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Commutator of maximal operator on Carleson curves in
local generalized weighted Morrey spaces

Suleyman Celik*

Abstract. We study the maximal commutators M, r and the commutators of the maximal oper-

ator [b, Mr| over the local generalized weighted Morrey spaces LMg?p} (T, w) and the generalized
weighted Morrey space M), o (I',w) defined on Carleson curves I'. We give necessary conditions
of the boundedness of the maximal commutators M, - and the commutators of the maximal op-

erator [b,Mr] in the local generalized weighted Morrey space LM,{,f?p} (T',w) and the generalized
weighted Morrey space M), o (I',w) defined on Carleson curves I, respectively.
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1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [36] to
study the local behavior of solutions to second order elliptic partial differential equa-
tions. For the properties and applications of Morrey spaces, we refer the readers to
[4, 15, 25, 26, 40]. Guliyev, Mizuhara and Nakai [18, 35, 39] introduced generalized
Morrey spaces Mp@(R”) (see, also [19, 20, 22, 41]). Recently, Komori and Shirai
[34] considered the weighted Morrey spaces L,, (R",w) and studied the boundedness of
some classical operators such as the Hardy-Littlewood maximal operator, the Calderén-
Zygmund operator on these spaces. Guliyev [21] gave a concept of generalized weighted
Morrey space M, o, (IR",w) which could be viewed as extension of both generalized Mor-
rey space M), , and weighted Morrey space L, (R",w). In [21] Guliyev also studied the
boundedness of the classical operators and its commutators in these spaces M), o (R", w).
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LetI'={r€C:t=1t(s), 0 <s <[ <oo} be arectifiable Jordan curve in the complex
plane C with arc-length measure v(r) = s, here [ = vI" = lengths of I'. We denote

[(¢t,r):=TNB(t,r), t €, r>0,

where B(t,r) = {z € C: |z—1t| < r}. We also denote for brevity vI'(z,r) = |I'(¢,r)|.
A rectifiable Jordan curve I' is called a Carleson curve if the condition

vI'(t,r) < cor

holds for all t € I' and r > 0, where the constant cp > 0 does not depend on ¢ and r.
Let f € LI°¢(T). The maximal function Mrf is defined by

Mrf (1) = sup(vI(1, )" /F @), e

r>0

The maximal commutator M, r, generated by b € Lll""(F), is defined by

Mb,r(f)(f)ZSUP(VF(f>r))_1/ )Ib(f)—b(f)llf(f)ldv(f), tel.

r>0 l"(t7r

The commutator, generated by a function b and the operator Mr, is defined by

[, Mr](f)(1) = b(t)Mr(f)(1) —Mr(bf) (1), t €T

Maximal operators play an important role in the differentiability properties of func-
tions, singular integrals and partial differential equations. They often provide a deeper
and more simplified approach to understanding problems in these areas than other meth-
ods. Maximal operator and potential operator in various spaces, in particular, de-
fined on Carleson curves has been widely studied by many authors (see, for example
[1,3,5,9,10, 14, 16, 17, 27, 28, 29, 31, 32, 33]).

The maximal estimates play an important role in studying the regularity of solutions
of elliptic, parabolic and ultraparabolic partial differential equations of second order, and
their boundedness can be used to characterize certain function spaces (see, for instance
[2, 4, 13, 25, 26, 40]).

Although the M, and [b,Mr| operators are very similar, they are fundamentally
different. The maximal commutator M, r plays a significant role in the study of commu-
tators of singular integral operators with the symbol BM O, and this topic has attracted
the attention of many mathematicians. The nonlinear commutator [», M] of maximal op-
erator, can be used in studying the product of a function in H; and a function in BMO
(see [8], for instance). In [7], Bastero et al. studied the necessary and sufficient condition
for the boundedness of [b,M] on L, spaces.
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The main purpose of this paper is to establish the boundedness of maximal commu-
tators M and the commutators of the maximal operator [b, M| in local generalized

weighted Morrey spaces LM;?‘},’,} (T',w) defined on Carleson curves I'. When b belongs
to the spaces BUO(I"), we give the boundedness of maximal commutators M), - and the

commutators of maximal operator [b, Mr] from LM ;x&} (T,w) to LM [{,xfg (T,w).

