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that has gained importance due to its applications in methods of analysis for mathematical solutions
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hand, the Riemann zeta function and its generalizations are useful in the investigation of analytic
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1. Introduction

Fourier series and generating function theory is an active branch of modern analysis
that has gained importance due to its applications in methods of analysis for mathematical
solutions to boundary value problems, engineering, and signal processing in communica-
tions. On the other hand, the Riemann zeta function and its generalizations are useful
in the investigation of analytic number theory and allied disciplines, especially in the role
played by their special values in integral arguments (see [4, 14]).

It is well known that the classical Bernoulli, Euler, and Genocchi polynomials, with x €,
are respectively defined by the following generating functions (see [7, 16]):

P > peg
=S Buw)Sy, (el <2m), (1)
n=0
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e =G (< 3)

For x = 0, the numbers B, (0) = B, E,(0) = E,, and G,(0) = G,, appear.

If n > 2, the Fourier series for periodic Bernoulli functions of period 1 for even index
is given by (see [10] )

Banfa) = (-1 EER S S pe (), @)
m=1

and for odd index

2(2n + 1)! <= sin(2mmz
( )Z ( ).

Bonya(z) = (-1)"! (2m)2n+1 el 0 TS (n €). (5)

B
By (5) and integration of the series for Boni1 (@)

x
Riemann zeta function {(2n + 1), n € (cf. [10] ):

leads to the series representation of the

oy (2m)2t
C(2n+1) = (-1)"*! 2@ 1] / Bapii(x cot( 5 > dx. (6)

Given that, E,(z +2) = —E,(x + 1) = E,(2), x €, if n €, the Fourier series for the
periodic Euler functions of period 2 is given by (see [11] ):

~ B n = sin((2m + 1)7z)
Eop(z) = 4(-1) (2n)!mz::0 @m T e (2 (7)

Egn (ZU)

X

Using (7) and integration of the series for

C(2n+1), n € (cf. [11]).

Given that, Gp(z + 2) = —Gn(z + 1) = Gp(z), for z €, the Fourier series for the
periodic Genocchi functions of period 2, is given by the relation (see [12] ):

leads to the integral representation of

Comi1 () = (=120 + 1)1 S ﬁgﬁfﬁ;}lﬁf; ) ®)
m=0

G
By using (8) and integration of the series for LI(:E)

of ((2n+1), n € (cf. [12] ).

In the present work, considering [9], we investigate Fourier expansions for the new
periodic U-Bernoulli, U-Euler, and U-Genocchi functions for finding new relationships
with the Riemann zeta function, respectively. Moreover, we study special bounds for the

leads to the integral representation
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respective numbers. In the next section, some formulas for the U-Bernoulli, U-Euler, and
U-Genocchi polynomials will be derived, and we will recall some known results necessary
for the present investigation. In Section 3, we give the Fourier series of the functions f,.
Also, we give a connection with U-Bernoulli numbers and the Riemann zeta function, and
we find a bound for these numbers. We do the same job in sections 4 and 5 for the two
families, g, (z) and hy,(x).

2. Preliminary and basic results

Let s = 0 4+ ip, be a complex number with o, p €. The Riemann zeta function is defined
by (see [1, p. 249])

((s) == ki o> 0. (9)

k=1
The Euler formula is given by
e = cos (x) + isin (z). (10)
We can see from (10) that (cf. [5])
. 2
Ztan]}:l—m. (11)
Moreover, let us notice that:
. ei:v o e—ix 2 4
Ztanx:m:1_62im—1+e4iz—l. (12)
From (12), it follows that
2i 4

tan(—x) = —i +

e—2ix _ 1 e—diz _ 1’
therefore

2ix diz
e—2ix _ 1 e—diz _ 1"

zrtan(—z) = —ix +
It is known that the integer part function |z| is defined by
|z] == max{k €: k < z}.

The new family of U-Bernoulli polynomials M,,(x) of degree n in variable x is defined
by the following generating function (see [9])
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Fuy(z, z) = < : )am = ZMn(x)%T;, (2] < 2m). (13)

e -1

Some U-Bernoulli polynomials are:

Mp(z) = —1, Mi(z) =z — 3,
Mi(z) =z — 1, My(z) = —2* + 223 m2+1%,
My(z) = -2 + 2 — L, Ms(z) =25 — 52t + 223 — 2o
1 , 1
My(x) = —1, Ml(m):m—i, Ms(x) = —x —i—x—é.

