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Control Problem with Minimum Energy for Vibrations
of AN Elastic ROD

S.Y.Gasimov, J.V.Ahadzadeh, G.I.Aliyeva

Abstract. Vibrations of elastic rod with a constant cross section are studied assuming that the
rod has an axis of symmetry. Moreover, if it is affected by the distributed external loads, then the
small free vibrations are described by the fourth order partial differential equation with various
boundary conditions. The problem of controllability is solved using external forces, which play the
role of control parameter.

By the Fourier method, we restate the given optimal control problem in an infinite-dimensional
phase space. As a result, we obtain an optimal control problem in a functional space. Using the
given condition at the finite moment of time, we reduce this problem to the problem of moments.
This allows us to find the control parameter in analytical form.
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1. Introduction

1. Problem statement. Consider the following boundary value problem for the
equation of transverse vibrations of a rod [1]:

, 0t 9%u

a@+ﬁ:p(t,x),0<t<T,0<x<l, (1)

w(0, ) = po(x), u(0, ) = 1(x),0 <z <1, (2)

ult, 0) = 0,y (t, 0) = 0,0 < t < T, (3)

u(t, 1) = 0,uz,(t, 1) =0,0 < t < T, (4)

where ¢y € W3(0, 1), ¢1 € L2(0, 1) are the given functions, and the function p(¢, x) €

Ly(Q), Q={0<t<T, 0<z <1} isa control parameter subject to definition.
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Under the given conditions, every admissible control defines a unique generalized solu-
tion u(t, ) € Wy*(Q), which, for every function $(t, x) € W,?(Q) such that $(T, x) = 0,
$.(t, 0) =0 and $,(¢, 1) = 0, satisfies the integral identity [2], [3]:
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and the satisfaction of the condition u(0, ) = ¢o(x) is understood in the sense of

T

tgr& ; (u(0, ) — (x))"dx = 0.

The optimal control problem is to find a control parameter such that the corresponding
solution u(t, x) of the problem (1)-(4) satisfies the condition

u(T, x) = (z) (6)

and the functional o
= [ [ . opdsds (7)
o Jo

takes the smallest possible value.

2. Statement of problem in infinite-dimensional phase space

Consider in L2(0, 1) the orthonormal system of functions X, (z) = isin AT, N =
1, 2, ..., where A\, =7mn, n =1, 2, ... are the eigenvalues of the boundary value problem
X MX =0, 0<z<l1 (8)
a4 — z
daj4 ) )
X(0)=X"(0)=0, X(1)=X"(1)=0, (9)
and w? — 2)\n2§\in2)\n
5 = 2on—SlSAn

Then, we can seek for the solution of the boundary value problem (1)-(4) in the form
of Fourier series

oo 1
u(t, 1) = 3 tn(t) Xa(x), un(t) = / u(t, ) X (2)dz. (10)
n=1 0
Multiply both sides of the equation (1) by X,,(z) and then integrate over x from 0 to
I 1 aQy 1
a? S5 Xn(7)dx +/ u(t, =) X (x)dz+
o Ot 0
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+ (MXn(SL') — @Xn(m) + %Xn(w) —u- X, (l’)) = /0 p(t, ) X, (z)dx.

By (8) and the boundary conditions (3), (4) and (9), we have
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it (1) + @A () = pa(), (11)

where p,,(t)’s are the Fourier coefficients of the function p(t, x).
From the initial conditions (2) it follows that the equation (11) is solved with the initial
conditions

un(0) = @on, un(0) = p1p,n =1, 2, ... (12)

In view of the orthonormality of the system of functions X, (x), the functional (7)
becomes

o0 T
1= Y- Ll Lol = [ i (13)

So the problem is reduced to determining the control parameters p,(t) € t2(0, T),

n = 1, 2, ..., such that the corresponding solutions of the problem (11)-(12) satisfy the
conditions

Un(T) =p, n=1,2 .., (14)

and the functional (13) takes the smallest possible value, where ,,’s are the Fourier
coefficients of the function ¢ (x).

