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Abstract. Existence and uniqueness of (w,c¢)—periodic solution of boundary value problem for
a nonlinear system of ordinary differential equations with the quadrate of Gerasimov—Caputo
operator, impulsive effects and maxima are studied. Problem is reduced to solvability of the
complex system of nonlinear functional integral equations. The method of contracted mapping
is used in the proof of one-valued solvability of nonlinear functional integral equations. Some
estimates are obtained for the (w, ¢)—periodic solution of the problem.
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1. Introduction

The dynamics of evolving processes sometimes undergoes abrupt changes. Often such
short-term perturbations are interpreted as impulses. That is, we actually have the dy-
namic systems with impulsive actions. So, we have to consider differential equations,
the solutions of which are functions with first kind discontinuities at times. Impul-
sive differential and integro-differential equations have applications in biological, chem-
ical and physical sciences, ecology, biotechnology, industrial robotic, pharmacokinet-
ics, optimal control, etc. [1, 2, 3, 4, 5]. In particular, some problems with impul-
sive effects appear in biophysics at micro- and nano-scales [6, 7, 8, 9, 10]. A lot of
publications of studying on differential equations with impulsive effects are appearing
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

Fractional calculus plays an important role in the mathematical modeling of many
problems in scientific and engineering disciplines [25, 26, 27, 28]. In the works [29, 30, 31,
32, 33, 34, 35, 36, 37], the problems of applying of the fractional calculations to the theory
of differential equations are considered. In the works [38, 39, 40|, the periodic solutions
of impulsive differential equations are studied. We note that the theory of (w, ¢)—periodic
differential systems are important part of the theory of differential equations. Therefore,

http://journalcam.com 65 © 2011 JCAM Al rights reserved.



this direction is rapidly developing. A large number of papers are published in this field
in serious scientific journals (see, for examples, the works [41, 42, 43], where are studied
the problems of unique existence of the (w, c)—periodic solution for impulsive differential
equations.

In our present paper on the interval = [0, w] \ {tl} for i =1,2,...,p we consider the
questions of existence and uniqueness of the (w, ¢)—periodic solutions of the nonlinear sys-
tem of impulsive differential equations with the quadrate of Gerasimov—Caputo operator
and maxima

Dy x(t) = f (¢, 2(t), max {a(7) |7 € [t = h,1]}), (1)

where 0 < h = const is delay.
The equation (1) we study with (w, c¢)—periodic conditions

z(w) = c-x(0), (2)
cDgyr(w) = ¢-¢ Dgy(0) (3)
and nonlinear impulsive conditions
z(tf)—z(t;7)=F(z(t;), i=12,..,p, (4)
cDga (t7) —c Dy (t7) = G (z (t:)),  i=1,2,...,p, (5)

where ¢ D} is the Gerasimov—Caputo a-order fractional derivative for a function z(t) and
defined by

t
1 "(s)d
eDGa(t) = Ik (t) = Ik ()ds " ¢ (0,w),
0

[8a(t) = F(la) /(t ) a(s)ds, 0<a<l,
0

I'(a) is the Gamma-function, 0 = t) < t; < ... < tp < tpy1 = w, x € X, X is the
closed bounded domain in the space R, f € R", x (tf) = limax(t+v), (tl_) =

v—0t
lim z (t; —v).
v—0—
We note that this paper is further development of the work [44] to the case of quadrate

of fractional operator. In addition, we note that the works [38, 39, 40] are not particular
cases of the present paper. Because in our work we assume that ¢ # 1.

By C ([0,w],R™) is denoted the Banach space, which consists continuous vector func-
tions z(t), defined on the segment [0, w], with the norm

20l = || 32 g 250

=
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By PC (]0,w],R"™) is denoted the linear vector space
PC ([0,w],R") = {x L [0,0] = R™ 2(t) € C (i, tipa] ,RY), i =1, ...,p},

where x (tf) and x (tz_) (i =0,1,...,p) exist and are bounded; x (t;) =z (t;). Note, that
the linear vector space PC ([0,w], R™) is Banach space with the norm

|2 lpe = max {2(t) log, g,y » = 15200}

We use also the vector space BD ([0, w], R™), which is Banach space with the following
norm

lz®) lpp = @) lpc + k- [[2' ) || pe -

where 0 < h = const is delay given by equation (1).
Formulation of problem. To find the (w,c)—periodic function z(t) € BD ([0,w],R™),
which for all t € Q satisfies the system of differential equations (1) for 0 < o < 1,
(w, ¢)—periodic conditions (2), (3) and fort =1¢;, i =1,2,...,p, 0<t1 <ta < ..<t,<w
satisfies the nonlinear impulsive conditions (4), (5).