If x =0in (13), M,, = M, (0) will be called the U-Bernoulli numbers, hence, we have

[e.e]

: ZMH%T, (2] < 27). (14)

e~z —1
n=0

Some of these numbers are:

1 1
My=~-1; Mi=-5; Mp=——; Mz=0.
2 6
We can easily prove that for n € odd,
M, =0, Yn>3. (15)

The new family of U-Euler polynomials A, (x) of degree n in variable z is defined by
the following generating function (see [9])

2 _zz s Zn
Ea(z;2) = <6_§ +1) e 2 :ZAn(:z)H, (2] < 2m). (16)
n=0
Some U-Euler polynomials are:
Aofw) =1, Aafa) = ko + o =
Al(x):%_QEH A4($):E91U ;gxs —1—41—335 2, 1
Ag(x) = 77— 1T, As(x) = —552° + g2t — ;T + g
1 1 1 3 1 1 1 1
A — 2 - A — _ -3 22 - — 4 _ )3 -
2(w) = o7 = 4 3(@) = =3+ 5% ~ 3 1) = 767 — g+ 6

When z = 0 in (16), A, = A,(0) we will call them the U-Euler numbers. We have
therefore

2 > n
S =Y A5 (o] <20 (17)
e 2+1 =0 n!
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Some of these numbers are:

1 1
Ag=1; A =—-; A =0; A3 =——.
0 ; 1= 2 =0; 3 3

In (17), we can prove that if n € is an even number,

A, =0, VYn>2. (18)

The new family of U-Genocchi polynomials V;,(x) of degree n in variable x is defined
by (see [9])

Gy (z,2) = <6_§2z+ 1) e = ZVn(x)%, (|2] < 2n). (19)

Some U-Genocchi polynomials are:

‘/0($) = 07 V3(x) = %xz - %LL‘,
Vi(z) =1, Vi(z) = —1ad + 822 L,
Vo(z) = —2 + 3, Vs(z) = Zat — 223 + 2a.
1 3 3 3 1
Va(z) :—x+§, Vs(z) = 41:2—1:(:, Vi(z) :—5333—1—1352 3
For z = 0 in (19), V;, = V;,,(0), we will call them the U-Genocchi numbers. So
2z N
—_—— = V —, z| < 2m). 20
S ey (<) (20)
Some of these numbers are:
1
VWw=0; Vi=1 V4:—§-

Starting from (19), it is possible to establish, for n > 1 a relationship with the U-Euler
polynomials employing

V() = nAp—1(x). (21)

Furthermore, by setting = 0 in (21), it follows

Vo =nA,_1, Vn>1. (22)
Proposition 2.1. The polynomials M, (x) satisfy

’

M, (z) = —nM,_1(x), Vn €. (23)

n

My (x +1) — My (x) = n(—=1)"" g™, Vn € . (24)



77

Proof. In view of (13), we have

Besides,

0 ze T® > z"
oz <ez - 1) =D M)y

n=0

So, the uniqueness of the power series leads us to

M, (z) —nMn_l(:U)‘

n! n!
Hence, assertion (23) follows.

We will now provide (24). We start from (13)

z _ z _ ze P (e7* — 1) _
(z+1)z Tz _ _ Tz
e‘z—le e‘z—le e ?—1 =
Turning to the power series, we have that
0 n+1 e n+1
z B m z
Z[Mn—H@ +1) = My ()] (n+1)! - Z( 1)"2"(n +1) (n+ 1)!'
n=0 n=0
So, assertion (24) holds. Proposition 2.1 is proved.
O
Taking = = 0 in (24) for n > 2, we get
M,(1) = M,. (25)
Proposition 2.2. Let n €, then the polynomials A, (z) satisfy
’ n
An(x) = _§An71($)7 (26)
(_1)71 n
Ap(x 4+ 1) + Ap(z) = ——2a". (27)

Proof. By differentiating (16), with respect to z, the power series’ uniqueness leads us to
(26).

