Journal of Contemporary Applied Mathematics
V. 14, No 2, 2024, December

ISSN  2222-5/98
https://doi.org/10.69624/2222-5498.2024.2.61

Complex Solutions in Magnetic Schrodinger Equations
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Abstract. Through the application of minimization techniques, we demonstrate the existence of
a complex solution to the magnetic Schrodinger equation

(=1iV + B(y))*w + W (y)w = |w|* 2w in RV,
Here N > 3, B : RV — RY represents the magnetic potential, and W : RV — R denotes the

bounded electric potential.
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1. Introduction
This article aims to examine the magnetic Schrodinger equation
(—hiV + B(y))?w + W(y)w = |w|* 2w in RY, (1)

In this context w : RN — C, N > 3, i is the imaginary unit, and B = (By, ..., By) : RV —
RY represents the magnetic (or vector) potential. Here, it is important to mention that
the many complex models were studied with the different types of Schrodinger equations
[1,9, 10, 16, 17, 18, 19], [4], [5], [11], [20], [2].

In this article, we adopt the following assumptions.

(B1) B e L? (RN, RY) and there exists a point yp € R where B is continuous at yo;

loc

(B2) B(¥)=bB(y) for all b > 0;
(Bs) Be L2 (RV,RN),

loc

A common example of a function that meets conditions (Bj)-(B3) is B(y) = %, where B
is a constant vector.
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Theorem 1.1. Assuming N > 3 and that conditions (B1)-(B3) are satisfied, problem (1)
admits a non-trivial complex solution.

In 1989, Esteban and Lions [19] discovered solutions to
(=iV + A(z))?u+ I = Ju/'u in R3

with A € R by addressing constrained minimization problems through Concentration-
Compactness methods. In 2006, Barile, Cingolani, and Secchi [6] established existence
results using abstract perturbation techniques to

(iV 4 eA(z)*w + eV (z)w = |[u/* 2w in R,

where € € (0,e0), a € [1,2], N > 4 and the potentials A and V are bounded continuous
and Lebesgue measurable. In 2011, Liang and Zhang [14] studied standing wave solutions

Pz, t) = e_%u(:):), (t,x) ER xRN N >3 to

h2
m?;f = S (T A@)P + W) = b, [P,

This establishes the presence of at least one solution, and for every m € N, there are at

least m pairs of solutions under appropriate conditions. In 2014, Liang and Song [13]
examined

—e2(V +iA@)?u+ V(z)u = |u* 2u+ h(z, |u/)u in RY

Given that N > 3 and V(y) is a nonnegative potential, we establish the existence of at
least one solution and m pairs of solutions for every m € N by employing Lions’ second
Concentration-Compactness method along with the Concentration-Compactness principle
at infinity, provided that A > 0 is sufficiently small, to achieve a (PS) condition of type c.

2. Notation and variational tools
To present the variational framework of the problem, we define
Hp p(RY,C) = {w € L*(RY,C) : Vpw € L*(RN,C)}

with Vj pw = (hV + iB)w. The space H,%B(RN, C) is a Hilbert space equipped with the
scalar product

(w,v)pB = Re/ (Vi,pw.Vygv + W(y)wv)dy for any w,v € H%B(RN,(C)
RN

where Re denotes the real part of a complex number and the bar represents complex
conjugation, respectively. The norm associated with this inner product is

lwollns = / (Vhpwl® + W)l for we HE5®RY,C).
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and C§°(RY, C) is dense in Hyp (RN, C) with respect to the norm ||.||s 5 (see [19] , section
2) and [7, theorem 7.22]. It is important to note that for every w € H%B(]RN, C), it holds
that

/ yvh,Bw\Z:ﬁz/ wa|2+/ ]B(x)\2]w|2—2Re/ﬁVw.iB(y)u‘;,
RN RN RN

given that there is no connection between Hpp (RV,C) and H*(RN,C); that is,
Hp (RN, C) € H*(RY,R) and H*(RY,R) ¢ Hp 5(RY,C), we will often utilize the fol-
lowing diamagnetic inequality throughout this paper (refer to [15, theorem 7.21]).

hV|w|(y)| < |Vipw(y)| for almost every y e RV,

This indicates that, if w € H;;B(RN,(C) then |w| € HY(RY,R). So, w € LP(RYN,C) for all
p € [2,2%].
Furthermore, we examine the space

DyL(RN,C) = {we LQ*(RN,(C),/ |Vi,pw|*dy < 400}
bl RN
which represents the closure of C§°(R"Y,C) in terms of the norm
27\ 1,2 N
Jullg2 = ([ IVhsuPdn)? for we Dij@Y.C),
associated with the inner product

= Re Visw.Vy gody for w,v € D%’%(RN, C).

