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Abstract. As is known, qualitative analysis of the solutions of difference equations has a growing
interest in the last three decade. In thes qualitative analysis, Kneser’s Theorem has the large loca-
tion. In this work, we generalize discrete Kneser’s Theorem using generalized difference operators
A, = E—al and A, = E*— I where E is forward shift operator and [ is identity operator in order
to assist in qualitative analyzing of difference equations involving generalized difference operators
and give some new results. Also we give some examples to illustrate the results.
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1. Introduction

We know that just by observing, some precise and accurate results to produce for real-
life problems which depanding on time-variables or other parameters is not possible. The
only way it would be possible to use mathematics. By this way when modeling the real
life problems reveal difference equations or differential equations. The majority of these
equations are nonlinear equations. As is known there is no general method for obtaining
analytical solutions of nonlinear difference equations and differential equations. Therefore
trying to learn about the behavior (especially oscillation, stability, asymptotic behavior
etc.) of the solution is more important than to obtain its analytical solutions. Qualitative
analysis of the difference equations and differential equations has a growing interest in the
last thirty years. In particular, examination of the behavior of difference equations involv-
ing generalized difference operator has become one of the most attractive areas in the last
decade. For some examples see references [1, 2, 3, 4]. Kneser’s Theorem [11, 12] (discrete
or continuous) has great importance to obtain concerning results with the behavior of the
solutions of high order linear or nonlinear difference equations and differential equations
[4, 5, 6, 7, 8,9, 10]. Therefore, we generalize the Discrete Kneser’s Theorem in order
to assist in qualitative analyzing of difference equations involving generalized difference
operators.
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2. Main results

Lemma 2.1. Let a € R, up and vy, any two function defined on Z and define generalized
difference operator A, as Agyr = Yra1 — ayx. Then we have

Ag(ug.vg) = Vg1 Qgu + upAgug + (@ — D) ugvgy1

and A A
U V) Up — U v —ala — 1)ugv
A () = VEBath = Ukl ( )kk}vk#o.
Vk VEVE41
Proof. 1t is very easy to prove, therefore we omit it in here. O

Lemma 2.2. Let a € RY, u, and v, any two function defined on Z and define generalized
difference operator Ay as AgYn = Ynta — Yn- Then we have

Ay (Up.vp) = UntaDaltn + UnAguy

and A A
Aa(@) _ UnLqUn — Un aUn’ vn # 0.
Un UnUn+a
Proof. The proof is easy. Therefore we omit it in here. O

Lemma 2.3. Let a € Z and define generalized difference operator A, as in Lemma 2.2.
Then

n—a
S Awi=T+E 4t By (I E 4+ By,
=n1

where the operators E* and E~° are forward and backward shift operators respectively and
defined as E**y, = yp+s, s €N, and E' = E.

Proof. 1t is very easy to prove, therefore we omit it in here. O

Lemma 2.4. Let 1 < a € Zt, 1 < m < n—1 and z; be defined on Ny,. Define
Aozt = 2py1 — azp and AT = A (A™1). Then;

i. liminfg oo A™z > 0 implies that limy_,oo ALz, = 00,

i1, Hm supy_,oo AMzp < 0 implies that limy,_qo ALz, = —0o0.

Proof. (i) If liminfy_, o A"z, > 0 then we can find a sufficiently large k; € Ng, = {ko, ko+
1,...}, ko € N, such that A"z, > ¢ > 0 for all £ € Ni,. Summing up A’z from k; to
k — 1 we have

k—1 k—1 k—1
E Aznilzprl =a E Aglilzl + E A?Z[. (1)
l=k1 l=k1 I=k1
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Since ATz, = A" 1z —aA™ 1z > 0 and ATz > aA™ 2, from (1) we have

k-1 k-1

_ 1 _
Agl 1Zk Z(a)l > Z Aa 2141
I=k1 I=k1
k—1 k—1
=ad AT+ Y Ay
I=k1 =k
k—1
> aA" 2y, Z at + ek — k1)
I=k1
that is,
k k
a”—1 1 a® — 1
(a— 1)ak—1A? 2k > a-——Ag aw + ok — k1)
or 1 1
a —_—
Az > aPATT 4 o )k — k1) = o0
T dF

