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Spectral Properties of a Differential operator with
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Abstract. In this work, we study the second-order differential operator with integral
boundary conditions U, (y) = fol ou(x)y(z)dz = 0,0 =1,2. Such an operator is not
densely defined in any space L, (0,1). Therefore, the operator is considered not on the
whole L,, (0, 1), but in its subspace L,y (0,1) = {y () € L, (0,1): U, () v = 1, 2},

1 < p < o0, which has codimension two. Under weaker conditions than previously known
on the functions ¢, (z),v = 1,2, estimates for the resolvent are obtained and a theorem
on the basis property of eigen and associated functions in subspace L, i (0, 1) is proved.
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1. Introduction
Consider the linear differential expression
[(y)=—y"+a(@)y,z€(0,1), (1)
and boundary conditions
1
Uv(y):/0 oy () y (z)de =0,v=1,2, (2)

where ¢ (), ¢1(x) and @a(z) are given complex-valued function belonging to the
space L1 (0,1). p1(x) and ¢o(x) are linearly independent functions. Differential
expression (1) and boundary conditions (2) generate a differential operator L with
a domain of definition D(L) in some functional space. We will be interested in
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the problem of the behavior of eigenvalues and eigenfunctions of this differential
operator. Such a problem in the case of regular boundary conditions
Uy (y) = allly/ (O) + buly, (1) + avoy (0) + buoy/ (1) =0,v=12,
has been studied quite well (see [1- 4] and the bibliography there). The case of
irregular, as well as more general regular boundary conditions, when the bound-
ary conditions contain some integrals of the function y(z) and its derivatives, was
considered in [5-11]. In these works, the spectral properties of the corresponding
operator were studied (spectrality, eigenfunctions, conjugate problem and mainly
in the space L2(0,1)). Let us also note the works [12-14], where similar problems
were studied in the spaces L,(0,1). Another class of boundary conditions are
degenerate boundary conditions. For such boundary conditions, the spectrum
of the corresponding operator is either empty or coincides with the entire com-
plex plane. Such problems are studied in the works [15-17]. However, as a rule,
boundary forms generated an unbounded functional in the space under consid-
eration, and in this case the operator has a dense domain of definition, which
made it possible to construct a conjugate operator or assume the regularity of
boundary conditions [1-4]. Here we will consider integral boundary conditions
(2). These conditions are not regular in the sense of Birkhoff [1], and there is no
corresponding conjugate operator for them. Such conditions were used for other
purposes in [10, 11]. In [18, 19], problem (1), (2) was studied under more strin-
gent conditions on the functions ¢(x) and ¢, (x), where the asymptotic behavior
of eigenvalues and eigenfunctions was found, and the theorem on the Riesz basis
property of a system of eigenfunctions a certain subspace of the space L2(0,1) is
proved. In [20], the completeness and minimality of the eigenfunctions and as-
sociated functions of problem (1), (2) were proven, and in [21], under additional
conditions of smoothness of the functions ¢, (z), it is proved that the system of
eigen and associated functions forms a basis in the corresponding subspace of
the space Ly (0, 1), equivalent to the trigonometric system {cosmkz };-,. In this
paper, we obtain an estimate of the resolvent on some rays and investigate the
basis property of eigenfunctions under weaker restrictions on the functions ¢, ()
than in [21]. Note that differential equations with nonlocal conditions of integral
form have interesting applications in mechanics [22] and in the theory of diffusion
processes [23].
We present some concepts and facts that will be needed later.

Definition 1 [24]. Let X be a Banach space and A—a closed linear operator
with domain D (A) C X and the values also in X. The operator A is called
positive if the interval (—oo, 0] belongs to the resolvent set of A, and there exists
the number C > 0 such that

H(A+t[)‘1H < @
2

£ <0.
1+t =



Definition 2. The ray | = {\:arg\ = ¢} is called a ray of minimal growth
of the resolvent of the operator L, if the resolvent R (\) = (L — AI)™" exists on
this ray sufficiently far from the origin and satisfies the inequality|| R (N)|| < ‘%

From this definition, it follows that there exist numbers € and h such that the
operator A = €L + hl is positive.
To study the basis property of the eigenfunctions and associated functions of the
operator L, we will need two well-known theorems. The first of them is Riesz’s
theorem on the boundedness of the Hilbert transform in L, (see., example, [25,
p. 132]). Below we present it in a convenient form. In this form, it is given in

[12, Theorem 4.1].

