, U2 25, +a(x) Yy | Npdrdtdz,p =1, (44)

for any functions 7, € Lo () ,p = 1,2 at k — oo. Now let us show that the following limit
relations hold

/ m () Ypi (., 2) 0 (2,8, 2) dadtdz —

—>/ x) Py (x,t,2) Np (2, ¢, 2) dedtdz,m = 0,1,p = 1,2 (45)

for any functions 7, € Lo (2),p = 1,2 at k — oo. It is clear that the following equalities
hold

[ b @) ot 2) .8, 2) dndd =
Q
— [ (th @) = v (@) 0y 18,2) 1y 01, 2) i
Q
[ @) (o 0.8.2) = (08,20 7y (0, 2) stz
Q

+/ U () Vp (2,1, 2) p (2,8, 2) dedtdz,m = 0,1,p=1,2,k = 1,2, ... (46)
Q

for any functions n, € Ly (Q2),p = 1,2. Since Yp € Lo (Q),p=1,2and 1, € L2 () ,p =
1,2 we can state that the functions g, (x fQ Yy (z,t,2) Ty (2, t, 2) dtdz belong to the
space L1 (0,1). Therefore, using limit relatlons of the form (32), we establish the validity
of the fact that the first term on the right-hand side of equalities (46) tends to zero at
k — oo i.e. the following limit relations hold

/ (vﬁl () — v (x)) Yy (x,t,2) Tp (2, ¢, 2) dedtdz — 0,m =0,1,p = 1,2 (47)
Q
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for any functions n, € Ly () ,p =1,2 at kK — oo.
Now let’s evaluate the second term on the right-hand side of equalities (46). Applying
the Cauchy-Bunyakovsky inequality, we get

/vfn () (pk (2,1, 2) — by (2,1, 2)) 7 (0, t, 2) dedtdz| <
Q

< [ Joh @) (.8.2) = (o 2) o1, 2)| e <

< bin |19 ll ) 190k = Dpll 0y m =0, LLp = 1,2,k = 1,2, ... (48)

Due to the compact embedding of space VV22 11(Q) into the space Ly (), we can write
the following limit relations

Ypi = Vp, p = 1,2 strongly in Ly () at k — oo. (49)

By virtue of these limit relations, passing to the limit in both sides of inequalities (48) for,
we obtain the following limit relations

/ U'rkn (':U) (wpk ($7t7 Z) - wp (l’,t, Z)) ﬁp (.Qf,t,Z) d.’L‘dtdZ — 07m = 07 1>p = 172 (50)
Q

for any functions 7, € L2 (Q2),p = 1,2 at k — oo. Thus, using the limit relations (47),
(49), if we pass to the limit in both parts of (46), then for k& — oo we obtain the limit
relations (45).

Now, using the limit relations (44), (45), if we pass to the limit in both parts of the
integral identity (39), then for k¥ — oo we obtain the following integral identities

Wy o Oy Py O
/Q(Z ot o R i () Oz (@) vyt

+ug (x) Yy + v () Yy — f(2,t,2)) 0 (2,8, 2) dedtdz = 0,p = 1,2 (51)
for any functions 7, € Ly (2),p = 1,2. From this we obtain that the limit functions
0
Yy (x,t,2),p=1,2 from Wbl (Q) satisfy equations (2) for V (z,t,2) € Q.

Now we show that the limit function ¢, (z,t,2),p = 1,2 satisfies conditions (3) and

by

0
(4). It is evident that the elements {¢1;} €Wy  (Q) and {g} €W (Q) satisfy the
following relations

0 %1 O,
Y1k € Lo (0,15 Wy () |, 5 € L2 (0,75 L2 (1)), (52)
2l 0oy .
Yor € Lo (0,75 W5 (1)) 525 € Lo (0.7 Ly (1) (53)
and there are limiting relations
Ypie = Vp, p = 1,2 weekly in Ly <O,T; W22’1 (QL)> , (54)
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0 0

ok — ﬂ, p=1,2 weekly in Ly (0,T; L2 (1)) (55)
ot ot
at k — oo. From these relations and from the embedding theorem (see [18, p. 33]) we

establish that

1ok (5 t52) = Wp (58l y 0,y = 0, P=1,2 at k— oo, Vi € [0,T]. (56)
Similarly, we establish that
1pk (5 2) = Up (5 2l 0y = 0 P=1,2at k — o0, V2 €0, 1]. (57)