We will show the assertion (27). Starting from (16) we have
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_(z+1)z _zz
e 2 e 2 _zz
2e” 2.

z + z =
e 241 e 241

Turning to the power series we have that

> P " > 1\" "
S At DI Y Ay =2 <_2> S
n=0 n=0 n=0

from 28 we obtain (27). Proposition 2.2 is proved.

Let’s notice that, making x = 0 in (27), we obtain:

’ n
Vi) = ~ 5V (@),
n(_l)n_l n—1
Vol 4+ 1)+ Vy(z) = on2
Proof. From (26), we have
’ n
A, (2) = 5 An s (2)
By using (21), we obtain
/ 1
A(x) = 5 Vala),
then
V() = =24, (x)
Whence it follows that
/ . n(n — 1) Vn_l(x) ’ /
n I
-
— [—” 5 1An_2(x)] - —”(”2 Y A, o)

(28)

(29)



Then, the U-Genocchi polynomials satisfy (30).
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We will now prove the assertion (31). Starting from (27) and using (21), we have that

—1)" n
Ap(z+ 1)+ Ap(z) = (zn—)l z
o Vn+1(l‘ + 1) Vn+1($) _ (_1) ",
n+1 n+1 2n—1

So, (31) follows. Thus, Theorem 2.3 is completely proved.

For x = 0 in (31), we get

3. Fourier series of the periodic U-Bernoulli functions

(32)

In this section, we give the Fourier series of a periodic function involving U —Bernoulli
polynomials and introduce the relationship of the U-Bernoulli numbers with the Riemann

zeta function. Furthermore, we give a bound for U-Bernoulli numbers.

Theorem 3.1. Let n €,

fu(@) = Mp(2 — |z]),  (z€).

Then, the Fourier series for fn(x) is

(*1)”71' ' e?wikw
(2mi)™ kn

ful@) = Mn(z — [2]) =

where Z/ denotes a sum over the integers not including 0.

Proof. The function f, is a periodic function with a period T' = 1.

fa(z +1) = My(z +1 = [z +1]) = Mp(z = [2]) = fa(2).

So, fn(x) has a representation in Fourier series, which is given by (see [4]):

ful@) = 3 Fuk)emime.
ke

Firstly, note that for every x € [0,1),

fu(@) = My (z — |z]) = Mp(z = 0) = My (z).

(34)
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Now, let’s calculate the coefficients fn(k:) For k = 0, applying (23) we have

1
: -1
/ fulx)e 2™0% g = [Mp41(0) — My, 1(1)] =0,  Vn>1.
0 n + 1
Now, for k& > 0, n = 1, we obtain
0

. 1 e—27rikm 1 1 1 )
k)= [— N —2mikz
filk) [ (m 2) (27rz'k:x )]f 27rik/0 ‘

If w = 2mwikax, we see that

1 1
/ e 2mike — / [cos(2mkz) — isin(2mkx)|dz = 0.
0 0

This implies

(35)

Let’s see now the case k > 0, n > 1.

1 1
= / M, (z — |z])e 2" dy = / M, (z)e 2™ dy.
0 0

Integrating by parts, with u = M, (z) and dv = e~ ?"*?dz, and using (25) we get

2mik 2mik

n ! 2mik
= - M,,_ TETE
2m‘k/0 n-1(@)e v

Fulk) = —L [M(1) = M(0)] — =" /0 M,y (z)e=2 ko gy,

Integrating by parts again, with u = M,,_1(x) and dv = e~ ?™**dz, we can apply (25), to
get

- -n My1(2) _orik n_l/ —2mik
(K _ . Tikx M,,_ mikx g 7
fa(k) 2mik {[ omik © o 2mik 2( v



81

(=1 n(n-1) / o 2mik
— M _ X2 $d .
2mk “
So, integrating by parts (n — 1) times we get
N (—

» k ’fl M 727lemd
Julk) = (2mik)n—1 / v

Now, it follow from (35) that
- (=1)"n!
n(k) = .
Ju(F) (2mik)™

This finishes the proof of Theorem 3.1. O

Theorem 3.2. Forn > 1, the U-Bernoulli numbers satisfy the following relationship with
the Riemann zeta function:

202n)1(—1)"
(271')2"