By A < B we mean that A < CB with some positive constant C independent of ap-
propriate quantities. If A < B and B < A, we write A =~ B and say that A and B are
equivalent.

2. Preliminaries

By a weight function, briefly weight, we mean a locally integrable function on I
which takes values in (0, o) almost everywhere. For a weight w and a measurable set E,
we define w(E) = [y w(t)dv(t), and denote the Lebesgue measure of E by |E| and the
characteristic function of E by xg.

Let w is a weight function, Lp,w(l“), 1 < p < = be the space of measurable functions
on I' with finite norm

1/p
1yt = (L7 w0av0)

We recall a weight function w is in the Muckenhoupt’s class A ,(I"), 1 < p < o [37],
if
p—1

WLy (r) = SuplWla, o) = sup (|;| [ wav) (|,1)| Lwo T avo)” <.
)

where the supremum is taken with respect to all the balls D and % + % = 1. Note that,
for all balls D Holder’s inequality is

1 B 1 1
Wix oy = DI WL, oy w2 Nl o) = 1 2)

P

For p =1, w € Ay(T') is defined by the condition Mw(r) < Cw(t) with [w]y, ) =

SUp;cr %, and for p = 00 Aeo(T') = U1<p<eod () and [w]e = infj<pcca[W]a, .
We will use the following statement on the boundedness of the weighted Hardy

operator
0 ::/ (1+3) s w(s)ds, 0<i<e,
t

where w is a weight.
The following theorem was proved in [21].
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Theorem 1. [21] Let vy, v, and w be weights on (0,o0) and vi(t) be bounded outside a
neighborhood of the origin. The inequality

supv(r) Hyg(r) < Csupvi(2) g(1)
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,0) if and only if
> d
B = supvs (1) / (1 +2) _ wls)ds
>0 ! t/ Sup; oo v1(T)

We denote by L., (0, ) the set of all functions g(z), ¢ > 0 with finite norm

18]IL.... (0.00) = €55 supv(z)g(t)
t>0

and L. (0,0) = L, 1(0,00). Let Mt(0, ) be the set of all Lebesgue-measurable functions
on (0,00) and M (0,00) its subset consisting of all nonnegative functions on (0, ). We
denote by 917(0,c0;1) the cone of all functions in 9" (0, ) which are non-decreasing
on (0,c0) and

a={pem 0et): tim o) =0}

Let u be a continuous and non-negative function on (0,c0). We define the supremal
operator S, on g € 90(0, ) by

(Sug) (1) := llugll.(r.0), 1 € (0,00).
The following theorem was proved in [11].

Theorem 2. Let vy, v be non-negative measurable functions satisfying 0 < ||[vi||1_ () <
oo for any t > 0 and let u be a non-negative continuous function on (0, o).
Then the operator S, is bounded from Lo, (0,0) 0 Lo, (0,00) on the cone A if and

only if

Hvzgu (HV] HZ:(,’OQO HLw(O,oo) < oo, (3)

3. Local generalized weighted Morrey spaces

We find it convenient to define the local generalized weighted Morrey spaces in
the form as follows, see [23, 24].
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Definition 1. Let 1 < p < oo, ¢(t,7) be a positive measurable function on T x (0,e0) and
w be non-negative measurable function on I'. Fixed ty € I', we denote by LM;f%,,} (T,w)

(WLM, ,Ef?p} (T',w)) the local generalized weighted Morrey space (the weak local general-
ized weighted Morrey space), the space of all functions f € L}fc (T, w) with finite quasi-

norm 1

/ =su r),w)s
0 agt) ) U o) o) 1AW L, (r 0. 0)

1

T ||f||WL,,(r(t0,r),w))~
fo, 7 )) r
Definition 2. Let 1 < p < oo, @(t,r) be a positive measurable function onT" x (0, ) and
w be non-negative measurable function on I'. The generalized weighted Morrey space
M, o(I',w) is defined the set of all functions f € Lﬁ,"“(l“, w) by the finite norm

T e w(T(

1 1
w) — Su P ow)-
£ 113,00 ) S ) e £z, () )

Also the weak generalized Morrey space WM, (I, w) is defined the set of all functions
fe Lﬁ,”c (T, w) by the finite norm

1 1
f w) = Su f r)w):
| ||WM,,7¢(F, ) teml';o o(t,7) W(F(IJ))%H ||WL,,(F(t, )W)

It is natural, first the set of all, to find conditions ensuring that the spaces
LM [{,f?p}(l“, w) and M), (I, w) are nontrivial, that is consist not only of functions equiva-
lenttoOonT.