as k — oo. Hence it follows that limy_,,, A™ 12, = co. The rest of the proof can be made

by induction. The case (i7) can be made by the same way. O

Lemma 2.5. Let 1 < a € ZT, 1 < m < n—1 and z, be defined on Ny,. Define
Aoz = Zpta — 26 and AT = A (A™Y) Then;

i. liminfg oo A™z > 0 implies that limy,_,oo ALz, = 00,

i, limsupy,_, . ATz, < 0 implies that limy, oo Al zp = —o0.

Proof. (i) If liminfy_ oo A"z, > 0 then we can find a sufficiently large k; € Ny, such that
ATz, > ¢ > 0 for all k € Ng,. Summing up A’z from k; to k —a by Lemma 2.3 we have

k—a k—a
D ATz =Y Ad(AT Tz (2)
k}l kl

k—a

Threfore from (2) we can write
(AP NI +E o+ B > (AP (I + B+ + B Yy, +e(k — k1) — 00

as k — o0o. Hence it follows that limy,_, o A;”_lzk = 00. The rest of the proof can be made
by the mathematical induction way. The case (i) can be made by the same way. O
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Lemma 2.6. Leta € RT, 1 <m <n—1 and z be defined on R, = {0, a,2a,...}. Define
Aoz = Zpya — 26 and AT = A (A™Y) Then;

i. liminfy oo A™z > 0 implies that limy_,oo ALz, = 00,

i1, Hmsupy_,oo A™zp < 0 implies that limy,_qo A%z, = —o0.

Proof. liminfy_,oo Az > 0 implies that there exists a large k1 € R, such that Az, >
¢ > 0 for all k € Rg,. Summing up A"z, we have (from k; to k — a)

k—a k—a
D OATz =Y Au(AT Nz = (AP zka — (AT zak, > ok — k). (3)
i=k i=k1

Threfore from (3) we can write
(AFD)an = (AT Dzwy + ek — k) — 00

as k — oo. Hence it follows that limy_;oo A™ 12}, = co. The rest of the proof can be made
by the mathematical induction way. The case (i) can be made by the same way. O

Firstly we give the following generalized discrete Kneser’s Theorem by defining gener-
alized forward difference operator A, as Agzp = zk11 — a2.

Theorem 2.7. (First Generalized Discrete Kneser’s Theorem). Let 1 < a € R, z; be
defined on Ny, and z, > 0 with Alz, of not identically zero and constant sign on Ny,
.Hence, ezists an integer m, 0 < m < n with n+m even for A’z > 0 or odd for Al'z;, <0
and such that

(1) m > 1 implies that ALz, > 0, k.ENkO, 1<i<m-1,

(ii)ym < mn — 1 implies that (—1)" ALz, >0, k € Ny, m <i<n-—1.

Proof. We need to consider two cases:

Case 1. A"z, < 0 on Ny,. First of all, we will prove that A""!z; > 0 on Nj,. On
the contrary, suppose that we can find a k; > ko in Ny, such that A% !z, < 0. Since
Az = AV 21 —aA? 1z, <0 on Ny, we have A% 1z 1 < aAP 1z, < 0. Therefore
we can write

e AT s SaAT T gy S <@ TTAR 2 S @PALT 2, <0, (4)

s € N. Considering A" 1z is not identically constant, from (4) by Lemma 2.4 we find
limg 0o Al2zp = —oo0 and thus we have limy o 2 = —o0o which is a contradiction to
2z > 0. Hence, A" 'z, > 0 on Ny, and we can find a sufficiently small integer m such
that 0 <m < n —1 with n + m odd and

(=)™ Az, > 00n Ny, m<i<n-—l1. (5)

Now let m > 1 and
A" < 0on Nko (6)

a
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then again from Lemma 2.4 it follows that

Ay

22, >0 on N, - (7)
From inequalities (5)-(7), we have
(—1)(m72)+iAézk > 0 on Nko, m—-—2<i<n-—1

which is a contradiction to the defination of m. Therefore, (6) fails and AT~ !z, > 0 on
Ny,. Considering (4) and (6), thus we have limy_,o, A™ 12 > 0. If m > 2, we obtain from
Lemma 2.4 that limg_,oo Alzp = 00, 1 < i < m — 1. Hence, Al z, > 0 for all sufficiently
large k € N, 1 <7 <m — 1.