As the Fourier coefficients u,(t) are defined by (11)-(12) independently of each other,
it suffices to consider the minimization problem for the functional I,,[p,] for any n.

3. Applying the I-problem of moments. By Cauchy formula, the solution of the
equation (11) with the initial conditions (12) can be represented in the form [4]

t
Un (t) = pon cos a? A2t + Q1 sina? N2t + )\i / sinaX, (t — T)pn(7)dT. (15)
n Jo

1
a2
Then the condition (14) can be rewritten as

T
©on cos a’ N2 T + O1n sina?A2T + )\i / sina, (T — t)pp (t)dT = tp,.
n Jo

1
a?)\2T
Hence it follows that the control parameter satisfies the integral equation

a T
L / sinad, (T — Opn(t)dr = cn, (16)
n JO0
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where

Cn = Yn — Pon COS aQAiT — V1 Sin az/\%T.

1
a’ 2T

So the following statement is true:

Lemma. For the solution w,(t) of the problem (11)-(12) to satisfy the condition (14),
it is necessary and sufficient that the control p, () satisfies the moment relations (16) for
n=1,2, ...

To determine the optimal parameters of p,(t) in the space La(0, T), let’s consider the
one-dimensional space H,, of elements g, (t) defined by the formula [5]

Gn(t) = anen(t), en(t) = Ai sinal, (T — 1), (17)

n

where «,’s are real coefficients subject to definition.
By Levi’s theorem, every element p,(t) € L2(0, T') can be uniquely represented in the
following form [6]:
pn(t) = Qn(t) + gn(t)v Qn(t) € Hnygn(t)J—Hna

and
2 2 2
Pnllz,0,7) = llanllz,0,7) + N9l 200, 7) -

In the case under consideration,

T ac
< gnlt), ult) > = /0 on (O an()dt = ““" [ go(t) sinad(T — t)dt = 0,

)\n 0

and, consequently, the term g,(t) does not affect the solution of the equation (16).
Nonetheless, it has a non-zero norm.

So the following theorem is true:

Theorem 1. For the control p,(t) to satisfy the moment relations (16), it is necessary
and sufficient that these relations are satisfied by the projection g, (¢) of this control onto
the subspace H,,.

So, if the considered optimal control problem has a solution, then it belongs to Hj,

i.e. it can be represented as
pult) = a;ﬂ sin adn (t — T). (18)

n
To determine the unknown coefficients «,, we substitute (18) into (16):

T
)\in /0 % sin® arp (T — t)dt = cp.

Hence, after elementary transformations we get

B dep N3
~ a2aT\, —sin2aT )\,
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And, consequently,

acy, . dep N3
) = 29 G ad, (T — t) = n
Pa(t) N, Smaa( ) 24T\, — sin2aTA,

sina\, (T —t). (19)

The corresponding value of the functional I, is

T 213

8ci A
I, = 2 (t)dt = nn .
n /0 Pt = S oy asin2aTn,

By (13), we get

00 00 802 )\3
7] ; [Pn] Z 2a2T )\, — asin2aT ), (20)

n=1
Obviously, the series in (20) converges if the condition

o0

> Ipa] = AL < o0 (21)
n=1

holds, where the coefficients A,s are defined by (17).

So we have got the validity of the following theorem:

Theorem 2. Let the controlled process be described by the boundary value problem
(1)-(4), where the admissible controls are the arbitrary functions p = p(t, x) € L2(Q).
Also, let the condition (21) hold, where the coefficients A,, are defined by the formula
(17), and vy, @on, and @1, are the Fourier coefficients of the functions ¢ (x), wo(x), ¢1(z),
respectively. Then the control problem with minimum energy has a unique solution and
this solution can be represented in the form of (19), and the corresponding minimal value
of the functional (7) is calculated by (20).
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