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Abstract. In the paper it is proved existence and unigeness of the fundamental solution of Cauchy
and Gourset problem with measurable and bounded coefficients for one type of hyperbolic equation
of second order and integral representation of the considered problem was found by using it.
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1. Introduction

In this paper, for a second order, hyperbolic equation we study a problem stated on
lines consisting of finitely many characteristic and non-characteristic pieces. Thus problem
includes both the Cauchy problem and the Goursat problem, as a special case for a second
order hyperbolic equation.

Under very weak constraints as boundedness and summability on the coefficients for
this problem, we introduce the notion of 6 fundamental solution that in a natural way
generalizes the notion of the Riemann function to the case of second-order hyperbolic
equations with nonsmooth coefficients and allows to find integral representation of the
solution of an inhomogeneous problem. The concept of a # fundamental solution was first
introduced in the general case in [1] by S.S.Akhiyev. Furthermore, be have found sufficient
conditions under which this problem is everywhere well-defined solvable together with its
coujugated system and there exists a unique # fundamental solution. This problem includes
as a particular case the Cauchu problem and the Goursat problem [2,3].

2. Problem statement

On a rectangular G = G1 x G2, G1 = (x9,21), G2 = (yo,y1) of the plane X0Y we
consider a continuous line I' located on G, connecting the points (zg,%1) and (x1,0) , and
satisfying the following conditions: with all the straight lines of the form x = a = const
and y = 8 = const (a €Gy, B¢ ég) the line I' has a single point of intersection with
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the possible exception of finitely many lines x = ag, k = 1,2,..., Ny and y = B, k =
1,2,..., N, (ozk € Gy, B € éQ) , with which I' may intersect along some segments. We
call any such line a monotone line. We will consider monotone lines that can be determined
as a union

{@sc@|zea} v {or@w.m|vet:}

graphs of some pair of monotonically non-increasing function y = Sr () and =z = v (y)
being continuous on G| and Gg, with the possible exception of finitely many points = =
ap € Go, k =1,2,....Ny and y = B € Ga, k = 1,2,..., Ny, in which they may have
discontinuities of the first kind (in discontinuity points their values are considered equal
to one of the limits at that point on the right or left). This time the function = = v (y)
can be considered as a generalized inverse function for the function y = Sr (x) and vice
versa.

Such monotone lines, in particular, can be composed as a union of finitely many pieces
of straight lines parallel to coordinate axes.

Let W,Sl’l) (G), 1 <p<oobeweaspaceofallu € L, (G) with S.L.Sobolev generalized
derivatives D.DJ u € L,(G), i,j=0,1, where D, = %. The space W,§1’1> (@) is a Banach
space in the norm

1
lully = ZO 1D Dl
1,)=

Let us consider the equation
(L) (2, ) = uzy (,y) + a1,0 (2, y) us (2,y) +
+a0,1 ($7 y) Uy (‘,177 y) + 0,0 ($7 y) U (.’E, y) = 900 (‘Ta y) ) (:1:7 y) € G7

where ¢? € L, (G)
Let a;; (x,y) be measurable on G and there exist such functions a(l)’o € L,(G-2),
agy € Ly (G-y) that |aio (z,9)| < afg(y), laos (z,y)] <afy () , aoo € Ly (G).

Under the imposed conditions, the operator L° of the equation (1) acts from Wzgl’l) (G)
to Ly (G) and is bounded. On some monotone line I' for the equation (1) we give the
conditions

(L1u) (x)

Uy (2,Y) |y=sp(2) = 1 (2), € Gy
(Lou) () 2)

Uy (%,Y) |y ) = 02 (), ¥ € Ga

Lou = u (20, y1) = %o,

where p1 € L, (G1), @2 € L, (G2) and ¢ € R are the given elements.

The operations of taking the traces are continuous from Li, Lo, Lg Wzgl’l) (G1) to
L,(G1), Ly (G2), R, respectively. Therefore , the operator L = (Lo, Ly, Lo, LO) of prob-

lem (1), (2) acts from W' (G) to ESY = R x L,(G1) x Ly (Ga) x L, (G) and is
bounded.
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We can write the problem (1), (2) also in the from of the equivalent operator equation

Lu = ¢, (3)

where ¢ = (gpo, V1, P2, 900) S E;,(,l’l).