Case 2.A}z; > 0 on Ny,. Assume that there exists a k3 € Ny, such that Ag_lzkg >0,
then since Agflzkﬂ > aAZflzk and not identically constant, there exists a ks € Ny,
such that A% 1z, > 0 for all k € Np,. Hence, limg_, A1z > 0 and from Lemma 2.4
limy 00 ALz, = 00, 1 < i < n—2 and therefore A%z, > 0 for all sufficiently large & in Ny,
1 <i < n— 1. The proof of theorem is completed for m = n. In the case of A 1z, <0
for all £ € Nj,, we obtain from Lemma 2.4 that A2z, > 0 for all k € N,. The rest of
the proof can be made by the same way in Case 1. O

Theorem 2.8. Let z;, > 0(< 0) be defined on Ny,, a € R™ and Al'zy is not identically
zero and with constant sign on Ny,. Then

Alz, >0(<0), 0<i<n.

Proof. Assume that z > 0 on Ny, for k1 > ko , without loss of generality (When 2, < 0
can be proved in similar manner). Now, we will prove that Aflzk >0on N, 1<i<n
(one can prove by the similar way to the case of ALz, < 0 on N, 1 <i < n).We assume
the contrary, then we can find a k1 > ko in N, and any i, 1 < i < n, such that A%z, >0
but Atz <0 on Ni,. Then we have

Al zp Atz < —c <0, c € R, (8)
on Ng,. Summing up (8) from k; to k — 1 we obtain

k—1
D AL ANy < —c(k — k). (9)
=k

Get ALz = u; > 0 and AbTlz = Ay < 0. By Lemma 2.1 we have

k—1 k—1 k—1 k—1
Z uZAaul = Z Aa(ul.ul) - Z ul_HAaul - Z(a - 1)ulul+1 (10)
I=ky I=k1 I=ky I=ky
k—1
= Up_1Ug—1 — QUK Vg, + (1 —a) Z Up 1 U1
I=k;
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k—1

k—1
— Z U1 Aquy — Z(a — Dwjug4q

I=k1 I=k1
k—1
2 2
= up_q — auy, + g w1 (up — aupyy).
1=k,

From (9) and (10) we obtain

k—1 k—1

2 2
E wDAguy = up_y — auy, + g w1 (w — aup1) < —c(k — k)
I=ky 1=k

which contradicts with the fact that uj_, — au + Zf:_kll (wue1 — au,,) > 0. So, our
assumption Alflz, < 0 fails and A1z, > 0 on Ny,. Hence we reach A%z, > 0 on Ni,,
0 <i < n. Proof is complete.

Also the proof can be made by mathematical induction method. Since a < 0, Ayzp =
Zpr1 —azp > 0 on Ny, for i = 1, A2z, = Ag(Agzk) = Agzir1 — algzp > 0 on Ny, for
i = 2, and so continued we obtain A%z, > 0 on Ny, for i = n. ]

Secondly we give generalized the following discrete Kneser’s Theorems by defining
generalized forward difference operator A, as Agzip = 2k1q — 2k-

Theorem 2.9. (Second Generalized Discrete Kneser’s Theorem). Let a € Z*, 2, > 0 be
defined on Ny,, and A7z is not identically zero and with constant sign on Ny, . Then,
exists an integer m, 0 < m < n with n+m odd for Al'z;, <0 or n+m even for Az, >0
and such that

(i) m > 1 implies that Atz >0, k € Ny, 1 <i<m—1,

(ii)m < n — 1 implies that (—1)™ ALz, >0, k€ Ny, m <i<n-—1.

