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On the Convergence of New Iterations
with Errors for T-Zamfirescu Operators
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Abstract. In this paper T-Mann iteration with errors and T-Ishikawa type iteration with errors
for T-Zamferescu operators are introduced. Then we study the convergence of these iterations in
the class of T-Zamfiresu operators in real Banach spaces. Our result improves the corresponding
result proved by Jose R. Morales and Edixon Rojas in [6].
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1. Introduction

The literature of the last five decades abounds with papers which establish fixed point
theorems for self maps or non self maps satisfying a variety of contractive type conditions
on several ambient spaces. One of the most studied class of quasi-contractive type operotor
is that of Zamfirescu operators. Banach’s contraction principle was the first well known
result on fixed points for contractive type mapping. In 1962 Edelstein introduced a result
on fixed point for contractive type mapping in the setting of compact metric space.

Recently A. Beiranvand, S. Moradi, M. Omid and H. Pazandeh [1] introduced the T-
Contraction and T-contractive mappings and then they extended the Banach contraction
principle and the Edelstein’s fixed point Theorem. S. Moradi[9] introduced the T-Kannan
contractive type mappings, extending the well -known Kannan’s fixed point theorem [8].
Followed by this Jose R. Morales and Edixon Rojas [5] obtained sufficient conditions for
the existence of a unique fixed point of T-Chatterjea mappings for complete cone metric
spaces. After this he introduced the concept of T-Zamfirescu operators and obtained suf-
ficient conditions for the existence of a unique fixed point of T-Zamfirescu mapping in the
frame work of complete cone metric spaces. They also studied the existence of fixed points
for T-Zamfirescu operators in complete metic spaces and proved a covergence theorem for
this class of operators [6].
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The idea of considering fixed point iteration procedures with errors comes from the prac-
tical numerical computation. The fixed piont iteration with errors was introduced by Liu,
Lishan [2 pg 151]. After this many fixed point iteration processes including Mann and
Ishikawa iterations processes with errors have been studied extensively by many authors.
The aim of this paper is to establish strong convergence theorems for T-Mann iteration
scheme with errors and T-Ishikawa type iteration scheme with errors.

2. Preliminaries

Definition 1. Let (M,d) be a metric space and T,S : M — M be two functions. A
mapping S is said to be T-Banach contraction

(T'B- contraction) if there exist a € [0,1) such that

d(T'Sz,TSy) < ad(Tz,Ty) Ve,y € M.

If we take T = I, the identity map, then we obtain the definition of Banach’contraction

[2].

Definition 2. Let (M,d) be a metric space and T,S : M — M be two functions. A
mapping S is said to be T-Kannan contraction

(TK - contraction) if there exist b € [0, 3) such that

d(T Sz, TSy) < bld(Tz, TSz) + d(Ty, TSy)] Ve,y€e M.

If we take T = I, then we obtain the definition of Kannan mapping [8]

Definition 3. Let (M,d) be a metric space and T,S : M — M be two functions. A
mapping S is said to be T'-Chatterjea contraction

(TC- contraction) if there exist ¢ € [0, 1) such that

d(T Sz, TSy) < c[d(Tz,TSy) + d(Ty,TSx)] Ve,y € M.

If we take T = I, then we obtain the definition of Chatterjea [3].

Definition 4. Let (M,d) be a metric space and T,S : M — M be two functions. A
mapping S is said to be T-Zamfirescu operator (TZ operator) if there exist real numbers
0<a<1,0<b< %,0 <c< % such that for all x,y € M at least one of the following
conditions s true:

(TZy): d(TSz,TSy) <ad(Tx,Ty) Ve, ye M.

(TZs): d(TSxz,TSy) <bld(Tz, TSx)+ d(Ty,TSy)] Ve, ye M.

(TZs): d(TSz,TSy) < c[d(Tz, TSy) + d(Ty,TSx)] Yo,y € M.

If we take T = I, then we obtain the definition of Z-operator [4].

Definition 5. Let (M,d) be a metric space. A mapping T : M — M is said to be
subsequentially convergent, if we have for every sequence {yn}, if {Tyn} is convergent
then {yn} has a convergent subsequence.