Theorem(M.Riesz)[25, 12]. Let f € L,(0,1), 1 < p < oo. Then the

integral X

0o T+t

g (z)

exists almost everywhere on [0,1]. Moreover, there exists a constant C > 0 such
that the following inequality holds: |g||,, < C| f[],-

The second theorem, which will use below, is a criterion for being a basis in
a Banach space.
Theorem (critery for a basis). For a system {x,},c.n of a Banach space
X to be a basis, it is necessary and sufficient that the following conditions be
satisfied:
i) the system {xyn},cn is complete and minimal in X;
ii) the projections { Py}, cn are uniformly bounded, where

n

P,x = Z (x,z}) xp, x € X,
k=1

and {z}},cn C X* is the conjute system.

2. Estimation of the resolvent

Let us introduce in the space L,(0,1),1 < p < oo, a differential operator L,
corresponding to the differential expression I(y) with the domain of definition
D(L) = {y(z) € W2(0,1),1(y) € Lp(0,1); Uy(y) = 0,v = 1,2} and consider the
problem of the eigenvalues of this operator: Ly = \y.

Let’s put A = p?. Let us denote Sy = {p: & <argp < w }, v =
0, 1, 2, 3. In each region S, equation (1) has a fundamental system of solu-
tions with asymptotics [1, p. 58]



yi(w,p) = 5 (Lt iz, p)) s oz, p) = (1 +ra(2, p)), (3)

where the numbers w; and wy are different square roots of (-1) (i.e. £i), numbered
so that Re (pw1) < Re (pws) is satisfied for p € Sy, and the functions r;(z, p) are
continuous even for sufficiently large values of |p| the estimate |r;(z, p)| < %,i =
1,2 is satisfied, uniformly in = € [0, 1].

In what follows, with respect to functions ¢, (z),v = 1,2, we will assume that
the following conditions are met:

A) g(x) € L1(0,1); 3a € (0,1) : @,(x) € Ly(0,1) N W{(0,a) N
Wil —a,1), v=1,2;

B) a182 — azf # 0, where a, = ¢, (0), B, = pu(1).

Then in some strip [Imp | < h, for some h > 0 the following relations are
satisfied:

1 . 1 - 1
oy (z) ePPdr = — (Bue'” — ay) + o <> ;
| e@ = ) o,

1
, 1 . 1
/ op(x)e PPdr = — (ﬁveﬂp — ozy) +o0 () )
0 —ip p
These relations are obtained using integration by parts and from the Riemann-
Lebesgue theorem [26, p.18]. In addition, from (3) and (4) it follows that under

the same assumptions the relations are also satisfied

1
U, (yl) = /() gov(x)y1($,p)dﬂc = le (ﬁveip _ av) + Tulp(p)’

1
Ul/ (y2) = /0 Spv(x)y2<$7p)d$ — _];p (Bve—ip - OZU) + TvQ[)(p)’

where for functions r,;(p) for large values of |p| and |Imp | < h the estimate
rvi(p) = o(1) is satisfied.

The eigenvalues of the operator L are the numbers A\, = pi, where pj are the
zeros of the characteristic determinant

| Ui () Uilye)
A(‘”—’ Uy (1) Us(n)

The following theorem is true regarding the function A (p).
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Theorem 1. Let conditions A), B) be met. Then for the characteristic determi-
nant A (p) of the spectral problem (1), (2) the following are valid:

i) any number 6 > 0 corresponds to a constant mg > 0, depending on the function
A (p), such that on the set obtained from the complex p—plane by throwing out
the §—neighborhoods of the zeros of A(p) the inequality holds

1
1A (p)| > m6W€Re(pw2);

i1) the zeros of the function A (p) are asymptotically simple and separated;
i11) the function A (p) has two series of roots: the first series has an asymp-
totic
pn=1n+o0(1),

and the second series p',, is defined by the equality p',, = —p,,-

Proof. Let yi(x) and ya(z) - are the fundamental system of solutions from
(3). The determinant A(p) is divided into the sum

A(p) = Ao(p) + A1(p) + Az2(p) + As(p), (6)

where ) .
r) ePrdx r)e Prdy
Ao(p) = fol #1(2) ipa fol #1(2) —ipz ) (7)
Jo w2 (x)eP®dx [ po(x)e P dx
Ai(p) is obtained from Ag(p) by replacing the second row with the el-
ements fol oo (z)eP®r (z, p)du, fol o(z)e P ry(z, p)dz, and As(p)— from
Ao(p) by replacing the first row with the elements fol o1(z)e*r(z, p)du,
fol o1(z)e”"%ry(z, p)dz, finally, As(p) - replacing both lines with the specified
elements (the first with ¢1(z), the second with ¢a(z)). Let’s consider the deter-
minant Aj(p) By virtue of formulas (4), (5) we have

