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Dependence on the parameters of the solution of a mixed
problem for a nonlinear integro-differential equation of
the fifth order with a degenerate kernel

Tursun K. Yuldashev, Khanlar R. Mamedov, Mahkambek M. Babayev

Abstract. In this paper, it is considered a fifth order nonlinear partial integro-differential equa-
tions with mixed conditions and two real parameters. The Fourier spectral method of separation
of variables is applied. A countable system of nonlinear functional-integral equations is derived.
Theorem on a uniqueness and existence of the solution of mixed problem is proved for regular val-
ues of parameters. The method of compressing mapping in Banach space is applied. The solution
of the mixed problem is obtained in the form of Fourier series. Theorem on absolute and uniform
convergence of Fourier series is proved. Continuous dependence on parameters of the classical
solution of mixed problem is studied.
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1. Formulation of the problem statement

Differential equations of parabolic and hyperbolic types are the base of the equations of
mathematical physics. Along with equations of parabolic and hyperbolic types, so-called
pseudoparabolic and pseudohyperbolic differential equations are often studied.

Let us consider differential equations of the form

ak 8k+2m 82m
m m — _ —
W + (—].) W -+ (—1) WW U(t, JJ) = f(t,.T), k = 1,273, m = 1,273, oy n.

This equation is sometimes called a Barenblatt—Zheltev—Kochina equation at k£ =
1. And when k = 2, it is often called a Boussinesq type differential equation. Many
works have been devoted to the study of this equation for k = 1,2 (see, for example,
1, 2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51]).
However, we have not yet encountered a single work on the study of an equation in the
case of k = 3.
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Integro-differential equations are studied in the works of many mathematicians (see,
for examples [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72,
73, 74, 75, 76, 77, 78]). To study integro-differential equations with degenerate kernel are
devoted only the few works [79, 80, 81, 82, 83, 84, 85, 86, 87, 88].

In this paper we consider the case k = 3. For simplicity, we take m = 1. So, we study
the solvability of the mixed problem for a fifth order integro-differential equation with
two real parameter and degenerate kernel. So, in the rectangular domain, ) = {O <t<
T 0<a< 1} we consider the following partial integro-differential equation

[ 03 X 0?

PYERTEr P 2} Vit,e) =

8

=v | K(t,s)V(s,z)ds+ F | t,x,

1
/ G5, ) V(s,y)dyds | (1)
0

T~

where K(t,s) = > ai(t) Bi(s), 0 < a;(t), Bi(s) € C[0,T], a;(t) and B;(s) are linear

M o ~—x

i=1
independent, F(t,z,y) € CL2%(Q x R), 0 < G(t,z) € C(Q), T is given positive number,

t,x,u i
w is positive finite parameter, v is nonzero real parameter, {2 = {O <t<T, 0<z< 1}.
In solving partial integro-differential equation (1), we use the following spectral and
initial value conditions

V(t,0)=V(t,1) =0, 0<t<T, (2)
V(0>$) = 901(1:)? V7ﬁ(07$) = 902(1:)7 Vtt(o’x) = ‘:03(51")7 0<z<1, (3)

where ¢ (x) are enough smooth functions on the segment [0, 1]. For these functions the
following conditions are fulfilled ¢;(0) = ¢r(1) =0, k=1,2,3.
Problem statement. To find a function

V(t,z) € C(Q)NCYE(Q), (4)

which satisfies integro-differential equation (1) and conditions (2) and (3).

2. Countable system of nonlinear equations

The solution of the problem (1)-(3) we search in the form of Fourier series
V(t,2) = an(t) b(z), (5)

where b, (z) = v/2sin /A, z are eigenfunctions of the spectral problem b”(z) + \b(z) =

0, b(0) = b(1) = 0, corresponding to the eigenvalues A, = (n7)?,

1
an(t) = /V(t,x) bp(z) dz.
0
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So, we assume that

F(t,z,y) = ZF (6)

where
1

Fu(t,) = / F(t,y, ) buly) dy.