Definition 6. Let (M, d) be metric space, xg € M be arbitrary and T,S : M — M be two
mappings. The sequence Tx, € M defined by
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Trp1 =TSz, =TS x, n=12..

1s called the T-Picard iteration associated to S.

We need the following results to prove our results.

Theorem 1. /6, Th 3.1] Let (M,d) be a complete metric space and T, S : M — M
be two mappings such that T is continuous, one to one and subsequentially convergent. If
S is a TZ operator, then S has a unique fized point.

Lemma 1. [6 |. Let (M,d) be a metric space and T,S : M — M be two functions. If S
is a TZ-operator, then there exist 0 < 6 < 1 such that
d(T'Sz,TSy) < éd(Tx,Ty) + 26d(Tx, TSx) Ve,y € M.

Lemma 2. [1, p.13]. Let {a,},{bn} and {c,} be the sequences of non-negative numbers
satisfying

an+1 < (1 —wp)an + by +cp Vn >0 where {wn},~, C [0,1].

Iwan = 00,b, = O(wy,) and ch < oo then nh_}n(goan =0

n=0 n=0

In this paper we introduce two new iteration schemes with errors, namely 7T-Mann
iteration with errors and T-Ishikwa type iteration with errors.
We define the iterations as follows.

Definition 7. Let E be a Banach space, xg € E and T, S : E — E be two mappings. The
sequence T'x, € E defined by

Trpi1 = (1 —ap)Txy + 0TSy + uy n=20,1,2... (1)
where ay, € [0,1] and {u,} is a sequence of real numbers satisfying
oo

Z |lun|| < oo is called T-Mann iteration with errors associated to S.

n=0
When a,, = 1, u,, = 0 the iteration defined by (1) reduces to T-Picard associated to S.
When we put 7' = I, the identity map, and wu,, = 0, the iteration(1) reduces to

Tpy1 = (1 — o)z + 0 Sy n=0,1,2..
which is Mann iteration. When «,, = A, this iteration becomes
Tpy1 = (L = N)zp + ASzy, n=0,1,2..

which is Krasnoselskij iteration.
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Definition 8. Let E be a Banach space, xg € E and T, S : E — E be two mappings. The
sequence Txy, € E defined by

Trni1 = (1 — an)Txy + STy, + uy (2)

Tyn = (1 = Bn)Tan + BnTSzn +v, n=0,1,2..

where {an }, {Bn} in[0,1] and {u,}, {v,} are sequences of real numbers satisfying Z lun|l <

n=0
0

0, Z lun|| < o0 is called T-Ishikawa type iteration with errors associated to S.
n=0

When T = I, u,, = 0,v, = 0,the iteration defined by (2) reduces to

Tnt1 = (1 - an)xn + ansyn
Yn = (1 = Bn)Tn + BnSzn n=0,1,2..

which is Ishikawa iteration.

3. Main results

Theorem 2. Let E be a real Banach space, K a closed, convex subset of E and T,S :
K — K be two mappings such that T is continuous, one to one, subsequentially convergent
and S is a TZ operator. Let {Tx,}, , be the sequence defined by (1) where {ay,} € [0,1],

Zan = oo and {u,} is a sequence of real numbers satisfying Z llunl| < oo. Then

n=0
{Txn} —o converges strongly to T'x* where x* is the fived point of S.

Proof
By theorem 2.7, we get that S has a unique fixed point say z* in K.
Since S is a T'Z-operator, by applying lemma 2.8 we get that there exist 0 < § < 1 such
that

| TSz — TSyl <¢|Tx—Ty| + 20 ||Tx — TS| Va,y € K. (3)

Let {Txy,},~, be the T-Mann iteration with errors defined by (1).
Then

I Tzpe1 — Tx™|| (1 — an) Tey + an TSy, + upy — T2
= |1 —an) (Tzy —Tx") + an(T'Szy — Ta™) + wy|

(1= an) [ Ten = Ta™|| + an [|TSzn — T || + |[unl| - (4)

IN

Taking z = z*,y = x, in (3), we get
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|ITSx* — TSxz,|| <d||Tx* — Tx,| + 26 | Tz* — TSz,
which gives
|Tx* — TSwzy| < 0||Tx* — Tz, - (5)

Using (4) and (5)

HTxn—H - Tx*” < (1 — ) ||Txn - TJZ*H + ayd ||T‘7:* - Twn” + HunH
< (U= an+and) [Ty — Tz + |ua||
<

(1= an(l = )] [Ty — Ta™|| + |[unl| - (6)

Since 0 < § < 1, € [0, 1] Zan—oo2|un\|<oo

and setting a, = || Tz, — Tz* || Wy, = an(l —0), ¢n = ||uy||, by lemma 2.9
we get
lim | Txp1 —Tx*|| = 0.

n—

Hence {Txy},~, converges strongly to Tz* where z* is the fixed point of S.