A (p) = Rlpgp) Az (p) = Rngp)’ As(p) =

where R;(p) = o(1),i = 1,2,3, for p — oo and |[Imp | < h. Thus, in expansion
(6) the main role as p — oo is played by the term Ag(p), therefore, taking into
account formulas (6), (7) we have

1| ge? —ar fre - +R(P) (8)
p?| Beef —ay Bae™ —an p?’

Alp) =

where R(p) = o(1) for p — oo and [Imp | < h. From equality (8) it follows that

R(p)

Ap) = /)12 (@182 — agph) (¢ — e ) + p?
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Now all the statements of the theorem are obtained by similar reasoning carried
out in [1, pg. 77, 78].

The operator L constructed above does not have a dense domain of definition
in the space Ly(0,1) and therefore the eigenfunctions of the operator L cannot
be complete in this space. To eliminate this drawback, consider the operator L
not on the whole space L,(0, 1), but in its closed subspace

L,u(0,1) ={f(x) € Lp(0,1) : Up(f) =0,v =1,2}.

It is obvious that codim L, ;7 = 2. Similarly we define the space

W (0,1) = {f(x) € W(0,1) : Uy(f) = 0,0 = 1,2} .
Let us define the operator L in the space L, 17 (0, 1) as follows:
D(L) = {y € W2, (0,1) : 1(y) € Xp} and for y € D(L) : Ly = I(y).
The operator L thus defined has an everywhere dense domain of definition
in L,y (0,1) [27, Lemma 2.2]. To study the question of completeness of eigen-
functions of the operator L in the space L, 7 (0, 1) we construct and estimate the

resolvent of the operator L. It is known (see [1, p. 47]) that the Green’s function
of the operator L — p?I has the form

1 g(x,ﬁ,p) Y1 (a:,p) y2(x7p>
G (z,¢,p) = NG Ui(g) Ur(y1)  Uilye) |, 9)
p Uz (9) Ua(y1)  Ual(y2)

where

_ y2(§710) _ yl(fvp) _ yl(gvp) Yy (gap)
Zl(gvp) = W(p) ,Zz(f,ﬂ) = W(p) ,W( )— y/1(§7p) y';(&p)

Consider in the complex p -plane the region 25 = N, {p: |p — pn| > 0} , where
{pn}- is the set of zeros of the function A (p). Let Ks denote the region of the
complex A—plane, which is the image of 25 under the mapping A = p?.

Theorem 2. If conditions A), B) are satisfied, then for the resolvent Ry (L) =
(L — XI)™" of the operator L generated by the differential expression 1 (y) and the
boundary conditions (2) in the domain Ks for large values of |\| the following

estimate 1s correct: .
[RA(L)]| < — (10)
6 AlZ




Proof. 1t is known [1] that for the derivatives of the functions y;(z, p) and
ya2(z, p) in the region Sy asymptotic estimates are valid

yi(z, p) = ipe” (1 + r3(w, p)), yh(z, p) = —ipe """ (1 + r4(z, p)),
¢

|7|a
taking into account (4) for the Wronskian W (p), we have

Cln - entenen | (1),

where|r;(z, p)| < 4,1 = 3,4, uniformly alongz € [0,1]. From the last relations,

W(p) =

From here, for the functions z1(§, p) and z2(&, p) we obtain

21 (€, p) = —221,peif’5 <1 +0 (;)) 20 (6, p) = _221'peip£ (1 10 (;)) ‘

Therefore for g(x,&, p) we have

1 ip(a—g) (1 +0 (% ) x> €,

g(x,§,p) = ?e—ip(x—f) (1+0 %)) , T <E&.

—3i5

Taking into account formulas (4), as well as the last relations, we estimate Uj (g)
and Usz(g):

Us(g) = /01 o1(2)g(x, €, p)d = — ——et /05 o ()67 (1 40 (;)) da+

2ip

Y , 1 1 , , 1
—I-_e_lpg/ o1(z)etr” (1 +0 ()) de = —= <ale’p§ — Ble’p(l_g)) +o0 (2) ,
2ip ¢ p 2p p

Us(g) = /01 ()9, €, p)dz = ——cirt /05 a()e 0" <1 10 (;)) do+

2ip

1 , 1 . 1 1 . . 1
—1p§ wr(140( 2 dr = ( ip§ _ ZP(1_§)> — .
T9ip° /ng(x)e ( " (p)) T g \ 7 Pae o p?