2. Reduction to functional integral equation

Let the function z(t) € BD ([0,w],R") is a solution of the (w,c)—periodic boundary
value problem (1)—(5). Then, by virtue of fractional operators, after integration on the
intervals (0,¢1], (t1,t2], ..., (tp,tpy1] we have:

_ / /
IooifchOatl [D(]atlx(t)] = 100;51]01&& [‘Doatlx(t)] = Ioltl [D(;ltlx(t)} =

t1

— [ [D51,2()]'ds = Dft, alt7) - Diiya(0"), )
0
I3, F (t20.0(0) = oo [0 =977 (s.05). () s, g
0
o / (t2 = )% f (5,2(5),(5)) ds = D, (e ) — Dia(e]), ®)
/ =) (5.2(5),(3)) ds = Dy, 2t50) = D). (0)

where f (¢, z(t), y(t)) = f(t,x(t),max {x(7)|T € [t — h,t]}).
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From the formulas (6)~(9) and D} #(07) = Dg, x(0), DS,  @(t, 1) = DS . =(1),
on the interval (0, w] we have

/ )L f (s,2(s), y(s)) ds = —cDg, 2(0) — [eDf (£) —c Do (1)] —
0

—[eDigiw (t3) —c Dfya (t2)] — - [CDtptpH (ty) —cDf_p,x(t )} +c Dy, y, (1)

Taking into account the impulsive condition (5) in the last equality, we obtain
. ¢
eDgalt) =¢ Dia0)+ 30 Gilw ) + o [ (=9 F (sale).(s)) ds. - (10)
0<t; <t 0

Hence, we have

cDGx(w) =¢ Dgix(0) + Z Gi (z (t; Y4 f (s, 2(s),y(s)) ds.  (11)

0<t; <w

o\

Let the function z(t) € BD ([0,w],R™) in (10), satisfies the boundary value condition (3).
Then from (11) we have

w

DGel0) = =5 3 Gilal@)+ e 0/ (=5 f (s,a(s),yls)) ds. (12)

By virtue of (12), from (10) we obtain the functional differential equation

cDg-;x(t):% S G+ Y G t)+

0<t;<w 0<t;<t
c—l /w—sa Lt (s,2(s), max {x(7) |7 € [s — h, 5] }) ds+
0
/ )7L f (s, 2(s), max {2(7) | € [s — h,s]})ds. (13)
0

Repeating the process above and using conditions (2) and (4), from (13) we arrive at
the following system of functional integral equations

=—— Y E@t)+ Y Fd)+

c—1
0<t;<w o<t;<t
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t
1 t
+ — > G / Gy (z (t;)) ds+
(e~ Dl(e) 0<t;<w 0 0<t <s
+(c—1 Z Gi( c—l / Gi (@ (t:)) ds+
0<ti<w 0 0<t <s

(w—0)“"1f(0,2(0), max {x(7)|r € [# — h,0]}) ddds+

(s — G)O‘_If (0,x(0), max {x(7)|T € [0 — h,0]}) dOds+

Z
/

0
(t— 5)* L /(w )1 £ (0, 2(0), max {w(r) |7 € [0 — h,0]}) dOds+
0

/t—so‘ 1/ ) (0, 2(0), max {x(7) |7 € [0 — h,0]}) dbds.  (14)
0 0

Lemma 2.1. The following equalities are true:

/ _ gyl SS_ a—1 S_PQ(Q) / _ p\2a—1
O/ (t ) 0/ (5= 0)°~" F(O)dos = 1 O/ (-0 f)m, ()

S

/ (w— 5> / (s — 0)°~£(0)dbds — ? (éai / (w — 0)2=1£(0)do. (16)
0

0 0

Proof. The left-hand side of (15) we rewrite as

t s t t
O/(t—s)al/ —0)*"1f(0) deds:o/f e/t—sal —0)* tdsdg.  (17)