Proof. We employ the Theorem 3.1. By making x = 0 in (33), we have

Mo, = ¢(2n). (36)

(—1)"n! " o2mik(0)
n 0 = :
fa(0) (2mi)™ kn
ke
B (—1)"n! = 1
= M,(0)= M, = @i Z/?n
ke
Therefore,
(2n)! 1
Mo, = - —.
2 (27”)2n k2n (37)
ke
Notice that, from (9)
— k2n (_2)2k (_1)2k (1)2k (2)2k
1
ke

Consequently, (37) becomes
(2n)! 2(2n)!
My, = ——5—2((2n) = ———F—"——=C((2n).
= Gy B = G-y 2
So, (36) follows and Theorem 3.2 is proved.
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Theorem 3.3. For all n > 1, the U-Bernoulli numbers M, satisfy the inequality,

(2n)! (2n)! 72
< | Moy, | < —
(2m)2n = [Mon] < (2m)%" 3
Proof. From (36), gives
22n)! — 1
| Mz | = (2m)2" k2n
k>1

e
[\~
S

v

k>1 k>1
| |
N 2(2n) L < 2(2n)! i’
(27r)2n an — (271—)277, k.2
k>1 k>1
hence 2(2n) )
n)!
Mo, | < —
| Man| < (2m)2n L2
k>1

Now, by Theorem 3.2 with n = 1, we have

1 (27‘()2M_47T2< 1>:7r2

2~ 9(_ 2= ’
= k 2(-1)2 4 6 6
therefore
220!~ 1 (2n)! =°
(27)%n = k2 (2m)%n 3
So that,
(2n)! 72
Moy | < ; >1
Monl = Gy 3 "
On the other hand, notice that
2(2n)! 1 < (2n)!
2n 1.2 = 2n’
(27) = k (27)
then
2n)!
| May| > (2n) k> 1.

(39)

(40)

(41)
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Therefore, we derive (39) from (41) and (42). Theorem 3.3 is proved.

4. Fourier series of the periodic U-Euler functions

In this section, we give the Fourier series of a periodic function involving U—FEuler
polynomials. Furthermore, we give a bound for U-Euler numbers.

Theorem 4.1. Let n €,

gn(x) = An(z = [2]),  (z€). (43)

Then, the Fourier series for g,(x) is

Proof. In analogy to (33), we find that g, is also a periodic function with period 7' = 1,
hence, it admits a Fourier series expansion given by

gn(ﬂf) — Zgn(k)BZMkm;

ke

where

Now, let’s calculate the coefficients g, (k).

For k =0, n € and using (26) and (29), we get

1
n(0) = /0 Az — |2])e2m 074y

2 (—2)2A,11

- _n—|—1[_2An+1]: n+1

)

this is true for all n > 1. For & > 0 and n = 1, from (26) and (29), follows

' i L1 oz .
§1(k;) = / Al(x — ij)e—%rzkmdx — / ( _ > 6_27mkzdx,
0 0 4 2

Integrating by parts, with v = % — 2 dv=e ™Mz, using (26) and (29) gives
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1 (1 = N L | . 1
G (ke — _ - % —2mikx _/ o —2mikx [~ d
(k) [ ok <4 2)6 ]0 o 2mik’ 2 )%
1
_ 1 l_g e—27rikx _ 1 1/16_27rikxd$.
2mik [\4 2 o 2mik2 Jy

Now, it follows that,

(k) = _zyrlz'k [711(1 * 1)] - _27rlz'k: <_;) '

Therefore,

-]

Let’s consider now, n > 1 and k > 0. We have in this case,

! 1
gn(k) :/ Ap(z — |z])e 2Tk dy :/ Ap(z)e 2k gy,
0 0
integrating by parts, with u = A, (z), dv = e~ 2™ (g, and using (26), (29) we get

1

Ank:_ X
Gn (k) 2mik

[An(l)e—%rik o An(O):| _ E 1 /1 An_l(x)e_%ikxdx-
2 27TZ]€ 0

So that,

(k) = ———[~24,] - "1 /1,4 ()e2mike g
I\ = Tomie U T ok f, ‘

Integrating by parts the last integral, with u = A,,_1(z), du = —MATL_Q(JI) and using
(26) and (29) it follows that