Lemma 1. [5] Let tg € T, ¢(t,r) be a positive measurable function on T x (0,00) and w
be non-negative measurable function on I'. If

1 1
sup
r<t<e @ (to,r) w(l“(toﬂ’))‘l’

=oo for somer >0, 4)

then LM;f(zp} (T,w) =0.

Remark 1. Let tg € and w be non-negative measurable function on I'. We denote by
Qllgf,v(l") the set of all positive measurable functions ¢ on T x (0,00) such that for all
r>0,
H 1 1
P10, %) y(D(ty, 7))
In what follows, keeping in mind Lemma I, for the non-triviality of the space

LM ;t((’p} (T, w) we always assume that ¢ € Qiﬁﬁv(F).

< oo,
Leo(r,00)
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Lemma 2. [5] Let ¢(t,r) be a positive measurable function on T x (0,0) and w be
non-negative measurable function on T

@) If

1 1
sup - =o0o forsomer >0 andforallt €T, (5)

ree<ee Q0T (L (1, 1)

then My, o(I',w) = O©.
(i) If

sup @(t,7) ' =oo forsomer >0 andforallt €T, (6)

O<t<r
then M, »(I',w) = ©.

Remark 2. We denote by Q,,,,(I') the sets of all positive measurable functions ¢ on
I" x (0,00) such that for all r > 0,

1

1 1
sup
el H P T) y(D(r,r))?

< oo, and sup

< oo,
Loo(1,00) tel’

Lo (0,r)

[o(t.7)

respectively. In what follows, keeping in mind Lemma 2, we always assume that ¢ €
Q, (D).

The following Guliyev type local estimate for the maximal operator Mr is true, see
for example, [1, 20].

Lemma 3. [12, Lemma4.2] LetT" be a Carleson curve, 1 < p < oo, tg €"andw € A,(T').
Then for p > 1 and any r > 0 in T, the inequality

1 1
1A F 2,000 S a0y w(T(t0,7)) 7 sup w(T(t0,7)) 7 £, 002 (D

T>2r

holds for all f € LS, ().

Moreover for p = 1 the inequality

IMrfllwey,(m.r) S Wlay @y w(T(t0,7)) sup w(T(to, 7)) | flley,reo.py  ®)

T>2r

holds for all f € L' (T).

1w

The following theorem is valid.
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Theorem 3. [12, Theorem 4.3] Let T" be a Carleson curve, 1 < p < oo, tg €I, w € A,(I)
and (@1, @) satisfies the condition

sup w(l“(to,r))_% ess inf @ (to,s)w(F(to,s))l/p < C@ato,r), ©)
r<T<oo Tls<o0
where C does not depend on r. Then for p > 1, the operator Mr is bounded
from LMIEf%D}I (TC,w) to LM;?;D}; (T,w) and for p = 1, the operator Mr is bounded from
LM} (T, w) to WLM{") (T, w).

From Theorem 3 we get the following

Corollary 1. [12, Corollary 4.4] Let I be a Carleson curve, 1 < p < oo, w € AP(F) and
@1, @ satisfies the condition

supw(I'(z, r))_% ess inf @y (1,5) w(L(t,5)) /7 < Ca(t,r), (10)
T™>r $>T
where C does not depend on t and r. Then for p > 1, the operator Mt is bounded from
M, o, (I,w) to M, o,(I',w) and for p = 1, the operator Mr is bounded from M o, (I',w)
tO WM17(P2 (F, W).