It is easy to calculate the internal integral on the right-hand side of (17):

1

/(t —5) (s —0)*lds = (t — h)2 ! /7’0‘_1(1 — 1) ldr = Ba, o) (t — 0)2*L. (18)
[4

0

Taking (18) and B(a, a) = % into account, from (17) we obtain (15). The proof of
(16) is similar. The Lemma 2.1 is proved. O
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Lemma 2.2. The following equalities are true:

O/ttsa 10/w )1 (6) dGals:t:O/w(w—0)"‘_115(0)6197 (19)
O/W_Salo/ —0)*1£(0) deds_‘“;o/ 0)°=1 £(6)db. (20)

Proof. The left-hand side of (19) we rewrite as:

O/t(tsalo/w 0)>~1£(0)dbds Oj aldsZ 0)*"Lf(0)do. (21

We calculate the first integral on the right-hand side of (21):

/t(t —5) lds = —L —s)°
) «

By virtue of (22), from (21) we obtain (19). The proof of (20) is similar. The Lemma 2.2
is proved. O

s=t
e
= (22)

(%

s=0

Applying the Lemmas 2.1 and 2.2, from (14) we obtain

Y F@t)+ > Fi(z(t)+

0<t;<w o<t; <t

xz(t) = J(t; ) =

c—1

) Y Gila () + / Ki(ts) Y Gia (1)) ds+
0

0<t;<w 0<t;<s

+ / Ks(t,s)f (s,z(s), max {z(7)|r € [s — h,s|})ds, (23)
0

where

_o\a—1
(c— 1)t* + w® W= <5< w,

X(t) = —F—or e Kilt,s) = { (e-Ll(e) o
—T (=s) 1| (w=s)°
Oé(c ) (O[) F(Oz) + (C I)F(a)’ 0 < s < t

w—s)2o1 w4 (c—1)t™ a—
Ko(t _ ((C 1))1—‘(201) ale— 1()2F2)( )(w - 5) 1, t<s< w,
2( ,S) - (t s) (w 5)2 -1 a+(C*l)to‘ a1 0 < ;
T@a) 1 (e Dr@a) T alc-1)?T2() (w—s)"", 0<s<t.
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Lemma 2.3. For the equation (23) is true the following estimate

1+ |c—1| M 14 |c—1]%w®

J(t; < M-
H ( ’x) HPC > Map |C— 1| 3D Oé(C— 1)2F(Oz)

+

ale —12T%(a) + ale — 1| T%(a) +2T(2a) o, (24)
w
2a2|c — 112T2(a) T'(2a) ’

where My = || f||, Mz = max || F;||, Ms= max [ G;].
1<i<p 1<i<p

+M;

Proof. From the equation (23) we obtain

1+ |c—1]
| J(t; ) HPCSW RN+
0<t;<w

w

o1+ [ misas] 364171 [ K <
0

0 0<t;<w
1+ e—1 1+ |c— 1/]2w®
-1 2 A e ey 2 il
ale —12T%(a) + ale — 1| I?(a) 4+ 2T (20
ol =1PT) +ale ~1IT2(@) +20Ca) 4, -
202|c — 12T () T'(2cv)
From the estimate (25) follows (24). Lemma 2.3 is proved. O

Lemma 2.4. Let the following conditions to be met: there exist constants P;, Q;, 1 =
1,2,3, such that

1) f @ z@),y(0) || < Puffzt) || + Q1 < oo
2). 1H<1?<>§)H Fi(z(t:)) || < P» max [z(t) || + Q2 < oo

. na i i < ma: ; .
3) @%H Gi((ta)) | < Ps max lz(t:) || + Qs < 0o
Then the following estimate is true

I

le®) llpe < 17— (26)
where ) . . LPuo
p=r | S e e |
L0, ale — 12 1;2(20'2 J_r i;ﬂ(l{l)rligl;r 2 F(Qa)wm’
v=p R Jié'fiﬁﬂfiﬂ ’

ale — 12T%(a) + ale — 1| T%(a) +2T(2a) o,
w
2a2|c — 1]2T2(a) T'(2)
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Proof. Similar to the proof of the Lemma 2.3 above, we obtain

1+lec—1
172 lpe < 21 S g+

max + K 1;