0

Substituting the Fourier series (5) and (6) into the given integro-differential equation
(1), and taking into account that the functions {bn(x)}zo:1 form a complete system of
orthonormal systems, we obtain a countable system of third order ordinary differential
equations

An
1+ A\,

”/( )+:un( ) n(t) = fn(t)> /Ln(w) = w, Ap = (nﬂ-)2a (7)

where

fn(t) =

VY ai(t) T+ Falt,-)| (8)
=1

T
Tni = /&(s)an(s)ds. (9)

[e=]

The characteristic equation 0% + i, (w) = 0 for the homogeneous equation a!(t) +
tn(w)an(t) = 0 has the roots

1 V3,
o1 = —Vin(w), 0g93= (2 + 22> V b (W)

So, the general solution of the homogeneous equation can be presented as

an(t) = Al,nal,n(t) + AQ,nCLQ,n(t) + A3,na3,n(t)7 (10)

where Ay, (k =1,2,3) are yet arbitrary coefficients, which will be determined later,

ain(t) =e” \3/un(w)t’

3
Vbn (w)

azn(t) =e uplelt cos ‘2[ n(w)t, (11)
'\3/ w

azn(t) =e #5% Gin \f tin (w)t.

Taking (10) into account, we search a particular solution of the equation (7) as

an (t) = Al,n(t)al’n (t) + Agm(t)agm (t) + Agm(t) asn (t) (12)
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In (12) we supposed that Ay, (t) are unknown functions. To find these functions we
consider the following system of algebraic-differential equations

Ay (Barn(t) + Az (Hagn(t) + Ag ,(tas n(t) = 0,
A’1 (D) (0) + A ()ady (1) + Al (1), (1) = 0,
AL (D, (1) + A, (£)ah, (8) + AL, (H)a () = fa(?).

We solve the system as functional-algebraic equations by the Cramer rule and found:

Ap(t) = s, (13)
|
Aont) =~z [ [ann(o)ans+ VB (s)as(s)] fu(s)ds, (14
0
At :1210 / \f 3a1n(8)agn(s) — al,n(s)agm(s)} fa (5) ds, (15)
0

where 2¢, = {/pn(w). Substituting (13)—(15) into (12) and taking into account (11), we
obtain a particular solution of the equation (7) as

a —; t S, w s)ds
1) = 0/ Qlt,5,) u(s)ds, (16)

where
3 w
Q(t,s,w) = % {e_ Vim(w)(t=s) _ 9, Vin©) ;) “in (ég S l)(s — )+ g> } .

From (16) we derive a particular solution of the equation (1) in the form of Fourier
series

t
2 ()
V(t,z,w) ,;SM(WO/Qtswfn (17)

Taking into account (16) the general solution of the equation (7) can be presented as:
an(t) = Bi,na1,n(t) + Banao,n(t) + By nasn(t)+

+A1,n(t)a1’n(t) + Az,n(t)azn(t) + Ag,n(t)a;g’n(t) (18)
and we find the constants By, ,, (k = 1,2,3).
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We suppose that the functions pg(z) are expanding into a Fourier series and using the
Fourier coefficients, from initial value conditions (3) we obtain

= /1V(0,y) bn(y) dy = /1s01(y) bn(y) dy = ¢1.n, (19)
01 01

a,(0) = / Vi(0, ) bu(y) dy = / ©2(y) bn(y) dy = p2,n, (20)
01 01

= O/Vtt(O,y 0/903 y)dy = p3n. (21)

To find the unknown (arbitrary) coefficients Ay, (k = 1,2,3), we use the boundary
conditions (19)—(21) in the presentation (18) and obtain

1 1
Binain = 3010010 — g5 010P2,n + 121,2 a1,nP3,n,
1
By naz g, = 3a2 nPin + 6b as n<P2 n— 12,,2 a2,nP3n,

1N

B3,na3,n = 2\[ aznP2.n 4\[ > A3 nP3,n-
Hence, we obtain that
Bl,nal,n + B2,na2,n + B3,na3,n =

_G1n + 2a2,n —a1p + a2n + \/ga?),n A1n — Con + \/§C3,n
= — P1,n ¥2,n 2
3 6¢c,, 12¢2

Substituting (22) into (18) and taking into account (8), (11), (16), we obtain

P3,n- (22)

an(t,w) = Pp(t,w)+

+— Tni | Qn(t,s,w)a;(s)ds+ | Qun(t,s,w)Fy(s,-)ds|, (23)
/()\2 + )\3 Z / /

where

Pn(ta W) = Wl,n¢1,n(t>w) + 37902,nw2,n(t7w) + #@3,nw3,n(t7“))a (24)

fn (W) pa (W)
_ L Vim@e) 9o 5P ms g (V34 ul
Qn(t7 S, w) - 5 € K + 2e 2 sin 7 /’Ln(w)(t - 5) + 6 ) (25)
Y1p(t,w) = 3 [ Vi@t 4 g¢ Vil COS\é3 fin(w) ] ; (26)
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1 [ \3/ n(w) ]
Yo (t,w) = 3 e~ Vi@t _ 9o~ gy (ég v/ i (W)t + g) , (27)