Corollary 1. [6 Th 8.1]  Let (M,d) be a complete matric space and T, S : M — Mbe
two mappings such that T is continuous, one to one and subsequentially convergent. If S
is a T'Z operator,then S has a unique fived point. Moreover, if T is sequentially convergent
then for every x, € M the T-Picard iteration associated to S,(TS™x,) converges to Tz*
where x* is the fized point of S.

When u,, = 0 we obtain the following convergence theorem for T'Z-operators.

Corollary 2. Let E be a real Banach space, K a closed, convex subset of E and T,S :
K — K be two mappings such that T is continuous, one to one, subsequentially convergent
and S is a TZ-operator. Let {Tx,}." , be the sequence defined by

Trpe1 = (1 —ap)Txy + TSz (7)

o0
where {a,} € [0,1], Zan = 00. Then {Tx,},2, converges strongly to Tx* where z* is

n=0
the fixed point of S.

remarks
Since T-Kannan and T-Chatterjea contractive conditions are both included in the class of
T Z-operators, by above corollary we obtain the convergence theorems for T'mann iterations
in these classes of operators.

Corollary 3. Let E be a real Banach space, K a closed, convex subset of E and T,S :
K — K be two mappings such that T is continuous, one to one, subsequentially con-
vergent and S is a TK-contraction. Let {Txyn},-, be the sequence defined by (7) where



8 Sherly George, Shaini P.

o0
{an} € [0,1], Z an = 00. Then {Tz,}," converges strongly to Tx* where x* is the fized
n=0

point of S.

Corollary 4. Let E be a real Banach space, K a closed, conver subset of E and T, S :
K — K be two mappings such that T is continuous, one to one, subsequentially con-
vergent and S is a TC-contraction. Let {Tx,},2, be the sequence defined by (7) where

o0
{an} € [0,1], Z oy, = 00. Then {Tx,},", converges strongly to Tx* where z* is the fized
n=0

point of S.

Theorem 3. Let E be a real Banach space, K a closed, convex subset of E. T,S : K — K

be two mappings such that T is continuous, one to one, subsequentially convergent, S is a

TZ- operator and S, T are commuting mappings. Let {Txy}.- , be the sequence defined
oo

by (2) where {on}r o, {Bn}reo € [0,1] and Zan = 00,{un} and {v,} are sequenes of

n=1
o0
real numbers satisfying Z |lun|| < oo and lim ||v,|| = 0.
n—1 n—oo
Then {Txy},-, converges to Tx* where x* is the fized point of S.

Proof
By theorem 2.7, we get that S has a unique fixed point, say z* in K. Since S is a TZ-
operator, by lemma 2.8, there is 0 < § < 1 such that

| TSz — TSy|| <6 ||Txz— Ty| + 26 || Tz — TSz|| Vr,y € K. (8)

Let {Tz,},~, € K be the T-Ishikawa iteration with errors associated to S defined by (2)
and
zg € K. Then
I Txpt1 — Tx*|| = |(1 — )Ty + @ STyn + up — Tx*||
— (1 = @) (Tn — Ta®) + an(STyn — Ta*) + un].
Thus we get

[Tzn1 = Ta™|| < (1 = o) [[Tzn — Ta*|| + o [|STyn — T + [Jun - (9)
Taking z = z* and y = y,, in (8),
|ITSx* — TSyl < 0||Tx* — Tyy| + 20 | Tx* — TSz*||,
which implies
|T2" = TSya| < 6|1 Ta* — Tyl (10)
Since S and T are commuting mappings the above equality becomes

|Tz" — STyn| < 6[|T2" — Tyl (11)
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Using (11) in (9), we obtain