4. Maximal commutator in the spaces LM I{,f%,} (I',w) and M, o (I",w)

In this section we find necessary and sufficient conditions for the bounded-
ness of the maximal commutator M, on local generalized weighted Morrey spaces

LME‘(’,,} (I',w) and the generalized weighted Morrey space M, o(I",w) defined on Car-
leson curves I'. To study the boundedness of the commutators of some integral opera-
tors, we need the bounded mean oscillation space first introduced by John and Nirenberg
[30].

Suppose that b € L'°°(T"). Then b is said to be in BMO(T') if the seminorm given by

I = sup (Tt [ [b(e) = brig
L(z,r)

r>0

dv(t)
is finite, where the supremum is taken over all balls I'(¢,7) C " and

by = (VI(t,r))”! / b(7)dv (7).

I(z,r)

Modulo constants, the space BMO(T') is a Banach space with respect to the norm || - || .
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Lemma 4. [38] Let w € Awo(T"). Then the norm || - || is equivalent to the norm

1
b W ‘Agggggft/" b —b r),w dv )
bl = sup s [ 1B0) = brianul wO)aV0)

tel,r>0 W

where
1

brenw = L) /F (l’r)b(y)W(y)dV(y)-
The following lemma was proved in [21].
Lemma 5. [2]]
1. Letw € A(T') and b € BMO(T). Letalso 1 < p < oo, t € T and ry,ry > 0. Then

1
(w(F(t,rl))

where C > 0 is independent of f, w, t, r1 and r,.

/r(m) |b(y) — br(r,rz),w|1’w()’)d\/()’)> P o C(l + ) ln%’) 1]l

2. Letwe Ay,and b € BMO(T'). Letalso 1 < p <o, t € "and ry,r, > 0. Then

1

1
— b(y) —b Pwiy)' P av(y))”
(] oy 20D = Pricsl? W) 7 av ()

<c(1+[m2])ol..
rn

where C > 0 is independent of b, w, t, r| and r;.
The following lemma is valid.

Remark 3. [9, 21] (1) Letb € BMO(T'). Then

L

1 P
b, ~ 7/ b(y) — by |Pdv 1
” H sup (‘F(l’,}’) F(t,r)‘ (y) I(z, )| (y)> ( )

uel',r>0
for1 < p < oo,
(2) Letb € BMO(T). Then there is a constant C > 0 such that
T
‘br(t,r) _bF(I,T)‘ < C||bH*10g; for 0<2r <, (12)

where C is independent of f, t, r and .

Lemma 6. [6] Let T be a Carleson curve and b € BMO(T'). Then there exists a positive

constant C such that
My rf (1) < C||bll.Mr(Mrf)(z) (13)

for almost every t € T and for all functions f € L'°(T).
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Theorem 4. Let I" be a Carleson curve, 1 < p < o andw € A,(I"). Then the operator
Mr is bounded on Ly, ,,(T).

Theorem 5. Let I" be a Carleson curve, 1 < p < oo, w € Ap(I') and b € BMO(I"). Then
the operator My, 1 is bounded on Ly, ,(T").

Proof. Let I" be a Carleson curve, 1 < p <o, we€ A,(I'), f € L,,(I') and b €
BMO(T'). Then from Lemma 6 and Theorem 4 we have

IMyxfllz,, ) S 1161 M (Mrf) Iz,
S bl M flz,, o)
S Bl £z, @)

The following Guliyev type local estimate for the maximal commutator operator
M, 1 is true, see for example, [21].

Lemma 7. Let I be a Carleson curve, 1 < p <oo, tg €I, we A,(I') and b € BMO(T').
Then for any r > 0 the inequality

1
My fllL,,.Cor)) S DI w(T(t0,7))?

T _1
< supn (e~ ) w(T10,2)) 7 £ 1,000 (1

T>2r

holds for all f € LSS, (T).