1+ |c—1]
e =1

S G+ 111 / Kot )ds <
0<t;<w 0

[1+ Je — 12"

P alc—1)T(«a)

ale = 12T2%(a) + alc — 1| T?(« 2T (2«
| | 2a(2|c)f1]|2F2(<)‘z)PE2i)+ ( )w2a[P1 [z() || + Q1] <

Py max | x(t:) || + Qo

P .
s P (6 1+ Q] +

max || z(t;) || +

1+e—1] 14 ]c—1]%w®
<
=P |:P2 F 1<i<p

lc—1] *a(c—1)2T ()
ale = 12T%(a) + ale — 1|T%(a) +2T(2a) o, 1) [+
w ||

2a2|c — 112T2(a) T'(2a)

1+ |c—1] 1+ |c— 12w °‘+

e =1 a(c—1)*I'(a)

ale — 12T%(a) + ale — 1| T%(a) +2T(2a) ,
2a2|c — 1]2T2(a) T'(2)

From (27) we derive the estimate (26). The Lemma 2.4 is proved. O

+P

+p Q2

+pQ3

+Q1

(27)

Lemma 2.5 ([33]). For the difference of two functions with mazima there holds the fol-
lowing estimate

||max {z(7)|T € [t — h,t]} —max {y(7)|T € [t — h,t]} || <

< lla(0) = (o) 1+ 20| 5 ote) = )

)

where 0 < h = const.

3. Main result

Theorem 3.1. Let f: Q@ xR" xR"™ — R" be a continuous function and f(t+w,cx,cy) =
cf(t,z,y). Assume that there exist positive quantities My, Mo, M3, Ly, Lo;, Ls; such that
for all t € Q are fulfilled the following conditions:

1. For the positive integer p, there hold F; = Fiyp, G; = Giyp, tiyp =1t; +w;

2. [ f @ x(t), y(t) || < My < oo

I max | £5 (2(t:)) || < M2 < oo, max | Gi (z(t:)) [| < M5 < o0;

Hf(t w1, y1) — f(txo,ye) | < Lol — a2 ||+ [[yr — w2l ]
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5. || Fi(t, 1) — Fi (t,@2) [| < Lai || w1 — 22 |5
6. [|Gi(t,x1) = Gi(t,2) || < Lsil| 21 — 22 [|;
7. The radius of the inscribed ball in X is greater than

1+lc—1] M 14 |c—1[%w®

c—1| P (e —1)2T(a) T

ale —12T%(a) + ale — 1| T%(a) + 2F(2a)w2""
2a2|c — 11212 (a) I'(2a) ’
8. p <1, where p= 1 + hPB2 and B, P2 are defined from (31) and (35) below.
Then the problem (1)—(5) has a unique (w, c)—periodic solution for all t € Q.

+My

Proof. The theorem we proof by the method of contacting mapping. According to the
theorem condition, we have

fE+w,z(t+w),yt+w)) = flt+w, cx(t), cy(t)) =cf(t,z(t),y(t)).

We differentiate (23):

() =J(t2) =X (t) Z )+ /K Gi (x (t;)) ds+
0<t;<w 0 0<t1<s
4 / Kb(t,5) (s, 2(s), max {a(r) |r € [s — b, s]}) ds, (28)
0
where
' ol K (s 0, t<s<uw,
GRS N ES R

ta—l

ﬁ(w—s)a_l, t<3§w,
Ké(t, s) = { E2a£)lp)(zgf)s)2"_2 to—1
T'(2a) (c—1)I"2(a)

(w—98)1 0<s<t

For the difference of two operators in (23), we have estimate

9ti) = Sl < T ST A G (6) — B (e) |+
=1

plrles 1’ QZH Gty () ||+

ac—

ale — 1|2F2(a) +ale—1|T%(a) +2T(2a) 2,
w
2a2|c — 1]2T2(a) T'(2ax)

X[ f (¢ (t), max {x(7) |7 € [t = h, ] }) — f (,y(t), max {y(7) |7 € [t = h,t]}) ||
73




Hence, using conditions of the theorem, we have

1+ le—1 &
[J(t;2) = J(& )] < WZL%IIHS(E) —y(t) |+
=1

[1+ Je — 1[JPw®
T alc— 1) (a ZL&H”C y(ta) |+

ale —12T%(a) + ale — 1| T%(a) +2T(2a) ,
w
2a2lc — 11212 (a) T'(2a)

(67

+L4

x[l2() = y(®) | + | max {x(7) |7 € [t — h, ]} — max {y(7) |7 € [t = h,t]} ] ].