'\3/ w
Y3n(t,w) = % e~ Vi@t _ 9, “ "sin (  pn (W)t — ) ) (28)

1 T

Fn(t,-):/F t,y,//lG(s,z)V(s,z)dzds bn(y) dy.
0 0 0

There is another unknown quantity in (23). To find it we substitute (23) into (9), and
obtain a countable system of algebraic system of equations (CSASE)

Tng = VZTn,] n,z,] + \Iln 1(araw)7 1= 1727 Y2 (29)

S

m/ﬁi(S)/

0

D, 5(w) = Qn(s,0,w)a;(0)dods, (30)

U i(ay,w /51 swds+\/w/ﬁl O/sQn(s,O,w)x

1

></F ey//G &z Zar 2)dzd€ | by (y) dydods. (31)

To solve the CSASE we consider the following determinants

1—vdy v®ig .. vdy,
Zn(vw) = v®gq 1—v®y9 . .. vPo, ’ (32)
o T S P
l—v®y1 ... v@y6-y Y1 v @iy - vdy,
Zon(n v, 0) = v®oy con @y Yo v®@oqny .- vdy, C(33)
v Py cee V@) Wy v @paq1y o 1ov Py

where ®;; = @p;(w), ¥, =Vpilar,w), £=1,p.

CSASE (29) is uniquely solvable for any finite right-hand sides, if the following
non-degeneracy condition for the Fredholm determinant is satisfied Z,, (v,w) # 0. The
determinant (32) Z,(v,w) is a polynomial with respect to v of degree not higher p.
The equation Z, (v,w) = 0 has at most p different real roots. We denote them by
Oy (0 =1,pg, 1 < pg <p). Then v = vy, 4y = 0, called the irregular values of the parameter
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o0
v. Other values of the parameter v # 6, for which | Z,(v,w)| > 0 and > m < 00,
n:1 n 9

are called regular.
For regular values of the parameter v the solution of the CSASE (29) has the form

Zn(p, V,w
Tow (U, w) = M, k=1, p, (34)
n b

where Zy,(v,w) is defined from (33). Substituting for regular values of the parameter v
the presentation of solution (34) of the CSASE (29) into representation (23) of the Fourier
coefficients ay, (t) of unknown function V (¢, z, v,w), we derive a nonlinear countable system
of functional integral equations (NCSFIE)

an(t,v,w) = J(t;an) = Pp(t,v,w)+

t
v p Zn(ar,vyw / (t, (s)ds + 1 "
S, OJ (671 S —_—
N RS Zn( ’ VOZ+ 2w
t 1 T 1 0o
X/Qn(t,s,w)/F s,y,//G(Q,Z)Zar(ﬁ)br(z)dzdﬁ bn(y) dyds. (35)
0 0 00 r=1

As, in the case of Fourier series (17), from (35) we obtain a formal solution of the mixed

problem (1)—(3)
Vit,z,v,w) Zb {

p t

v Zen ar,yw 1

(t,s,w)a(s)ds + ——=x
\/ 22+ A3 )w Zn( / i(s) S O2 4+ A3)w

1

x/th(t,s,w / //G 0,z Zar 2)dzdf | by(y)dyds|.  (36)
0

0

We note that the functions in (25)—(28) become zero at some values of parameter w.
We obtain the following transcendental equation

V3 T 1 -3
i _ — = —— Y = 3 —
Sln(2y+6 5¢2 % Y= V(W) (t—s) >0,
for the case of function (25) and

3 1 -
cos \gy = —56733’, y = Vin(w)t >0,



for the case of function (26), respectively, p,(w) = 1 i’;\nw. Functions in the formulas (27)

and (28) become zero at some values of parameter w. We replace these equations by the
following transcendental equations

3 1 =
sin <\2[y+ g) = 56%, y= v/ n(w) t>0,

3 1 -
sin <\2[y — g) 3¢ 23;, Y= pn(w) t >0,

respectively.

The values of parameter w, for which the functions (25)—(28) become zero, we denote
by Aj, j=1,2,3,4, respectively. However, from the fact Ay NA2NA3N A4 = () we deduce
that the problem (1)—(3) is correct.

3. Solvability of the countable system

To prove the classical solvability of the mixed problem (1)—(3) we require in some
properties of the given functions, which we call as smoothness conditions.