Proof. Let I" be a Carleson curve, 1 < p <o, fp €I, w € A,(I") and b € BMO(T').
For arbitrary ball ['(ty, 7) let f = fi + f2, where fi = fXr(, 2 and fo = f X 2r)-

Mo rfllz, . Cor)) < IMbrfille,, o) + IMbrfallL,,, o)

By the continuity of the operator My, : L, ,,(I") = L, ,,(I") (see Theorem 7) we have

My rfillL,., . S N0l 1Nz, 0wo.2r)
1 it
S 161« w(T(t0,7)) 7 supw(I(t0, 7)) 7 | f Iz, (C(to,0))- (15)

T>2r
Let y be an arbitrary point from I'(zp,r). If T'(y,7) N (I'(t9,2r)) # 0, then T > r.
Indeed, if z € I'(y,7) N (['(19,2r)), then T > [y —z| > |t —z| — |t —y| > 2r—r=r.

On the other hand, I'(y, 7) N (I'(z,2r)) C I'(t9,27). Indeed, z € I'(y,7) N (I'(t0,2r)),
thenwe get |t —z| < |y—z|+|r—y| < T+4+r <2t
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Hence, for all y € I'(1g, r)

Mprfa(y) S sup

T>r Vr(t(), T) /1"(;0,21) |b(y) - b(Z)‘ |f(Z)’dV(z)
1
< sup

™>r W /1"(t0721) |b(y) N b(Z)| |f(Z)|dV(Z)

< sup (v, 2) " [ 1h0) b)) v(e)

T>2r

Therefore, for all y € I'(¢y, ) we have

Marh) S sup (V0. 7) " [ 1b0) = bR EIVEE)

T>2r

Thus, the function Mrf>(y), with fixed ¢ and r, is dominated by the expression not
depending on z. Then

HMbyr‘fz ||Lp.w(r(t07r))

S(f, (sl [ o) -b@lro)av) v )’

S ( /F - (‘sup (0,1 /F BNCORL e fOav) w@dv()’

T>2r

: (/F(to”) ( sup 1P, I /1"(0 ) 16(2) = bryrwl ’f()’)|dV(y))pW(Z) dv(z)>’1’

T>2r

t k)

=J1+ /2.

Let us estimate J;. Applying Holder’s inequality and by Lemma 5 we get

7= w0, r)? sup L0, D)™ [ 190) =gl O V)

T>2r

1 _
~w(I(to,r))? sup T 1/ |b(Y) = bry.»wl 1 f () ]dV(y)
I(to,7)

T>2r

1 _ / o
Swllio,r))? sup v 1(/1“(1 o 1P0) = bl W) Pav () I
05

_ T _
S Wollw(tto, )7 sup e (10 2) bl et L 0

T>2r

1 _ T _1
S bl (TGt} sup 7! (110wl (%) 10

T>2r

1 T _1
= [bll w(T(t0,)) 7 sup In (e+ = )w(T(t0,%)" 7 /Il , 00

T>2r
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In order to estimate I, from Minkowski’s integral inequality we get

2= (/p(,w) (SUP IC(to,7)| " /F(zo,r) 6(2) = br(sy,r),w] |f(y)\dv(y)>pw(z) dv(z)) Z

T>2r

Sspet [ ([ 1) brin P w@av() 1) V)

T>2r

= (/F(W) |b(z) _bF(tO,r),w|pW(Z)dV(Z))E sup rl/r(w) |FO)|dv(y).

T>2r

According to the first part of Lemma 5, we get

T 1 _
5 5 el (100D wlreo. ) sup e [yl
0

>2r

1 _ _
< 1Bl w(T(t0,7))7 sup T M| FllL, iruo.c W Ly (o)

T>2r

1 T 1
= b1l w(T(t0,r))7 supIn (e Jw(T(t0, ) 7 1F 1, (0.0

T>2r

Summing up J; and Jy, for all p € (1,00) we get

1
1My r 2|1, (00, S 181« w(I (20, 7)) 7
T 1
< sup In (e~ )w(Tlto, 0) 7 |flr, r0ey:  (16)

T>2r
Finally, from (15) and (16) we get

1

1 _1
Mo fllL,,.Cor) S 1DI«w(T(20,7))? sup 1AWz, (00,20 W (0, 7)) "7

1 T 1
bl (10, )7 sup In (e )w(Tlto, 2)) 7 I, 0

T>2r

1 T 1
< bl w(T(to,r))7 sup In (e~ )w(T(t0, )7 1£ I, (re)-

T>2r

The following boundedness result for the operator M, - on the space M), o (I',w) is
valid.