Using the limit relations (56), (57) and conditions (40), (41) with passing to the limit by
k — oo in the inequalities

I (40.2) = oll ey < 18 (- 0,) = Bt (0l gy g (5 0.) = ol o2 = 1,2

||11Z}p ('a %y 0) - 901‘|L2(QT) S H@bp (" 70) - sz)pk ('a %y O)HLQ(QT)+||¢pk (" 70) - @1||L2(QT) D= 17 2

we obtain the validity of the relations

pr ('a 0, ) - @OHLQ(QL) =0, H"vz)p ('7 * 0) - 901||L2(QT) =0,p=1,2

It follows that the limit the functions v, (x,t,2),p = 1,2 satisfy conditions (3) and (4)
for almost all (z,z) € Qp, (z,t) € Qp, respectively.

Finally, we show that the limit functions v, (x,t,2),p = 1,2 satisfy boundary con-
ditions (5) and (6), respectively, for almost all (¢,2) € Q). From the compactness of the

by

embedding of the space W,y  (§2) into the space Lo (Q; C [0,1]) we obtain

1k (55-) = 91 (5,5 Ml (@) = 0, 8= 0,1 at k — oo. (58)

Using this and the boundary conditions (42) from the inequalities

191 (8,5 M o) < 11 (s,5) =1k (s, )l py0) + 101k (855 )1y 8 = 051

passing to the limit, we find that the limit function ; (x,t,2) satisfies the following
relations

11 (5, Ml oy » 8 = OuL.

It follows immediately from these relations that the limit function t; (z,¢, z) satisfies the
boundary conditions (5) for almost all (¢, z) € Q.

Now we show that the limit function v (z,t, z) satisfies boundary conditions (6) for al-
most all (¢, 2) € Q. Due to the fact that elements of a subsequence {19, (2, ¢, 2)} from space
W22’1’1 (©) have a generalized derivative 8};’;’“, k=1,2,... from the space Lo (Q; w4 (0, l))
i.e. from the space Wy ™" (Q).
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It is not difficult to establish that this space is boundedly limitedly embed-
ded into the space C°([0,1],L2(Q)). Then it is clear that for the subsequences

{8w2‘%(£’t’z) } , {8@&2%%@@ } the following limiting relations hold

81/)% (S,.,.) 61[)2 (S,.,.)
ox - ox

, s =0,1 weekly in Lo (Q) (59)

at k — oo. On the other hand, one can write the following equalities

8¢2 (S,t,Z) — _ a¢2 (S7t7 Z) 8¢2k (S,t,Z) _
/ann(t,z) dtdz _/Q ( 5 — . )n(t,z) dtdz+

—I—/ Mﬁ (t,z)dtdz, s =0,1, k=1,2,.. (60)
Q ox

for any function 7 € Ly (Q). Using the boundary conditions (43), we can assert that the
second terms on the right-hand sides of equalities (60) vanish. Taking this and the limit
relations (59) into account, if we pass to the limit in equalities (60), then for k& — oo we
obtain the following relations

/ Mﬁ(t, z)dtdz =0, s =0,l.
0 3]

X

for any function n € Ly (Q). From these relations we obtain the validity of the following
second boundary conditions

81/}2 (O,t,Z) _ 81/}2 (l,t,Z)
Ox B Ox

— 0.V (t2) € Q.

2,1,1

Thus we proved that the limit functions ¢ € V([)/’Q (Q), ¢ € W2 (Q) are solutions
for reduced problem (2)-(6) corresponding to the limit function v = v (x) from V of
the subsequence {v"} C V ie. v, = ¥, (z,t,2) = ¥, (z,t,2;0),p = 1,2. Moreover,
this solution satisfies estimates (13), (14), which follow from estimates (29), (30) with
passing to the lower limit along weakly converging to the functions v, (z,t,2),p = 1,2
subsequences {¢pi (2,t,2)},p = 1,2. By virtue of the limit relations (31) and (34) and
the weak lower semicontinuity of the norms of the spaces Ly (2) and H, as well as the
conditions a > 0 for Vw € H we obtain the relation

Jor < Jo () < lim J, (vg) = in‘f/Ja (v) = Jax.
77777 ve

This means that the limit function v = v (x) from of the subsequence from V gives
minimum to the functional J, (v) on the set V ie. v € V is a solution to the optimal
control problem (1)-(6). Theorem 3.3 is proved.
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