Finally, we replace all the functions included in (9) with their asymptotic expres-
sions. Then for z > £ we have

1| 9@ iz ) yalz,p)
G(%&P)Zm Ui(9) Ur(y1) Uilye) |=
P U2(9% Ua(yr)  Ual(y2)



1
2p(afa — aabr) (€ — e P)[1] -

eip(m—f) [1] eipa: [1] 6—ipac[1]
X (aleiff — Blei?(l_g)) 1] (o — 51€ip) 1] (516_?’) —aq)[1] =
(age”)g — Bge”)(lfg)) [1] (a2 - 526”)) (1] (B2e™" — az)[1]
1

2p(a1B — azBr)(e*? — 1)[1]

eP(r=8) [1] e (1] er1=2)[1]
X (1 = pre?=O) (1] (an = Bre®) 1] (Br — ane?)[1]
(azeit — Bretr1=9)) [1] (ag — B2e) (1] (B2 — age™)[1] (
11)

Here we use the notation [a] = a + o(1). Note that if p belongs to the domain,
So N 25 then Re( ip) < 0 and therefore there is a number ms > 0 such that
!(62“’ — 1) [1]| = ms. In addition, in the last determinant all components are
bounded, since all exponents present there in the indicator have a negative real
part. In the case of x < £ in the last determinant, the first element of the first
row must be replaced by e~ [1].

If p belongs to the domain, S3 N {25 then Re(— ip) < 0 and therefore there is a
number mg > 0 such that }(e_zip -1) [1]| > mg. Then for z > & we have

1
S 2p(a1 B2 — azBr)(1 — e 2P)[1] -
e~ir(z=€) [1] er1-2)[]] e~ P[]
A (e e ) 1) (e )] (e — o]
(267 — Boe=#1-O) 1] (ape™" — B) 1] (Bae~” — an)[1]

(12)
In the case of x < £ in the last determinant, the first element of the first row
must be replaced by e??(#=8) [1].
Taking these considerations into account and expanding the last determinants in
(11) and (12), we obtain the following representation for the Green’s function

2
G (xvfa P) = ;AOO (p,(L‘,f) Eyp <p7x7§) + ; Z A'Lk (p7$,€) E; (pv .’E) E (P,f),
ik=1
(13)



Aik (pvxvé) = Qi (P) (1 + u; (P7 :L“)) (1 + vk (Mf)) , 4,k =0,1,2, (14)

where

eiP(I*f)’ xr > ‘5’

Eo(z,&,p) = { eip(g_m)7 v <€ Ei (p,x) = eipl“, Ey (p,x) = eip(l—x), (15)

if p € SypU Qs and

e-l‘p(ﬂ?—f)’ xr > 5’

EO ($, 57 P) = { e*ip(ffx) E1 (,0, .1‘) = e—ipa:’ EQ (p, ZC) = e_i/’(l_fﬂ)

z <¢,
(16)
if p € S3U 5. In addition, the following relations are fulfilled:
laik (p)| < ¢, i,k =0,1,2; p€ (SoUS3)UQy; (17)
u; (p,x) = 0, vk (p,&) = 0 asp — 0 uni formlyinz, & € [0,1]. (18)

From what has been said it immediately follows that the estimate
c
I

from which we directly obtain (10). The theorem is proved.

|G(z,&,p)| = —,p € SoUQs, z,& €[0,1]

Using estimate (10), in [20] the completeness of the eigenfunctions and associated
functions of the operator L in the space L,y (0,1), 1 < p < oo, is proved.
However, in many questions this estimate turns out to be rough and we will now
show that on some rays it can be improved.

