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Some New Generalizations and Extensions of Enestrom-
Kakeya Theorem
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Abstract. If P(z) = Z?:o ajzda; > aj_1,a0 > 0,j = 1,2,--- ,n is a polynomial of degree n,
then according to a classical result of Enestrom-Kakeya, all the zeros of P(z) lie in |z| < 1. In
this paper, we prove some extensions and generalizations of this result.
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1. Introduction and Statements of Results

Let P(z) = Z?:o a;jz’ be a polynomial of degree n, then concerning the distribution
of zeros of P(z), Enestrém and Kakeya [10, 11] proved the following interesting result.
Theorem A. Let P(z) = ;-L:O a;jz? be a polynomial of degree n such that

an > Ap_y >+ >a; > ag > 0, (1)

then P(z) has all its zeros in |z| < 1.

In the literature [1-11], there exist several extensions and generalizations of this The-
orem. Joyal et al [9] extended Theorem A to the polynomials whose coefficients are
monotonic but not necessarily non-negative. In fact they proved the following result.

Theorem B. Let P(z) =377, a;jz? be a polynomial of degree n such that

Ap = Qp_1 2> -+ > a1 = o,

then P(z) has all its zeros in the disk

1
2] < — (lan| — ao + |acl) -
|

Whereas Govil and Rahman [8] extended the result to the class of polynomial with
complex coeflicients by proving the following interesting result.
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Theorem C. Let P(2) = > i, ajz’ be a polynomial of degree n with complex coeffi-
cients such that for some real j3,

jarg a; Bl <a<Z, 0<j<n

and
|an| > lap—1] > - > laa| > |a0|7

then P(z) has all its zeros in the disk

|z| < (Sina+ Cosa) + 25ina nif la;|
> ‘(In| par gl

Aziz and Zargar [2] relaxed the hypothesis of Theorem A and proved the following
extension of Theorem A.

Theorem D. Let P(z) = Z?:o a;jz’ be a polynomial of degree n such that for some
k>1,

kan > an—1>--->a1 > ap > 0. (2)

then P(z) has all its zeros in |z + k — 1] < k.

In this paper, we prove some generalizations and extensions of Theorem C and Theorem
D and hence of the Enestrom-Kakeya Theorem. In this direction we first present the
following interesting result which is a generalization of Theorem C.

Theorem 1. Let P(z) = Z?:o a;z? be a polynomial of degree n with complex coeffi-
cients such that for some real 3,

jarg a; =Bl <a<Z, 0<j<m,

and for k> 1,0<p <1,
klan| > lan—1| = -+ = |ar| = plaol,
then all the zeros of P(z) lie in

1
lz+ k-1 < a_|{ (klan| — plao]) (Sina 4+ Cosa) (3)

n—1
+ (2= p+2pSina) |ag] + 2Sina Z aj}.
j=1
Remark 1. For p = 1,k = 1, Theorem 1 reduces to Theorem C. Taking p = 1, in
Theorem 1, we get the following result.
Corollary 1. Let P(z) = Z?:o ajzj be a polynomial of degree n with complex coeffi-
cients such that for some real j3,

larg a;— Bl Sa<Z, j=012-,n
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and for k > 1,
Elan| > |an—1| > -+ > |a1]| > |ao],

then all the zeros of P(z) lie in

1 - - n—1
|2+ k-1 < ol (klan| — lag]) (Sina + Cosa) + |ag| + 2bmuzo laj| » - (4)
j:

Also by taking k£ = 1, in Theorem 1, we get the following generalization of Theorem
C.

Corollary 2. Let P(z) = Z?:o ajzj be a polynomial of degree n with complex coeffi-
cients such that for some real f3,

jarg a; =l <a<Z, 0<j<m,

and for 0 < p <1,
‘an| > |an—1| > > |(l1| > p\a0|,

then all the zeros of P(z) lie in

1 . .
|z| < m{ (lan| — plaol) (Sina + Cosa) 4+ (2 — p+ 2pSina) |ag| (5)
n—1
+ QSinaZ aj}.
j=1

If we take k = % > 1 in Corollary 1, we obtain the following result.
Corollary 3. Let P(z) = Z?:o a;z? be a polynomial of degree n with complex coeffi-
cients such that for some real f3,

arg a; — <a<
J

N3
<
I
o
“)—\
E

and
|an| < |an—1| > > |CL1| > |a0|>

then all the zeros of P(z) lie in

o . | ‘ n—1
o Bt < o anal = faal (Sina+ Cosa) + ol + 25ina Yo
n n 7=0

Next we present the following result which is also a generalization of Theorem C.
Theorem 2. Let P(z) =377, a;jz’ be a polynomial of degree n with complex coeffi-
cients such that for some real j3,

larg aj —B|<a< =, 0<j<n-1,

N3



Some New Generalizations and Extensions of Enestrom-Kakeya Theorem 15

larg(A+an) =Bl < a <

NN

and
‘)\+an| Z |an—1| Z 2 |(l1| 2 |a0|a

then for every real or complex number X, all the zeros of P(z) lie in the disk

n—1
A 1 , .
\z+a—| < Tl (IX+an| — |a0|)(Szna+Coso¢)+\a0|+2Smo¢2|aj| . (6)

Remark 2. For A = 0, Theorem 1 reduces to Theorem C and for A = (k—1)|a,|, k > 1,
it reduces to Corollary 1.