Smoothness conditions. Let the functions ¢ (x) € C4[0,1] (k =1,2,3), F(t,z,-) €
C'g ﬁ(Q x R) have continuous derivatives with respect to = up to the fourth and second
order, respectively. We integrate by parts

1 1 T 1
/ b () bu(y)dy, Fot,-) = / F .y, / / G5, 2)V (s, 2)dzds | bu(y) dy
0 0 0 0

four and second times, respectively. Then we obtain the estimates

v
N I\ R,
P < p oA Fn, < =) Tz

where
1 o 1 o T 1

tp,g;/) :/gjzl@)bn(y)dy, FI(t,-) :/8 t y,//G(s,z)V(s,z)dzds bn(y)dy.
0 0 00

In estimating approximations, we use also Bessel inequalities in the form:

4 4
S(IV) 0 gok(x) 0 F(t, xz, )
Pk =4 H ozt 0zt

Lo

< 2 max
B»[0,T] 0<t<T

|7

L2[0,1] L>[0,1] .
Theorem 3.1. Let the smoothness conditions be fulfilled and

1). apd P_ 1’Z,ma Vw)‘<50,a0—0121axfa] s)ds, 0 < g, ap = const < 00;
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2). (nax | F(t 2,) | 50,1 < 01, 0 <01 = const < oo;

3). |F(t,x,u1) — F(t,z,u2) | <l(x)|u; —ug|, 0<l(x) € Lz]0,1];
T

4). p=Ms [|G(t,z) 10,1 @t < 1, where Mg determines from (41) below.
0

Then for regular values of the parameter v NCSFIE (35) has a unique solution in the
space Bo[0,T] with norm

0 2
130) o2y = ;<t§g§]!an()!> <.

Proof. We define the successive approximations for NCSFIE (35) as

a%(t7y7w) :Pn(t7va)7 (37)
am it v,w) = J(t;a™), m=1,2,3, ...

We estimate the zero approximation. By virtue of formulas (24), (26)—(28), and

n

<1 I 1 I s/ (14 A
11m —— = 1m — = e
1 + /\n ’ Ap—>00 ﬁS/M%(W) Ap—>00 )\n w2

w3, w>0,

wln
@l

Hn =
we can put

max {mtax | Qn(t,s,w)|; nax max | Vg n (t, w) |} < My < oo, 0< My= const < oco.

14

By virtue of smoothness conditions, applying the Cauchy—Shwartz inequality and Bessel
inequality, from approximations (37) we have

o0

2
2659 s | 2 |gmas odteve ] <

\menHFZwm]

[o¢]
maX]P (t,w) |<M0[
0<t<T

N = L) a0 _(1v) 1v)
< - il <
< CoMo <7r> ; n8 [H Ly, e I + H 73y | =
|22 LZen]  Lren] i e
N R | PO ozt |01 Ozt |10
where

4
2
M, = CoMy ({)
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Due to the conditions of the Theorem 3.1, formulas (25), (30), (31), estimate (38) and
applying the Cauchy—Shwartz inequality and Bessel inequality, for the first difference
al(t) — al(t) we obtain

H a(t,v,w)—a(tv,w) HB2[07T} =

<L Lgn| Balarr) /tIQ (t,5,0) | a(s) dst
= 30 ‘ M\ / Zn(V,W) 021%}% n(t, s,w) | ;(s)as
n—=— K= 0
1 T 1 -
|Qn(t, s, w)| /F S,y,//G(@,Z)Zag(e,w)br(z)dsz by (y)dy| ds <
0 0 0 r=1
o) 1 1
S+ T [Pl ) o) dy <
n=1 |Zn(V7w)‘
- 0 B[0,T]
Zaw,) + T max 1F(t, 2, )Ly | < oo (39)

2
where My = ];,/17% (%) S #.

Now we consider the arbitrary consecutive difference a*1(t) — a™(t). We take into
account that the quantities

1

1
/ 1(y)bn (y)dy, / |Gt 2) | br(2)dz
0

0

are Fourier coefficients. By the same way as the estimate (39) above, we obtain

@t w) =@ .| g0 <

Zin(a v,w) — Zm(a;"_l, v,w)
Zn(v,w)

¢
i(s)d
Orgta%XT/aj(s) 5+
0

r=1

o t 1 T 1 0o
+MogiZAi ma / /l(y)//|G(t, S, w) — a1t w)| br(2)dzdt ba(y)dy | ds <
0 |0 0 0