Theorem 3. Let p take values on a ray on which Re (+ip) # 0, and let the op-
erator L be generated by the differential expression | (y) and boundary conditions
(2), where conditions A), B) are satisfied. Then for the resolvent of the operator
L, for sufficiently large values of |p|, the following estimate holds:
C
2
HR (p )HLZJ,U*)LP»U - W

Proof. Let f € L, (0,1). Then using representation (13), for x € [0, 1] we can
write

(19)

1
(R (%) f) (&) = /0 G (x.€.p) f (€) d =
9



—1/1A (p.2,€) Eo (p.2,€) £ (€) de-+
= 0 Jo 00 \p, T, 0\P T,
1 [
pzk 1 0
;Io Zfzk (20)

zkl

where denoted by

1
Io(p) f (z) = /O Ao (p,2,€) Eo (p, 2, €) f () de.

1
x) :/0 Ak (p,x, &) E; (p,z) By (p, &) f(§)dE, i,k =1,2. (21)

Let p belong to the ray argp = 6, on which Re (+ip) # 0. Since Re(+ip) =
|p| cos (9 + g) , we get cos (9 + %) =% 0. We denote

M_lzmin{cos (9—1—%),(:05 (9—%) }

1 1
T S M—.
| Re (Lip) | ol
First, we will estimate the integral operator Iy (p). Taking into account (15),
we represent it in the form Iy (p) = Io1 (p) + Io2 (p) , where
x

Inn (p) f () = /0 7(6) Ao (pr 2, €) €79,

Then we have

(22)

1
Toz (p) f (x) = / (&) Ao (p,w, &) e E")de.

Using the representation (14) of the function Agg (p, z, §) and estimates (17), (18),
we obtain

\Iol (P)f(x)\ = ‘/0 f (5) Ao (p,x,f) ez’p(acfé)dg <
<0 [17 @114 (o, ) el <

_C / 1 (£)] e3 @O0 3 (o= Relip) g



o ) Pela—E)Re( zpd> < * @=&)Re(ip) )

< ( / F©Pe ¢ / e ¢) <
* (x—€)Re(ip) > 1 _zRe(it) .

<o) re o) (g (1= o))

(23)

Here and in what follows, we denoted by C' positive constants, different in
different places, independent of the function f (x) and the variables p, z, . Taking
into account (22) and the inequality 1—e®/€() < 1, which is true for Re (ip) < 0,

from (23) we obtain

s (o) (@) < -5 ( J |f(£)|”e(”"_5)Re“p)d5>p
ol Ao

From here we have

c ' ’ - e(t
o1 (p) f1I7, < | |p/0 da:/o |f (&) Pelz=ORlP) gg =
p q

)P (/ £)Re(w)d$> d¢ =

(1= Re( lp)) d¢ <

Ipl

Re —Re (ip) (

< ||p+1/0 |f (§)IPdE.
p q

\p!

Therefore

o1 (o) £, < ||f||L,,

Similarly, we obtain an estimate for the operator Iy (p) :

1
I (p) f ()] = / 7€) Aoo (., €) &) e <

<c/ £ ()] | Ao (., €)] €& DFelio) g <

e / 1 (£)] ep EDRelin) 3 (=) Relip) g

(24)



< ( / £ (©)[Pele—aIRetin) df) ( /le@wmemdg)qs
—2) Re(ip) z L -2 Re(ip)
SC(fx’ (@t pd§> (—Re(z‘m (1- p>> <
1 L
< ﬁl ([ 17 mme)”.
pq T

Q=

From here we have

102 (p) fIIT, da; £)[PelE—)Relin) g
3l < / Re(m)dx) d¢ =
Ipl
1— §Re ip de <
!p! Re —Re (ip) ( ) =

< ’p'—ﬂ /O £ ().

Therefore,

02 (7) I, < 7151, (25)
From (24) and (25) we obtain the estimate

1o () £, < Il (26)

= ol
Let us proceed to the evaluation of the operators Ij; (p). From formula (21),
taking into account (16)-(18), we have

1
I (p) 7 (2)] = /0 At (pr,€) PO £ () df] <

1 1 . .
<c / I (€)] el Relin) ge — ¢ / | (£)] ep@HORelin) 3 (O Re(i) g <
0 0

1 1 1 L
SC( / | f(§)|pe<x+s>Re(z'p)d5)”( / €(x+s>Re(z’p>d§>q _
0 0

12



1 1
1 . P 1 ) ) 7
= P (z+€) Re(ip) (z+1)Re(ip) _ _xRe(ip) <
o[ 1ror ) (e ( o))’ <
1
c ! x e(? »
< S ([ ir@peeronma)
[plz \JO

From here we get

1
111 (p) £1I7, < | 7, da p)[Pel@tPIRelin) ge —
p q
‘ ’ |Z7 (/ (z+&) Re(ip) d:L‘) d¢ =
p
(14+&)Re(ip) _ §Re ip <
|p| Re —Re (ip) (e >d§

< W/O |f(§)IPdE.