By virtue of estimate given in the Lemma 2.5, from (29) we obtain that

1+ le—1 &
[J(t;2) = J(& )] < WZL%IIHS(E) —y(t) |+
=1

1 +|C 1\2 RN
+ ZL& Iz () —y ) ||+

Oé

ale —1)? F2(a) +ale —1|T?(a) +2T(20)
2a2]c — 112T2%(a) T'(2c) “
<[Nz@) =y +n |[2' @) =o' @) ||] < Bullz@) —y@) || +7h [|2'(t) -y ()

where

+214

@

Clte—1 ¢ 1+\c 2w &
= L L

oz|c—1]2f‘2(a) +a|c—1]I‘2(a) —|—2F(2a) %
w
a2lc — 12T2%(a) T'(2a) ’

ale —12T%(a) + alec — 1| T%(a) + 2F(2a)w2
a?le — 12 T2 (a) T'(2a)

From (31) and (32) clear that $; > ;. So, the estimate (30) one can rewrite as
17(t:2) = Tyl pe < Bullle(t) —y®) pe + 1 [| ') =5/ () || p. |-

Now for the difference of two operators in (28), similarly, we have estimate

+L

[0}

v =1L

w1 p
|72 = T < (- gpey 2o Laslle ) —w (@) 1+
i=1

ale =1|T%(a) + P(2a) 5, 4
ale —1)T?%(a) T'(2a)

74

+2L4




<[Nla() —y@) | +h||2'(t) =y O ||| < Ballz(t) —y@) | + 2k |2'() =y @) ||, (34)
where »
_ weL ' ale —1|T%(a) + T(2a) 9,y
B2 = 1) ;L?’Z”Ll ale— 12T 2a) ¥ (35)
o 0= 1T*e) + T(20) 564

2= 2 T R () T 2a) @ (36)

From (35) and (36) clear that 2 > 2. So, the estimate (34) one can rewrite as
17(t:2") = Tt | pe < Bo[ll2) =y llpo + 1 2@ =y ®) [ pc]. 37)

We multiply both sides of (37) to h term by term. Then, adding the estimates (33) and
(37) term by term, we obtain that

17t 2) = (&) lpp < p- l2(t) —y(@) I sp (38)

where p = 81 + hfs.

According to the last condition of the theorem p < 1, so right-hand side of (23) as
an operator is contraction mapping. From the estimates (24), (26) and (38) implies that
there exists a unique fixed point z(t), satisfying equation (1), (w,c)—periodic conditions
(2), (3) and impulsive conditions (4), (5). The theorem is proved. O

4. Conclusion

The theory of differential equations plays an important role in solving applied prob-
lems of sciences and technology. Especially, periodic and almost periodic boundary value
problems for differential equations with impulsive actions have many applications in math-
ematical physics, mechanics and technology, in particular in nanotechnology.

In this paper, we investigated the questions of (w, ¢c)—periodic solvability of the system
of impulsive differential equations (1) with the quadrate of Gerasimov—Caputo operator,
(w, ¢)—periodic boundary value conditions (2), (3) and impulsive conditions (4), (5) for
t=t;,1=12,...,p,0 <ty <ty <---<t, <T. The nonlinear right-hand side of this
equation consists the construction of maxima. The questions of existence and uniqueness
of the (w, ¢)—periodic solution of the problem (1)—(5) are studied. The problem we reduce
to the (w, c)—periodic solvability of the system of nonlinear functional integral equations
(23). The estimates (24) and (26) are obtained for (w, ¢)—periodic solutions of the problem
(1)-(5):

The results obtained in this work will allow us in the future to investigate another
kind of (w, ¢)—periodic problems for the equations of mathematical physics with impulsive
actions. We hope that our work will stimulate the study of various kind of (w, ¢)—periodic
direct and inverse boundary value problems for impulsive ordinary and partial differential
and integro-differential equations and results of investigations find the applications in
mechanics, technology and in nanotechnology.
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