We will call the solution of problem (1), (2) the function u € W,El’l) (G) for which
the equality (1) is fulfilled almost everywhere on G, the first and second equality from (2)
almost everywhere on G; and Gg, and also the third equality from (2) in the usual sense.

We call problem (1), (2) a Cauchy and Goursat type problem. If I' =
{(z,7 () ‘x € Gy}, the problem (1), (2) is equivalent to the Cauchy prob-
lem of classic form, where «y(z) is a continuously differentiable function on Gy
v (z) <0, v(xo) =y1, v(x1) = yo ( in this case the line I' is non-characteristic).

If

I'={(z,y)ly = Sr (z) = yo, x € [vo, 1] } U{(z,y) |z = vr (y) = @0, ¥ € [yo, 1]}

or

I'=A{(z,9)ly = Sr (z) =y, « € [z, 1] } U{(z,y) |z = vr (y) = 21,9 € [yo, 1]},

the problem (1),(2) is equivalent to the Goursat problem of classic form (in this case I" is
a characteristic line) In this sense, the problem (1), (2) includes the Cauchy and Goursat
problem as a special case.

If the problem (1), (2) for any ¢ € EI(,I’I) has a unique solution u € W,El’” (G) and this
time

i (G) < Mol zon

WD

swhere [l .0 = ol + 0111z, ) + 22y + 19,6

and M is positive constant independent of ¢, we say that problem (1), (2) is everywhere
well-defined solvable.

Note that everywhere well-defined solvability of problem (1) (2) is equivalent to the

fact that its operator L has a bounded inverse L~' determined on E,(,l’l).

3. Constracting an adjoint operator

For the operator L of the problem (1), (2) we find an explicit form of the conjugated
operator L*.
Let us take some functional f € E(gl’l), % + é = 1 bounded on E;(,l’l). Then f is of the

form f = (fo, f1(2), f2 (x), f(x,y)), (1) where f1 € Ly (G1), fo € Ly(Ga),f° € L,
and by the definition we have:

[ (Lu) = u(zo,y1) fo + fcl Dyu(x,Sr (z)) fi (z) dz+
(4)
+ Jg, D2u(vr () ,y) f2 () dy + [ (LO) (z,y) f° (x,y) dedy
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Taking into account here the expression of the operator LY from (1), we reduce the right
hand side of the equality (4) to the form

f(Lu) = (Vof) - ulzn,y) + Jg, Vif) (@) Dru(z,y1) +

(5)
+ Ja, Vaf) () Dau (21, y) dy + [[ (VOf) (2,y) DiDou (2,y) dzdy,
where
Vof = fo+ [J5a00 (z,y) fO(2,y) dudy,
Vif)(7) — [0 (r — =) f°(2,y) aoo (z,y) dedy+
+ Jo, 1O (1,y) aro (1, y) dy — fo, T € Gy
(Vaf) (&) = — [[o0 (& —y)aoo (z,y) O (x,y) dedy+
(6)

+ [, @01 (,8) fO (x,€) dx, & € Gy
(Vo) (1,8 = fO(r,§) =0 (¢ — Sp (7)) fr (7) —

—0 (1 —vr (§) f2() + [J 0 (1 —2) = (£ —y) aop (z,y) f (2,y) dx
where 0 (t) is a Heaviside function on R.
Comparing equalities (4), (5) and taking into account general form of linear bounded
functionals on W(1 2 (G) (see[1]), we obtain that L has a conjugated L* that acts to Ec(ll’l),
is bounded and is of the form L* = (Vo, Vi, Va, VO), where the operators Vj, Vi, Va, VO are

determined by means of the equalities (5). Hence, it follows that the equation
L'f =4 (7)

conjugated to the problem (1),(2), i.e. to the equation (3) can be written in the form of
equivalent system of equations

Vof = vo;
(V1f) (z) =1 (z), 2 € G (8)
(Vaf) (y) =2 (y) .y € Ga;

(VOf) (z,y) = ¥° (z,9), (z,y) € G

where (¢0,¢1,1/)2,¢0) € Etgl’l)is the given, f = (fo,fl,fz,fo) € Eél’l) are the desired

elements.