111 (p) fliz, < I |||f||Lp‘

In a completely similar way we obtain an estimate for the operators I (p) for
other values of ¢ and k :

C .
1 ir (P) fll, < mllflle, k=12 (27)

Now the validity of estimate (19) follows from (20), (26) and (27). The theorem
is proved.

Therefore,

Remark 1. From Theorem 3 it follows that, in addition to the positive real semi-
axis, all rays on the A—plane emanating from the origin are rays of minimal
growth of the resolvent of the operator L.

Remark 2. Let f € L, (0,1) and g = R (p?) f. Then on the rays Re (+ip) #0
the following estimate is valid:

Iell, < 1 S

This follows from the fact that for the function f—G (z,€, p) an asymptotic
representation similar to (20) is valid.

Remark 3. It follows from Theorem 8 that for sufficiently large h > 0 the oper-
ator A = L + hl is positive.

13



3. Basis property of eigenfunctions in L, (0, 1)

The main result of the work is the following;:

Theorem 4. When conditions A), B) are satisfied, the eigenfunctions and as-
sociated functions of the operator L, generated by the differential expression I (y)
and the integral boundary conditions (2) form a basis in the space Ly (0,1),
1 <p<oo.

Proof. According to Theorem 1, for a given h > 0 all zeros p,, of the function
Ao (p), with the possible exception of a finite number of them, are in the strip
II(h) = {p:|Im p| < h}. We describe around each point p, a circle K,, (¢) =
{p:]p—pn| <e} and form the region G (¢) = |J,, Kn (). It also follows from
the properties of the function A (p), described in Theorem 1 that for sufficiently
small € > 0 each circle K, (¢) contains one point p,. Let us consider a system of
contours I, with the following properties:

1) I, is a part of a circle of radius R, located in the region {p : Rep > 0};

2) the radius R,, tend to infinity as n — oo;
3) between adjacent contours I, and I, there is only one circle K, (¢).
To obtain such a system of contours, it is sufficient to take R, = 7 (n + %) . Let
R (\) be the resolvent of the operator L: R(\) = (L — AI)~'. We denote by

1

B, =E(Dy) = o .

N
R(&)ds, Sn(f) =) Enf.
n=2

where D,,—is the image of the domain K, (¢) under the mapping A = p?. It is
obvious that
1 1 !
Sn(f)=5= R\ fdh=o— | 2p | G(z,&p)f(§)dEdp.
IA=R3 TJan - Jo
Using representation (20) and taking into account that Ay (x, &, p) — is a regular
function on the p— plane, we obtain

1
SN<f>=71T/G /OpG<x,5,p>f<§>dfdp=
i
7217 0

f© ( Ao (2,€.p) Bo (€, p) dp) det

Gn

+2i i /Olf(ﬁ) (/GNAik (p,2,€) Ei (W)Ek(/)vf)dp> dé =

ik=1
14



o2
= > Sk ( (28)
2p A=,
where denoted by
1
Sxa (N @) = [ 1 ([ A0 9B () B0 do) de

Let us show that Sy (f), N > 1, are uniformly bounded, i.e. there exists a
constant C' > 0, independent of N and f, such that

1Sn (D, < CIFI- (29)

We will prove (29) for each term in (28). Let this term be of the form

sva(n@=[ re(f Ay, g

Hence, setting p = Rye®, and using the inequality |sinf | > 2 |0|, we obtain

1
Sy (1) (@)l =€ [ 1£(©) ( [ eeromet |dpr> dé -

_ CRN/ |f {/ (:v+£)RNcos(6—g) a6 + /2 e(a;—l—S)RNcos(G-‘r%) dQ}df —

0

_CRN/ |f {/ (x—l—.f)RNsiné' d(9+/2 6_(m+£)RNsin9 d@}d&z
0

2

w\a

:|

_QCRN/ |f |/ —(z+€&)Rysind dode <

<2CRN/ |f (¢ |/ ~(@HORN 2O gga¢ =

= 2CRN/ £ (€ # (1 T

<n [ g




Now, applying the Riesz theorem on the boundedness of the Hilbert transform
[25, 12], from the last inequality we obtain

IS8 (N, < ClIfL,

Inequality (29) is proved similarly for the remaining terms in (28). Since the
eigenfunctions and associated functions of the operator L form a complete and
minimal system in the space L, (0,1) [20], the assertion of the theorem follows
from the basis criterion.

The theorem is proved.
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