. [—24,] n 1 1 Cokmiz]t (n—1) 1 /1 ke
(k) = — o o A, mix | : A, T ]
gu(k) o%kmi  22mik | 2mik [ i(z)e }o 2 2wk ), An-2(@)e v

_ 24, 1\ 2nA, N\2nn—1) [ e
= g (2) o+ (2) o ) Avotoe e

Integrating by parts the last integral, with u = A,,_o(z), du = —LEQ)An_g(x)dac by (26),
(29) and using the notation

©

24, 1\ 2nA,—1
2

—n Tl e obtai
Skmi (2mik)2’ OO
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. 1 2n(n—l) 1 o (R —2) i
n —= - — - Anf L _ TiT
Gnlk) = O ( 2) (2kri)? { S A2 @ = T / dm}
B 1\?n(n—1)24,_s 1N\*n(n—1)—(n—2) ria
= Of <_2> (ki) 2w <_2> (2km ‘) 2 2km/ dx
1\% 2n(n — 1)An_s n(n —1)(n — 2k
= —_— - = An, 7T’L$d .
o ( 2) (2ki)3 * < 2) 2/€7m / t

Integrating by parts the last integral (n — 1) times, we can say

. - 1\’ 24,_; n! N\ nn-1)--(n-(n-1 ! ki
gnlk) = Z( ) 2km)j]+1 CET (‘2) (2k7r(i)”—1< ))/0 Ay(@)e™ " de

7=0
G YT 24, (- D) n! (1w
=R (ki G-Din—j+1! \"2) (@km)™
Then,
n n—1 i1 .
1 n! 1)’ n \2A4n—j+1(j —1)!
gn(k) = | —3 = n—j+1U - . 46
9a(%) < 2> (2ki)" +;( 2) (j—l) (2kmi)i (46)
Therefore, from (4) and (46) follows (44). Theorem 4.1 is completely the proved. O

Proposition 4.2. The U—Bernoulli numbers defined in (14) and the tangent function
are related by

[e.9]

M2n+2 n n n n
tan(—z) = ) mzl Y — gl (—q )it (47)
n=0

Proof. By (14) and (2) with z = 2iz and z = 4iz and taking into account (15), we have
the following

rtan(—x) = fm+z ' 4")i" "
n!

n=0

= —Z:L‘-i-( > Zl“i‘z 4n nxn
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> A
(2n)!
n=1

— 474" (—=1)

Hence,

2 tan(—z) = Zl (]‘24;; 4P[1 = 4] (= 1),

So (47) follows. Proposition 4.2 is demonstrated.
O

Proposition 4.3. The U-Euler numbers defined in (17) and the tangent function are
related by

42n+1(_1)n+11.2n+1
tan Z A2n+1 (2n i 1)' . (48)

Proof. Using together (16) and (11) with z = 4ix and taking into account (18), it follows
that

4nqtg™

= (dix)" >
itan(—z) = 1-— ZA”T =1- ZA”
4n+1 ‘n+1 n+1 4n+1 ) n+1
- S A
(n+1)! +1)!
42n+1 -2n 2n+1

= —ZZA%H 2n+1)!

So,

42n+1( 1)n+1x2n+1

ztan —lZAQn_H 2 +1)'

(49)

Thus, by (49), the desire result follows. Thus, we complete the proof of the Proposition
4.3.

O]

Proposition 4.4. Forn > 1, the numbers M,, and A,, are related by means of the following
formula

M2n = 77A2n—1- (50)
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Proof. We have from (47) and (48) that

M2n+2 4n+1[1 _ 4n+1](_1)n+1

A27L+1 42n+1(_1)n+1
(2n +2)!

(2n+1)!

Agp 1427 (1)1 (2n + 2)!
4nH1]] — 4n+1)(—1)n+1(2n + 1)!
Agp14™4" (20 + 1)!(2n + 2)

4n+1]1 — 4n+1](2n + 1)!
A2n+14”(2n + 2)
[1—4n+1]

Then,

420 + 2)
My = = an1] Agpt1-

From the previous equality, it follows that

Ag(n-1y 414" (2(n — 1) +2)
[1 — 4(n=1)+1]
Agn_14"*1(2n)
1—4n
Agp_14™n o n22n—l
2(1 —4n) 1 —4n

M2n =

Proposition 4.4 is demonstrated.