4. Existence and uniqueness of the solution of problem (1), (2) and its
adjoint system

Let us consider the fourth equation of the system (8) first on the domain GT =
{(z,y)|y > Sr (z),z € G1};. Then we can reduce the fourth equation of the system (8)
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to the form

(M) f0) (1,6) = f2(r.6) + [T [ a0 (2, y) £ (2, y) dudy+
+j:£y1101,0(5,y)f (r,y)dy + [ a0 (2,€) f0 (x,€) do 9)
= 17[}(7-75) = @ZJO (7—35) +¢1( )“"QZ}Q (5) +¢0a (T,f) € G+

But if (r,€) € G~ = G/G™, then

0(€=5r(r)=0(1—wvr(£) =0
Therefore, on G~ the fourth equation of the system (8) will take the form

(Naogo) f°) (7€) = " (1,6), (1,€) € G~ (10)
The operators N,

(@1,91) and N ..y are bounded operators acting in the spaces
Ly(GT)and Ly (G™), respectively. Furthermore, N(g, 4yt Ny, 4 are Volterra opera-
tors in negative and positive directions of variables 7, &, respectively . Using this we can
show that each of these equations (9) and (10) has a unique solution f? € L, (GT) and
o eL,(G)

This shows that the solution of the system (8) is equivalent to the solution of the pair
of independent equations (9) and (10) having unique solutions f? and f° . The inverse
is also valid in the sense that if f0 € L, (GT) and f° € L,(G™) are the solution of
the equations (9) and (10), the function f° (7,€&) = fi (1,€),(7,€) € G determines some
solution f = (fo, f1 (1), f2(£), f(7,€)) of the system (8) from Ec(ll’l). Hence it follows

that the system (8) for any ¢ € E(ng) has a unique solution f € E,gl’l). Applying the
Banach theorem, we obtain that L* has a bounded inverse (L*)~! acting to E(gl’l) . Since

(L*)~! is bounded, then L has a bounded inverse L~! determined on Etgl’l). Thus , we
proved

5. Existence and uniqueness of § fundamental solution and
representation of the solution

Theorem 5.1. The problem (1), (2) and its conjugated system (8) are unconditionally
everywhere well-defined solvable.

Now for each fixed point (z,%) € G we consider the system of equations

Vof =1; (v, f)(r)=—0(r—x), 7 € Gy;
(Vaf) (§) = —0(£ —y) € € Gy (11)
(V f)(75)=9(7—w) (E-y), (1,0 €G,

where f = (fo, f1 (1), f2(€), f°(7,€)) is the desired four from E,gl’l), while (z,y) € G is
a fixed point.

If the system for each fixed point (z,y) € G has at least one solution f(x,y) =
(fo (z,9), f1(Cz,y), fo(zy), fO0,m, y)) € E,, we call this solution the #- fundamental
solution of problem (1), (2).
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Theorem 5.2. Problem (1), (2) has a unique 6 fundamental solution

fay) = (foey) fi(ra,y), fo (6 w,y) S0 (1€ x,y)) from By and this time the
solution u € Wél’l) (GQ) of problem (1), (2) is represented in the form

u(x,y) = fO (l’,y) o + fG1 fl (7-7$7y) ¥1 (T) dr+

i, F2 (€2 ) 02 () dE+ [y £ (7. €, ,y) ¢ (r,€) dre, 12)

Proof. According to Theorem 1, system (8) for any right-hand side of ¢ € E,; has a
unique solution f € E,. Therefore, the system (11) has a unique solution f (z,y) € E,.
The existence and uniqueness of the #-fundamental solution is proved. To prove equality
(12), it suffices to compare the right-hand sides of equalities (11) on the solutions u €

W;El’l) (G) and f (z,y) € Eél’l) of problem (1) (2) and system (11).
The theorem is proved.

