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The Jost Solutions to the Schrodinger Equation with an
Additional Complex Periodic Potential

A. Kh. Khanmamedov, H.M.Masmaliev, A.R.Latifova

Abstract. We consider the one-dimensional Schrodinger equation with an additional complex
periodic potential. Using transformation operators, we obtain representations of solutions of this
equation with conditions at infinity. Estimates for the kernels of the transformation operators are
obtained.
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1. Introduction and main result

We consider the differential equation
—y" +p(@)y + q (x)y = Ky, (1)

00 ) 00
where p(z) = Y pne"™*, > |pn| < 0o and g(x) is a continuously differentiable function

n=1 n=1
with bounded support. When ¢(z) = 0, the unperturbed equation

—y" +p(z)y = Ky (2)

was first considered by M.G.Gasymov in [1],(see also [2]-[4]) which found sufficient condi-
tions for the solvability of the inverse problem. He showed that equation (2) has a Floquet
solution of the form

. 1 .
_ _ikx § : § : V. iox
fo (:I;7 k) —° (1 + n=1 n + Qk a=n nae ) ’

where the series
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converge. It was proved in [2], for any k with Imk > 0, the function fo(z,k) belongs

to Ly (0,+00) and the function fy(x, —k) belongs to Ly (—00,0). Moreover, the functions

fo(z, k) and fo(z, —k) are linearly independent, and their Wronslian is equal to 2ik.
This paper is devoted to the study of the solutions of (1) with asymptotic conditions

f+ (k) = fo(z,2k)[1+0(1)],2 — Fo0.

We shall derive the integral representation, which is usually called the Jost translation
representation between fi (z,k) and fy (z,4+k). The obtained results can be used to
study the spectral properties of the non-self-adjoint differential operator L, generated by
the differential expression I(y) = —y” + p(x)y + ¢(x)y in the space Ly (—o0,+00) .

The main result of the present paper is as follows.

Theorem 1.1. For any k # F5,n = 1,2,... from the complex plane, equation (1) has
solutions fi (x,k), which can be represented in the form

400
fi @, k) = fo (a, £k + / K* (1) fo (1, k) dt, (3)

where the kernels K*(x,t) are continuous functions and satisfy the following conditions:
+oo
I 1
K~ (z,t) = :|:§ q(t)dt. (4)

x

2. Proof of the theorem

Without loss of generality, we consider the case "+" and assume that z > 0. We shall
use the following notation

+oo
@ =y [ lala.

We first consider the following lemmas before turning to the proof of the theorem.

Lemma 2.1. If q(x) is a continuously differentiable function with bounded support, then
the integral equation

70 +00

+0oo
U= [a@ds+ [ [ pe—m-pErn+alc-n)UEndn )
o 0 &

has one and only one solution U (£y,n0). Furthermore, if ¢(x) =0 when x > a, then
U (&o,m0) = 0 when & > a. (6)
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Proof. Using the method of successive approximation, let

+oo

o o) = 5 [ a(©)d @
o
70 400
Un (50,770)://[p(ﬁ—n)—p(§+n)+q(€—n)] Un—1(&,m) dédn. (8)
0 &

Because the function ¢(x) with bounded support, there exists an a > 0 such that
q(x) =0 for x > a . By induction with respect to n, we have

Upn (€0,m0) =0 for & >a,n=0,1,2,... (9)
For any R > 0, suppose that 0 < 79 < R, 0 < & < +oo. By (7), we have

[Uo (€0, m0)| < o (60) -

Taking the notation

M = R p(E—n)—p(E+n)+q(E—n)

0<n<R

into account, we obtain
U1 (&0:m0)| < o (&) (Mmno) -
Using induction, by (8) we next prove that

U (60,0)] < & (60) - (M) (10)

Hence the series -
U(anUO) = ZUTL (5077]0) (].1)

n=0

is uniformly and absolutely convergent, so U (g, 1) is the solution of the integral equation
(5). From (10) and (11), it follows that

U (€0,m0)| < 0 (§0) exp (Mp) - (12)

This implies obviously the uniqueness of the solution to the equation (5). The assertion
(6) is justified by (9) and (11). O

Lemma 2.2. Suppose q(x) is a continuously differentiable function with bounded support.
Then the solution U (o, mo) of the integral equation (5) satisfies the following differential
equation
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U (€0,m0)

“otoom  TPE—m - pEtn)+a(€-mlU (&, m) =0 (13)
and N
U0 =5 [ ale)ds »
o

Proof. From (5) the differentiability of U (&y,n0) is evident. Differentiating equation (5)
directly, we get the equation (14). Putting no = 0 in (6), we get the result (14).

We now let & = 5%, nop = 5% and express the function K(z,t) = U (£,m0) as a
function of x,t. Then the function K (x,t) is twice continuously differentiable. Moreover,

from the two preceding lemmas we get the following lemma. O

Lemma 2.3. Suppose q(x) is a continuously differentiable function with bounded support.
Then the function K(xz,t) = (tﬂ” L “’”) satisfies both the differential equation

21 (2 K (x
PRED @)+ g @) K (@) = ZHED iy (o) (15)
and the condition
“+o00

Furthermore, if q(x) = 0 when x > a, then K(x,t) =0 when x +t > 2a.

Now the theorem can be proved. By differentiation from (1), we have

+oo
f—/i-(gcak):f(l)(ka)_K(xvx)fO(xak)+/Kx(x’t)fO(t7k)dtv (16)

" (x,k) = f (k) — %f (x,k) — K (z,2) f§ (x, k) -

—Ke (z,2) fo (z,k) + f K2, (z,t) fo (t, k) dt. (17)

From Lemma 2.3, it is easily seen that when t sufficiently large, K(z,t) = 0, so the
last terms of (3), (16),(17) are integrable. From

—fi (@, k) +p (2) fo (2, k) = K fo (2, k) (18)

and (3), we have

K fy (w,k) = K2 fo (o, k) + +fOOK (x,t)p(t) fo(t, k)dt—
too v (19)
TR @ g ke

42



Hence, integrating by parts, we obtain

400 +oo
f K (z,t) (,)/(tvk)dt:_K(x’$)f6($7k)_ f Kt{(li’t)f(/)(tvk)dt:

= K (x,2) fo (z,k) + K{ (z,2) fo (2. k) + [ K (z,t) fo(t, k) dt.

By virtue of (3) and (17)-(20),we have

_f-,i{ ($’k) —l—p(CC) I+ (x’k;) - k2f+ (x7k) =

+00

= [ [Kii (2,t) = K7, (,8) + K (2,1) (p(2) + q (2) —p (1)) fo (£, k) di+

x

+ 2258520 1 g (@) fo ().

From the lemma 3 and the last relation, fi(z,k), when KT (z,t) = K(x,t) satisfies
equation (1). Furthermore, by virtue of (12)-(18), it follows that fi (z, k) = fo(z, k) when
x sufficiently large. Hence, the fy(x, k) is a Jost solution. Thus, the proof of the theorem
is complete.
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