Proposition 4.5. For n > 1, the U-Euler numbers defined in (17) are related to the
Riemann zeta function as follows:
_ 4n—1(2ﬂ.)2n(_1)

¢(2n) = 2(2n — [ — 4:] Aogp—1. (51)

Furthermore,

(4™ —1)(2n)! 2(4™ — 1)(2n)!7?
-_— < <
n22n=1(2x)2n — [A2n-1] < 3n(4m)?n

Proof. The representation (51) follows from (36) and (50)

(52)

2(2n)!(—1)" 22n-1

(27r)2n

nAan—1

(2n) = "=

So, we obtain
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A2n—14n71 (27r)2n(_1)n

Mm) —
) = = ) — 4
From (50) it follows that
1—4"
This implies
(1) (4n = 1)
|A2n—1’ = ‘7122"_1 2n| = no2n—1 ’ 2n‘ (53)
Now, from (41) and (53) we have
2(4™ — 1)(2n)!x?
Aoy 1| < 4
[Azn-1] < 3n(4m)2n (54)
On the other hand, from (42) and (53), we get
4" -1 (2n)!
Az ) (55)

> .
— n22n—1 (27T)2”

Then, from (54) and (55), (52) follows. Proposition 4.5 is completely proved.

(4" —1)(2n)!

2(4™ — 1)(2n) 72
3n(4m)2n

< |Agp—1] <

5. Fourier series of the periodic U-Genocchi functions

In this section, we give the Fourier series of a periodic function involving U-Genocchi
polynomials. Furthermore, we give a bound for U-Genocchi numbers.

Theorem 5.1. Let n > 1, x € and let’s consider the function

hn(z) := Vo (z — |z]), (56)

where |x] is the integer part function. Then, the Fourier series for hy(z) is given by

e [ () gt (1) ]
(57)
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Proof. Analogously to (33), the function h,, is also a periodic function with period T = 1,
hence, it admits a Fourier series expansion given by

hn(flf) _ Z iln(k)(Bkax,
ke

where

1
B (k) = /0 ()= 27k 4y

Using the relationship between U-Euler and U-Genocchi polynomials given by (21), we
can get a Fourier expansion for the U-Genocchi polynomial as follows: Firstly, let’s see
that

hn(2) = Va(z = [2]) = nAni (2 = [2]) = ngn-1(2).

Hence, applying (21) to the Fourier series for gy (z) given by (44) yields (57). This com-
pletes the proof. O

On the other hand, the relationship between U-Euler and U-Genocchi numbers given by
(22) allows us to find directly, the relationship between the U-Genocchi numbers and the
Riemann zeta function. We can now state the following result.

Proposition 5.2. For n > 1, numbers V, are related to the Riemann zeta function as
follows

_ 4n—2(27.[.)2n(_1)n
~ n(2n — D1 — 47]

¢(2n) Van. (58)

Furthermore,

4(4" — 1)(2n)

| n __ 1.2
' ol < 447 — 1)(2n)!n

(59)

2271(47.[-)271 3(47T)2n
Proof. From (21) and (51), (58) follows.
5 4n—1(2ﬂ.)2n(_1)n _ 4n—l(2ﬂ.)2n(_1)n Vv2n
¢(2n) 2(2n — DL — 472" T 220 — DI[1 - 47] 2n
_ A Eea - Vy, — "2 (2m)>n (—1)" Vo

4dn(2n — 1)![1 — 47| n(2n — 1)![1 — 47|

Using (52), we get a bound for the U-Genocchi numbers as follows:

2(4™ — 1)(2n)!x?

< z‘ <

n22n71(2ﬂ-)2n —
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(4" —1)(2n)! Vo | _ 2(4™ —1)(2n)!7?
n22n=1(27)2n = | 2n |~ 3n(4m)?n
2(4" — 1)(2n)! 4(4™ — 1)(2n)!n?
i [C )L (i 1)
22n2-1(27)2n 3(4m)?n
4(4™ —1)(2n)! 4(4™ — 1)(2n)!7?
S ———— 0 < |V, <
221 (47r)2n < Van| < 3(4m)2n
Proposition 5.2 is completely proved.
O
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