1,2
h,B RN

It is important to remember that D;’% (RN, C) — L¥ (RN, C). It is also advantageous to
define

DY2(RN R) = (/ IVw|?dy)z for w e DY(RY,R),
RN
related to the inner product

(w,v)p12 = Re VwVudy for w,v € DY?(RY,R).
RN

Keep in mind that DV2(RY R) < L2 (RY,R) and we refer to as C, > 0 the best constant
of Sobolev embedding DV2(RV, R) «— L?" (RN R); that is

cp(/ |2 dy) % < / Vwl2dy forall we DY2RY R).
RN RN
If C' denotes the best constant of the embedding Q}Z’ZB(RN, C) — L¥ (RN, C),, that is

Vi pwl|?d
inf Jev | L | y
wWEE B (fRN |w‘2 dy)T*
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we have that C' = C,,; for details see [3, theorem 1.1].
The energy functional can be expressed as I'y p : H} (RN, C) — R associated with
(1) is specified as

1 1 1 .
Thow) =5 [ 1Vasuldy+5 [ VP -5 [l dy

1 1 *
Sllwli s = llwl3.,  for we HEp(RY,C).

Fﬁ’B(’Uj) = 9

We achieve I'y, g € C’l(HgB(RN, C),R) with Gateaux differential

hp(w)v = Re/ (Vmb.Vh,Bv—i—W(y)w'D)dy—/ lw|? “2wody  for all w,v € H,%B(RN,(C),

RN

and its critical points are the weak solutions to (1). Let us consider

. 1
OnB = 1nf{§ /N |Vﬁ73w\2dy : w e 19;1’3}
R

where
Upp ={we Hg(RY,C)\ {0} : J(w)=1} with N >3,
with

1 | .
Ty =g [ wiFdy=5 [ W@y for we i pR".C).

From this point forward, we can denote by

= 1 f
onp = inf Th,5(w),
where, to simplify notation,
_ 1 2 oY N
Th,B(w) = 5 |Vipw|“dy for w e Hyg(R™,C).
RN
Additionally, we define
1 Lo .
Tw) =5 [y =5 [ Wl for we Hip(®Y,0)
RN RN

T (w)o = Re/ (=~ W) w)ody for w,ve HERY,C)
RN

3. Preliminary results

Here, we present some preliminary results that will be utilized in the proof of Theorem
1.1 in section 4.

Lemma 3.1. Under the assumption that (B1), the following statements are valid:
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(i) On B is not empty;
(ii) 95, is a Cl-manifold.

Proof. (i) for w # 0 one has J(w) < 0 if ¢ > 0 is small, and J(tu) — 4o0 if t — +o0.
Hence, J(tg) = 1, for some ty > 0. since

Tew) =5 [l =5 [ WP

% S )
=5 [l =5 [ WP

(ii) According to the definition of J and J’ provided in Section 2, for all w € U5 p we
obtain

) = [ (ol = WPy
RN
since w € ¥y, g, therefore J(w) = 1, it can be concluded that
gy =g [ 5 WPy =1,
RN
therefore
2 [ -z [ WPy >z [ efdy-2 [ vy =22
RN RN RN RN

therefore
/ lw|? dy — / (W (y)|w|*)dy >2 >0 forall wedyp.
RN RN

Then J'(w)v # 0 for all w € Y . O
Lemma 3.2. Any minimizing sequence {wy} for on p is bounded in H%B(RN,(C).

Proof. Given {w,} a minimizing sequence for g 5 in HZ 5(RY,C). We need to demon-
strate ||wy|[sp < c for all n € N and for some constant ¢ > 0. It is known that

1
meﬁz/wmww+wwmm%maz%eM%ﬁﬁm.

First, we derive

1
2/|Vﬁ’3wn|2dy—>gﬁ,3 as n — +oo

and J(wy) = 1, that is 5= [pn [wa|* dy — 3 [fon (W (y)|wy|?)dy = 1. As a result,

/N Vi pwn|*dy < ¢
R
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for all n € N and for some ¢ > 0 and

2 *
[ Py =3 [y 2
RN RN
2 :
< ; |wn’2 dy
2 9 N2
< 2*02( |Vipwn|“dy)z <e¢
2

As a consequence,

lwnll2 5 = / (Vi 5wal? + W ()l 2)dy < c + .

So
[wnllf 5 < c*.

Therefore, {wy} is bounded in Hf 5 (RN, C)

O]

Remark 3.3. The weak limit w of any minimizing sequence {wy} associated with Dy
is nontrivial. Since, if |w| = 0 then J(w) = 0 that is absurd given J(w) =1 and w € V5 .

4. Proof of Theorem

We demonstrate that g5 p is achieved by w is the nontrivial weak limit of the mini-

mizing sequence {wy} to op B.