Theorem 6. Letty €I, 1 < p < oo, we Ay(T'), b € BMO(T') and (@1, @) satisfy the
condition

ess inf @y (1, s)w (L (1o, s))'/?

T\ 7<s<oo
1 - < Cea(t 17
wn () S ey =een
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where C does not depend on r. Then the operator My, v is bounded from LM[{,T?I,]; (T,w) to
LMX((’P]; (I',w). Moreover,

1Mo.2 1 pgt) 1y S NP I g0 -
Proof. Using the Theorem 2 and the Theorem 7 we have
_ -1 5
O e Egg‘l’z(fo,r) w(I(to,r))? [Mpr f L, (r(00.))
_ T _1
5 HbH* Sug(PZ(to, r) : sup In (e + ;)W(F(t(b T)) r HfHLp,w(r(l‘O,T))
r>

T>2r

_1
S Hbll*sug%(to,r)”W(F(to,r)) PNy )
r>

HbH* HfHLMg?pi (Tow)’

Corollary 2. Let 1 < p < oo, w € Ay(T"), b € BMO(T') and (@1, ¢2) satisfy the condition

ess inf @y (1,s)w((z,s))/P

supIn (e - E) Chhd
P r w(I(t,7))1/P

T™>r

<Cou(t,r), (18)

where C does not depend on t and r. Then the operator My, r is bounded from M, o, (', w)
to My, o, (I',w). Moreover,

[Mo,r 131, 5, 0wy S 0L 1S 1, g, (o) -

S. Commutators of maximal operator in the spaces LM I{,f%,} (I',w) and
My o(T,w)

In this section we find sufficient conditions for the boundedness of the commutator
[b, Mr] of the maximal operator on LM ;t‘(},} (I',w) and M, »(I",w) spaces.
The following relations between [b, M| and M, - are valid :
Let b be any non-negative locally integrable function. Then for all f € Llloc(F) and
t € I" the following inequality is valid

|[b,Mr]f(1)] = [b(6)Mrf (1) — Mr(bf)(1)]
= [Mr(b(1) ) (1) = Mr(bf)(0)] < Mr(|b(r) = b|£)(t) < My ()(1).
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If b is any locally integrable function on L11°°(F), then
16, M £(1)] < My (£)(1) + 26~ (OMef (1), 1€T (19)

holds for all f € L°¢ (') (see, for example, [6, 27, 29]).

1w
Obviously, operators My, - and [b, Mr| essentially differ from each other since M, r

is positive and sublinear and [b, Mr] is neither positive nor sublinear.
From Lemma 6 and inequality (19) we get the following corollary.

Corollary 3. Let b € BUO(T) such that b~ € L.(I'). Then there exists a positive con-
stant C such that

b, Mr]f ()] < C(I167 |« + (167 || ) Mr (Mrf) () (20)
for almost every t € T and for all functions from f € LIIOfV(F)
Proof. By Lemma 6, inequality (19) and the fact that M f < Mr (Mr f ), we have

|[b, Mr]f (8)] < Mpr(£) (1) +2b™ (6)Mr £ ()
SIbll-M(Mrf) () + b (6)Mrf(t)

S (107 [l + 167 1] ) M (M f) (6) + 167 || ..oy Mr (M) (1)
S (107 s+ 167 M|y ) Mo (Mr £ ) ().

By Corollary 3 and Theorem 6 we have

Corollary 4. Let I be a Carleson curve, 1 < p <o, to €I', we A,(I") and b € BMO(T'),
b~ € Lo(T') and (@1, @) satisfy the condition (17). Then the operator [b,Mr] is bounded

from LM;?(’I,,}1 (T,w) to LMg?P}; (T,w).

Corollary 5. Let I be a Carleson curve, 1 < p < oo, w € Ay(I') and b € BMO(T'),
b~ € Loo(I') and (@1, ¢2) satisfy the condition (18). Then the operator [b,Mr] is bounded

from M, o, (T,w) to M), o, (T, w).
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