Proof. We need to consider two cases:

Case 1. Az, < 0 on Ny,. First of all, we will prove that A1z > 0 on N -
On the contrary, suppose that we can find a k1 > kg in Ny, such that Ag_lzkl < 0.
Since ATz, = A1z, < Al lz, <0, that is, AP !z is decreasing and not identically
constant on Ny, wecan find a ko € Ny, such that A=tz < Ag_lzkz < Ag_lzkl for
all k € Ni,. But by the Lemma 2.5 we see that limy_, Aflzk = —oo and thus we have
limg_,0 2x = —00 which is a contradiction to z; > 0. Hence, A? "'z, > 0 on Ny, and there
exists a smallest integer m such that 0 <m <n — 1 with n +m odd and

(=)™ ALz, > 00n Ny, m<i<n-—1. (11)

Now let m > 1 and
A" < 0on Nkq (12)

a

then again from Lemma 2.5 it follows that

AT 22, > 0 on N,. (13)

a
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From inequalities (11)-(13), we have
(_1)(m_2)+iAézk >0 on Nko, m-2<i<n-1

which is a contradiction to the defination of m. Therefore, (12) fails and A™ 1z, > 0 on
Np,. From (12), A1z is increasing and limg_,oo A7 12 > 0. If m > 2, we obtain from
Lemma 2.5 that limg oo A2y = 00, 1 < i < m — 1. Hence, A%z, > 0 for all sufficiently
large k € N, 1 <7 <m— 1.

Case 2.A}z; > 0 on Ny,. Assume that there exists a k3 € Ny, such that Agilsz >0,
then since A1z, > aA? 1z, and not identically constant, there exists some ky € Ny,
such that A% 1z, > 0 for all & € Ny,. Thus, limg_ o A" 12, > 0 and from Lemma 5
limg 00 Al 2z = 00, 1 < i < n—2 and hence Az, > 0 for all large k in Ny, 1 <i<n-—-1.
The proof of theorem is completed for m = n. In the case A1z, < 0 for all k € Ny, we
find from Lemma 2.5 that A2z, > 0 for all k € Np,. The rest of the proof can be made
by the same way in Case 1. ]

Theorem 2.10. Let a € RT, 2z, > 0 be defined on Ry, and Az, is not identically zero
and with constant sign on Ry, . Then, exists an integer m, 0 < m < n with n +m
odd for ALz < 0 or n+ m even for ALz, > 0 and such that m < n — 1 implies that
(=)™ ALz, > 0, k € Ry, m < i < n—1, m > 1 implies that ALz, > 0, k € Ry,,
1<:<m—1.

Proof. We need to consider two cases:

Case 1. Allz;, < 0 on Ry,. First of all, we will prove that A1z > 0 on Ry, On
the contrary, suppose that we can find a k1 > ko in Ry, such that Ag_lzkl < 0 on Ryg,.
Since ATz, = A1z, < A1z, <0, that is, A?!z is decreasing and not identically
constant on Ry, there exists ko € Ry, such that Al < AZ‘I% < Ag_lzkl for
all k € Ry,. But by the Lemma 2.6 we obtain limg_,,, A%z, = —oo and thus we have
limy_, o 2 = —oo which is a contradiction to z; > 0. Hence, Ag_lzk > 0 on Ry, and there
exists a smallest integer m, 0 < m <n — 1 with n +m odd and

(—1)™ ALz >00n Ry, m<i<n-—1. (14)

Next let m > 1 and

Azn—lzk < 0 on Ryg,, (15)

then again from Lemma 2.6 it follows that

A2z > 0 on Ry,. (16)

a
From inequalities (14)-(16), we have
(—1)(m_2)+iA2zk >0on Ry, m—2<i<n-1

which is a contradiction to the defination of m. Therefore, (15) fails and A™ 1z, > 0 on
Ry,. From (15), A1z is increasing and limy_ oo AT 712 > 0. If m > 2, we obtain from

61



Lemma 2.6 that limy o0 ALz = 00 1 < i < m — 1. Hence, Alz, > 0 for all sufficiently
large k € Ry, 1 <i<m —1.