1 T 1 -
/l(y)bn(y)dy//]G(t,z)\Z‘aT(t,w)—a (t,w) | br(z)dzdt | +
0 0 0 r=1
ol 1 T 1 ~
+M0\3F ZA/l(y)bn(y)dy//]G(t,zﬂ Z|a?(t,w)— Lt w) ’b Ydzdt | <
w n=1 nO 00 r=1
v & aoboM | [ =
1% aoPo 0 m
<5 Y sapnts| [y | [ 160213 |ar(tw) - a0 b2zt | +
n=1"T" 0 00 r=1
Tl 1 T 1 ~
—|—MO? Z)\/l(y)bn(y)dy //]G(t,zﬂ Zla?(t,w}—a (t,w)| by(2)dzdt | <
w n=1 nO 00 r=1
¥ | T 1 o
<040ﬁ052M2\/7 P ) //|G(t,z)| Z‘a?(t,w)—a (t,w }b )dzdt |+
’ lo 00 r=1
71 T 1 ~
+Mybas— || = // G(t, z a™(t,w) — a™ 1 (t,w) | bp(2)dzdt | <
el bl MV ACCRID ML |
T |1
§M3/Z /|G(t,z)|br(z)dz |al"(t, v,w) — al" (¢, v,w) | dt <
o "™=llo
<p- Hc_im(t, v,w) —a’m_l(t, v,w) HBQ[O,T}’ (40)
where
T
p= 1ty [ 1G(t.2) 10, (41)
0
]1/| T |1
M3 = aoBoda M~ + Modo—~= || = ;
(V7w) £ % A2 Lo

b2 = | 1(@) | 0,1] = Z




].—V(I)ll V‘Pl(ifl) 1 V(I)l(i+1) V(I)lp
Zin(V,CU): V‘I)Ql V‘I)Q(ifl) 1 V@Q(Z’+1) V(I)2p

v Cbpl e 14 q>p(i—1) 1 14 q)p (i+1) oo 1—v q>pp
From estimates (38)—(40) it follows that the operator J(¢;a,) on the right-hand side of

(35) is contracting and there is unique fixed point. So, the existence and uniqueness of
the solution d(t) € Bs[0,T] to NCSFIE (35) are proved. The theorem 3.1 is proved. [

4. Continuously dependence of the solution to NCSFIE from parameter
w

In this section we use the following obvious lemma.

Lemma 4.1. For two values wy, wo of positive parameter w there true the following esti-
mates

‘ e~ Vin(@)(t=s) _ o= /pn(w2)(t—s)

< Loy |wi —wsa|, 0< Ly = const;

< Ly w1 —wa|;

sin (2 v un(wl)(t—s)+g — sin 7" un(wg)(t—s)+%
‘ o V(@) 52 _ ¥/ in(w2) 5

< Los|wi —wa|, 0 < Loz = const;

3 3
008\2[ v/ i (w1)(t — ) —COS\Q[ v i (w2)(t — 8) | < Loa|wy —wa|, 0 < Loy = const;
1 1 <L Loy = :
\3/771—% < Log w1 —wa |, L4 = const;

< Los |w1 — w2 | , Lgs = const.

LI
Theorem 4.2. Let be fulfilled the conditions of the Theorem 3.1. Then the following

estimate
” d(t,wl) - CT(t,Ldg) HBQ[O,T] < Ly ]wl — Wy | , 0< Ly = const (42)

holds.

Proof. By virtue of the Lemma for the function (25) we obtain

‘ o= Vim(@n)(t=s) _ o= /im(w2)(t=s) | |

W=

| Qn(t,s,w1) — Qn(t,s,w2) | <

3 w ) n (w
+2 . \/ug( 1)(t—s) . \/u2( 2)(t—s)
3

+

sin <\g§ i (w1)(t — 8) + g)
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2 \3/ n(w2) 3 3
+oe 5 (9 | gin V3, o (w1)(t — s) + ) —sin V3, pin (wo) (t — ) + 7)<
3 2 6 2 6
< [L01+L03+6%TL02}|w1*w2!=L1|w1*w2\- (43)
By virtue of the Lemma, for the function (26) we obtain
’ wl,n(ta OUl) - wl,n(t#)?) | S
1 3/ 3/ 2 A Vtn(w3) \/g )
< 3 (@Dt = ¥/ pm(w2)t ‘ tgle 2 - 2 €os =5~ V b (w1)t | +
2 Yin(wo) 3 3
t3e "5t cos \Q\B/un(wl)t — cos \2[ v/ i (w2)t
< [L01+L03+€*3/°72TL02}|w1—w2!=L1|w1—w2\. (44)
By similarly way for the functions (27) and (28) we obtain
| Yjn(tw1) = Yjn(tw2) | < Lnfwr —wa|, j=2,3. (45)