[T2nir = To*|| < (1= an) [[Tzn = To"|| + and [T = Tyall + [lun] - (12)

Now from (2), || Tyn — Txz*|| = |[(1 — Bn)Txpn + Bn TSy, + v, — Tx*||
= (1 = Bn)(Txy — Tx*) + (T Sz — Tx*) + vy,
which implies

[Tyn = Ta™|| < (1= Bu) [|(T2n = T2")|| + B [[(TSzn — T")|| + [lva] - (13)

Taking z = z* and y = z,, in (8), we get
|TSz* — TSzl < || Tx* — Tay| + 26 |Tx* — T'Sx*||.
Thus we obtain

| T — TSw,| < 8 |Ta* — Ta| (14)

Using (14) in (13), we get
[Tyn — Ta*|| < (1= Bu) [(T2n — Ta*)|| + Bud [|(Tn — Ta")|| + [[on],
which implies

1Ty = Tx*| < (1= B+ 5nd) (T — Tz*)|| + [|va (15)
Using (15) in (12), we get
[T2n1 = Ta*|| < (1=an) [Tn — Ta*|[+ond [(1 = Bn + Bnd) [|(T2n — Tz")|| + [[vn[]+

[[n]
which gives

[Txny1 — Ta*|| < [1—an+and(1=Bn+B8:0)] | Txn — T[40 (1= B 4B0) [|vn ||+ unl -

(16)
Now
1—a,+ O‘nfs(l — Bn + 6716) =1- [O‘n(l - 5)(1 + /Bng)]
Since (1 + 3,0) > (1 —9), we get
L —an+anpd(l = By + Ba8) < 1—(1-6)2ay. (17)

Using (17) in (16), we obtain
[ T2n1 = Ta*|| < [1— (1= 8)?an] (T — Ta*)|| + and (1 = Ba + ad) [vall + [|ua]-
Now
and (1 = Bn+ 8r0) = and [1 — Bp(1 —9)] < ayd.
So we have
T2y 1 — T < [1— (1= 0)*an] (T — Tx*)|| + nd fn| + [un|

o0
Since 0 < § < 1,0, € [0,1] and Zan = 00,
n=1

by setting w, = (1 — 6)?an,an = ||[Tw, — Tx*||,cn = ||un|| and using the fact that
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o0 o0
{an} € [0,1], E ap = oo, lim |lon|l = 0, E |lun|| < oo, by applying lemma 2.9, we
n oo
n=1 n=1

get that
: w
nh_)rréo | Tzps1 — Tx*|| = 0.

Hence {Txy},-, converges to Tz* where z* is the fixed point of S.
When u,, = 0, v, = 0 we obtain the following convergence theorem for T'Z-operators.

Corollary 5. Let E be a real Banach space, K a closed, conver subset of E and T, S :
K — K be two mappings such that T is continuous, one to one, subsequentially convergent
and S is a TZ operator. Let {Txy}.-  be the sequence defined by

Trpi1 = (1 — an)TfL'n + a, TSy, (18)

Tyn = (1= Bn)Txn + BTS2z, n=1,2..

where {on }o” o {Bn oo € 0,1] and Z oy, = 00. Then {Tx,}," , converges to Tx* where
n=1

x* is the fized point of S.

Since T-Kannan and 7-Chatterjea contractive conditions are both included in the
class of T'Z-operators, by above corollary we obtain the following convergence theorems
for T-Ishikwa type iterations in these classes of operators.

Corollary 6. Let E be a real Banach space, K a closed, convex subset of E and T, S :

K — K be two mappings such that T is continuous, one to one, subsequentially conver-

gent and S is a TK- contraction. Let {Txy},-, be the sequence defined by(18) where
[o.0]

{on}, o ABn}nry €10,1] and Z an =00. Then {Tx,},", converges to Tx* where x* is
n=1

the fized point of S.

Corollary 7. Let E be a real Banach space, K a closed, convexr subset of E and T, S :

K — K be two mappings such that T is continuous, one to one, subsequentially conver-

gent and S is a TC- contraction. Let {T'x,},”, be the sequence defined by(18) where
[o.0]

{an} o ABn}rry €10,1] and Z an = 00. Then {Tx,},~, converges to Tx* where x* is
n=1

the fized point of S.
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