Case 2.A”z; > 0 on Ry,. Let k3 € Ry, be such that A" 7!z > 0, then since
Agflzkﬂ > aAZ*Izk and not identically constant, there exists some ks € Ry, such
that A? "1z, > 0 for all K € Ry,. Thus, limy o A" !2; > 0 and from Lemma 2.6
limy oo ALzg = 00, 1 <i <n—2and so Alz > 0 for all large k in Ry, 1 <i<n—1.
The proof of theorem is completed for m = n. In the case of A1z, < 0 for all k € Ry,
we obtain from Lemma 2.6 that A2z, > 0 for all k € Ry,. The rest of the proof can be
made by the same way in Case 1. O

Following examples (1 — 4) are for the operator A, = E — al where a € N, examples
(5 — 7) are for the operator A, = E* — I where a € N and examples (8,9) are for the
operator A, = E* — I where a € R:

Example 2.11. Let a = 3. Consider the function z, = % —k? > 0. 2, be defined
on Na, and Az, is not identically zero and with constant sign on Na. Hence all the
conditions of theorem 2.7 are satisfied. Really for m = 3, Agzp > 0, A2z, > 0, and
(-1)*3Alz, >0, m=3<i<n-—1.

Example 2.12. Let a = 2. Consider the functions zp = k > 0 or z, = % >0, ke N.
Then (—1)'Alz; > 0 for large k € N, 0 <i <n — 1. Hence all the conditions of Theorem
2.7 are satisfied.

Example 2.13. Let 1 < a < e. Consider the function z, = e¥. Alz. >0 for all k € N,
0 <i<n. Really Mgz, = Age? = eFT! —aeb = ekf(e —a) > 0, A2k = (e —a)?eb >0, ...,
Alel = (e —a)ieF > 0.

Example 2.14. Let a < 0. Consider the function z, = k*k € N. Then Agz, = AJk? =
(k+1)2 — (=3)k? = 4k® + 2k +1 > 0, A2k? = A (4k? + 2k + 1) = 16k* + 16k + 6 > 0,
oy AVK? >0, 1< i <n. Hence all the conditions of Theorem 2.8 are satisfied.

Example 2.15. Let a = 2. Consider the function z, = k3 — % >0, ke Z". ATz is not
identically zero and with constant sign on Z" . Then, exists an integer m, 0 < m < n
with n +m odd for Az, < 0 and such that m < n — 1 implies that (—1)" Al 2z, > 0,
ke Zt, m<i<n-—1,m>1 implies that Alz, >0, k€ ZT, 1 <i <m — 1. Really for
m=3, Mgz, >0, A2z, >0, A3z, >0, and (—1)73Alz, >0, m=3<i<n-—1. Hence
all the conditions of Theorem 2.9 are satisfied.

Example 2.16. Let a = 3. Consider the function z, = k> + % >0, ke Z". Az is not
identically zero and with constant sign on Z" . Then, exists an integer m, 0 < m < n with
n+m even for Az, > 0 and such that m < n—1 implies that (—1)" Al z, >0, k € ZT,
m<i<n-—1,m>1 implies that ALz, >0, k€ Z*, 1 <i<m—1. Really for m = 4,
Agzi > 0, Agzk > 0, Agzk > 0, Aizk > 0 and (—1)i+4Agzk >0,m=4<1:<n-—1.
Hence all the conditions of Theorem 2.9 are satisfied.
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Example 2.17. Let a = 4. Consider the function z, = 28, k € Z*. m > 1 implies
Atz >0 for all large k € Z+, 1 = m < i < n. Hence all the conditions of theorem 2.9
are satisfied.

Example 2.18. Let a = 2v/2. Consider the function z, = k* + %, ke RY. 2z >0 is
not identically zero and with Az, of constant sign on R™ . Hence all the conditions of
theorem 2.10 are satisfied. Really for m =5, Agzi, > 0, A2z, >0, Adz, >0, Adzp >0,
Adz, >0 and (—1)7PAlz, >0, m=5<i<n-—1.

Example 2.19. Let a = %. Consider the function z, = 3%, k € RY. m > 1 implies
Atz >0 for all large k € RT, 1 =m < i < n. Hence all the conditions of theorem 2.10
are satisfied.
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