6. Optimally can L.S. Pontraqinin maximum principia

Let as consider an optimal control problem: to minimize the functional

S (0) = ¢ (u(wo,0)) (13)
on the solutions u € ngl’l) (G) of the equation
(LOU) = Ugy (‘7;’ y) + a1,0 (:E, y) Uy (:Ua y) + ap,1 (LE, y) uy (ZL‘, y) + (14)
+aoo (2, y) u(z,y) = ¢° (z,y,0(2,y)), (z,y) € G
satisfying the following conditions

(L1u) (v) = ug (@, y) ‘y:sr(x) =1 (z,v1 (7)), z€ Gy
(LQU) (y) = Uy (l',y) ‘Q?Z’Y[‘(y) = P2 (y)UQ (y)) , Y € G

Lou = u (x0,y1) = @o (vo) ;
G =G x G2 = (0, 1) % (Yo, h2) , (15)

@ (x,y,v), @1 (x1,v1), Y2 (x2,v2) and upg (vo)

The given functions determined on
GxR", Gy x R, Ga x R™8 R"; v (z,y) =

= (Ul (m,y) y U2 (x7y) yeeey Up (:c,y)) y U1 (33) =
(11 (@) ,v12 (2) ooy V11 (7)), V2 (y) = (V21 (¥) , V22 (V) 5 - Vary (V)

are control functions , while vy = (vo1, Vo2, ..., Vor,) is a control vector.
We call the four of vectors (v(z,y),v1(x),.v2(y), vo) admissible control if
v (z,y),v1 (z),.v2 (y) are measurable bounded functions with the values from some given

sets VC R",Vi CR", Vo CR™ .
75



(v(z,y) € Vo () € Vi, va(y) €Va)Uvy € Vo C R© Vi C R, Vo C R™
(v(z,y) € V,ur (z) € Vi, va(y) € Vo) and vg € Vy C R™

Assume that ¢ (x,y,v), ¢1 (z1,v1), @2 (x2,v2) on G x R", G; X R" R™ and G2 x R"
satisfy the Caratheodory conditions and for any ¢ > 0 there exist such functions ©? €
Ly(G), ¢, € Lp(Gr) and ¢§, € Ly, (Ga) that | (z,y,0)] < @) (z,9), |p1 (z,01)] <
@?74 (z) and |2 (y,v2)] < <,087Z (y) almost for all z € G and for all ||v]| < £, ||vi]| <
l1u||vz]] < £o . Furthermore, g (v) is continuous on Ry.

Under the conditions of the theorem, problem (14), (15) for any admissible control
(v(x,y), v1(x), va(y), vg) has a unique solution and u € Wzgl’l) (G). Therefore, we can
consider the problem of minimizing the functional (13) on the set of solutions to equation
(14) that satisfy the given conditions (15).

Here it is assumed that ¢ (u) is continuous together with the derivative ¢y, (u).

Assume

H(T,C, )\,U) = >‘(10 (T><7U)7 Hl (Ta Alavl) = >‘1H1 (’T,U),
Hj (, A2, v2) = A2H3 (C, v2)

and Hy (Ao, v0) = Aowo (vo) ; where A, A1, Aau Ao are determined as the solution of the
system of equations.

Theorem  6.1. For the optimality of the admissible control © =
(v(z,y), v1 (), v2(y), vo), it is necessary, and in the case when ¢°(u) is a con-
vex function, it is sufficient that the following conditions be fulfilled.

rll)lea‘;(H(T,Q,)\(T, Qv)=H(r,,A(1,¢), v(1,0)),
gg}/{lHMT,)q(T),Ul)ZH(Ta)\(T)a v1 (7)),
max Hy (¢, X2 () v2) = H (¢, X2 (€), v2(€)),
max Ho ()\0, /,L) = Ho ()\Q,Uo)

neVy

We call the totality of these conditions the L.S. Pontryagin maximum principle. Vari-
ous special cases were earlier considered in works [2,3,4]. The application of the 6 funda-
mental solution to optimal controls have been studied in the papers [5,6,7,8] as well.
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