By the aid of the estimates (43)—(45), taking properties of the functions (24), (31) and
matrix (33), for the NCSFIE (35) we derive

o0

ld(t,v,w1) — a(t,v,w2) [ gy01) < 101%83 | Pa(t,wi) — Pu(t,w2) [+

Zmz(arv v, wl

Zn(v,wr)

0<t<T/an (t, 5,01 | j(s) ds+

max /|Qn (t5,01) — Qu(t, 5,w9) | a;(s) ds+

Vw2 7= An i Zn (v, w1) 0<t<T
‘V’ Ot()MO ‘ 1 1
Zn(ar, v,w _ L
swgzl An ’; ’ nn( r 1)’ Zn(val) Zn(l/,wz)
||| Zen ) = Zien )+
Ar, UV, W — Q. V. W
Zn(vaZ) rn Aty ¥ %1 kn\Ur, Vy W2
1 1




t 1
1 <1
+- Z)\max/|@n(t,s,w1) Qn(t,s,w2) | /F $,Y,+) bn(y) dy
0 0

1
Zr

3/ w9 — n 0<t<T
p 1 T 1 0o
S| [ty [ [ 16621 lartwn) - ar(twn) b (2)azde | a0
k=1 0 00 r=1

By the aid of Lemma, estimates (43)—(45) and conditions of the Theorem 3.1, from
(46) we obtain

4
. . V2 <1 0* 1 ()
|a(t,v,wr) — d(t,v,ws) ||BQ[0’T} < CyMy (77 Z oy Ly ozt ; +
n=1 2[071]
0t oz 0t o3 (x
+(L1+L04) ‘89021(1) +(L1+L()5)H803£) \wl—wgl—i-
| o] 9zt L0

1\? |1 > 1 v > 1
+Modo <> — | [v[Loa +—1I —— | w1 — w2 |+
T 2”4 ; | Za(vywn) [P /2 2 | Zn(v, 1) |

n=1 n=1
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It is not difficult to check that from (47) we obtain

H C_I:(t, v, wl) - 6(t7 v, w2) HBQ[O,T} < My ’wl — w2 H_p'H 6(t7 v, wl) - Ei(t, v, WQ) H B2[0,T] > (48)

where
2 ot
My = Conto | V2 7%&37) +
T afL’ Lg[O,l]
0% po(x 0* p3(z
+(L1 + Loa) 502i) + (L1 + Los) ‘ ;34(1) :|+
x L[0,1] X Ls[0,1]
1\? |1 > 1 1 1 1
+[v | Modo <> — + Mo~ [L04+f
Ly 1
+T [M0L04 + \%72] H |, ohax, (2, ) 0,1 -
From the estimate (48) we obtain (42). Theorem 4.2 is proved. O

5. Convergence of the Fourier series

Theorem 5.1. Let the conditions of the Theorem 3.1 be fulfilled. Then for reqular values
of the parameters v the series (36) converges absolute and uniform in the domain §).
Moreover, the solution of the mized problem (1)—(3) belongs to the class of functions (4).

The proof of the theorem 5.1 is based on obtaining the estimates for the Fourier series
(36) and for its derivatives. The method for obtaining an estimate is the same as in the
case of obtaining estimates (38)—(40), (47) and (48). The Theorem 5.1 is proved.

Corollary 5.2. Let be fulfilled the conditions of the Theorem 3.1. Then the following
estimate
|V(t,v,w1) = V(t,v,wa)| < Lo |wi —wa|, 0< Lo = const. (49)

holds.

6. Conclusion

It is considered a fifth order nonlinear partial integro-differential equations (1) with
mixed conditions (2) and (3) and with two real parameters v, w. The Fourier spec-
tral method of separation of variables (5) is applied. A countable system of nonlinear
functional-integral equations (35) is derived. Theorem on a uniqueness and existence of
the solution of mixed problem (1)—(3) is proved for regular values of parameters. The
method of compressing mapping is applied for countable system (35) in Banach space
Bs[0,T]. The solution of the mixed problem (1)—(3) is obtained in the form of Fourier
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series (36). Theorem on absolute and uniform convergence of Fourier series is proved. Con-
tinuous dependence on parameter w of the classical solution of mixed problem is studied
( see, estimates (42) and (49)).

We hope that this work can serve as a basis for further development of the theory of

partial differential and integro-differential equations of the third and higher orders.
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