Indeed, since {w,} is bounded, we have w, — w in H B (RN, C) and being the weak

limit w is not trivial, we deduce that

1

.. 1
he(w) = = |Vﬁ7Bwn|2dy < liminf = |Vh73w|2dy = On,B-
2 JrN n—oo 2 Jpw

Now, it is necessary to demonstrate that w € ¥y g. Since

1 .
) =52 [ eldy=3 [ Wy

and w, — w in H%B(RN, C) and {w,} is bounded.
Therefore
J(w) <liminf J(wy,), as n — oc.

Now, since J(wy) =1 then J(w) < 1. If we can also establish that
J(w) > 1,

then we obtain the result that w € ¥y g and m, p(w) = g, B, or equivalently

.1 o
Th,8(1) = op,p = min{ - |Vh’Bw\2dy cw € Hﬁ’B(RN,C)\{O}, J(w) = 1}.
2 [N
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To show (2), we abtain

1 1
L= (wn) = [l dy =5 [ W@y
RN RN
1 . 1
o [ty =5 [ W@l Py
R Br
1 o 1
+or [ et dy—5 [ (W(y)|wn|")dy (3)
2 2 /B,
Now, since
o% |wn‘ dy=1+ (W(y)|wn‘ )dy
2* /g 2 /By
1 o 1 9
o | Nwalmdy+o | (W(y)lwal)dy
By By
(4)
Therefore, we have
1 . 1
Py [ V@l Py
2 2 /By
=1+ . (iw(y)‘wn| - §|wn| )dy (5)
R
Now, by limit inferior with respect to the sum of sequences, we obtain
J(w) > 1 (6)

so, Th,B(w) = Dp,p and w € uy p; that is

1

1 1 *
onE = / Vhpwldy, Jw) =~ / |2 dy — / (W () [w[2)dy = 1.
2 RN 2 RN 2 RN

According to the Lagrange multipliers theorem, there exists a multiplier £ € R such that
Th,B(w) = Hjl(w);

specifically, for all v € Hg"B(RN, C) we derive T;Ii’B(U))U = rJ (w)v

Re [ VipuVigody = ke [(uf = W()ul)ody (7)

By modifying the arguments presented by Berestycki and Lions [7] , we can establish
k > 0. Indeed, the first remark is that x # 0; if not, namely if k = 0 are would have
T} p(w) = 0 and in particular [y |Vi.pw|*dy = 0. Therefore, w = 0 which is impossible.
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Specifically, it follows that « > 0. Indeed, Assume for the sake of contradiction that
Kk < 0.
Additionally, note that J'(w) # 0; otherwise,

Twpe = Re [ (" = W)y =0,

then o|w[> — W (y)|w|> = 0 which results in a contradiction with J(w) = 1.

Now, if kK < 0 since J'(w) # 0 so there exists a test function w such that J'(w)w # 0
since J(w + hw) = J(w) + hJ'(w)w and 7, p(w + hw) = 7 p(w) + heJ' (w)w for b — 0
and k < 0, it is possible to choose A > 0 small enough so that v = w + hv satisfies
J(v) > J(w) =1 and 73, p(v) < 7, p(w) = o5 p which is absurd.

Then, £ > 0. Then w in H;L’iB(]RN, C) satisfies (in the weak senses)

~Vipw = &(jw|* ™ = W(y)wl).

Now, we intend to demonstrate that by utilizing an appropriate change of variables, the
mentioned w, say w,, satisfies

Re [ Vo Savdy = Re [ (o = W)ody
RN RN
specifically, wy, satisfies (in the sense)

_vfz,Bwn + W(y)wn = |wn|2*_2

Wk,

so that wy is a solution to (1). Indeed, since

Re Vi,pwVi pvdy = Re/ Viw.Vivdy + Re Viw.iB(y)vdy
RN RN RN

+ /RN iB(y)w.Vyvdy + Re /RN iB(y)w.iB(y)vdy, (8)

by replacing w(y) = w,(y/ky) (that is, w(y) = w(%)) in (7) and by applying the change
of variable y = \/ky, we obtain

Re Viw(

1




So

Re [ R L)y
che [ RSB )y
ke | B ) VRV ) Vel
+Re [ By ) iB o Jo) e dy
(e [ (un) = = WD) J) v o (10)

If we simplify W and in evidence k, it follows that

Re /R (it i B ()T + i By

—Re /R () = W) oS

By the given assumption (Bs), and since ﬁB(i) = B(y) for all y € RY, we have

Re [ Vnaee(o) Vo oy = Re [ (s~ = WD lus())el )

RN VE vk vk

therefore we can conclude wy, satisfies (9).

1]
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