Applying Theorem 2 to the polynomial P(¢z), we obtain the following result.

Corollary 4. Let P(z) = Z?:o ajzj be a polynomial of degree n with complex coeffi-
cients such that for some real 3,

|argaj—ﬁ|§a§ ) OSJSTI—L

N

larg (A +an) — Bl < a <

R

and for some X\ > 0,t >0
At t®an| > " Hap_1| > - > tlar| > aol,
then P(z) has all its zeros in the disk

A t A Ap—1
<
‘Z+ tn_lan| N |an|{

T

t tn

+ (—'an_l — ﬂ) (Sina + Cosa)

n—2
+ ‘?—2‘ + 2Sino Z |ajtj_"}.

§=0
Instead of proving Theorem 2, we prove the following more generalization.
Theorem 3. Let P(z) = Z;’L:o ajzj be a polynomial of degree n with complex coeffi-
cients such that for some real (3,

|a7’g(1j—ﬁ|SOéS ) 1§]§n_17

N

larg( AN+ an) — Bl <a< =, arg(ap—p) — | <a<

2o 3
NI

and
‘>\+an| > |an—1| > 2> ‘all > |(Z0 _,u|a

then for every real or complex numbers \ and u, all the zeros of P(z) lie in the disk

A 1
|z—|—a—| < |a—{(|)\+an—|a0—u)(5ina+Cosa)+|ao| (7)
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n—1
+ |pl+ QSinaZ la;| + 2|ag — #|Sm0f}-
j=1

Remark 3. For y = 0, Theorem 3 reduces to Theorem 2.

2. Lemma
For the proofs of these theorems, we need the following result due to Govil and Rah-
man|(8].
Lemma. If |arg a; — B3| < o < Z, and for some t > 0,|ta;j| > |a;j_1|, then
lta; — aj1| < A{(|ta;] —la;-1|) Cosa + ([ta;| + |a;1[) Sina} .
3. Proofs of the Theorems

Proof of Theorem 1. Consider the polynomial

Fz) = (1-2)P(z2)

(1-2) (anz" +an 12" T a2+ ao)
n+1

"+ ap 12"Vt arz+ag — a2t — 412" — - — agz
= —a,2"" + (an, — ap—1)z" + (ap-1 — an_g)z”_l + -+ (a1 —ag)z+ap
= —a,2" (2 +k—1)+ (kap — an_1) 2" + (an_1 — an_o) 2" "

+ o+ (a1 = pag)z + (p — 1)aoz + ao.

This gives

[F(2)]

v

IZ"{ (lanllz + & —1]) - (Ikan — an—1| [2["

+

~ - lar = paol [2] + [p = 1ol |2| + aol)}

Qp—1 — Qp—
|Z”{(|an2+k—1|)— (|kan—an_1+w

]
— 1—
o el (- pla| a0|>}.

o 2|71 |2

Now, let |z| > 1, so that —— < 1,0 < j < n, then we have

R

‘F(Z)| > Z|n{|an||z+ k — 1| - <kan - an—1| + |an—1 — ap—2
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+ -+ a1 — pagl + (1 — p)lao| + a0> }

Using Lemma, we get

|F(2)| > z”{anz +k—1]— ((k lan| — plag]) (Sina + Cosa)

n—1
+ (2-—p+2pSina)lag| + 2Sina Z |aj|> }

j=1
>0, if

n—1
1
lz4+k—1] > m{ (k|an] — plaol) (Sina + Cosa)+(2—p+2p5ino¢)\ao\—I—2Sz’nozZ aj}

j=1

Thus all the zeros of F'(z) whose modulus is greater than or equal to 1 lie in

n—1
1
lz+k—1] < m{ (k|an| — plaol) (Sina + C’osa)+(2—p+2p5’ina)\ao\—|—25inaZ aj}

j=1

But those zeros of F(z) whose modulus is less than 1 already satisfy the above inequality.
Hence it follows that all the zeros of F(z) lie in

|an

n—1
1
lz+k—1] < a_{ (k|an| — plaol) (Sina + C’osa)+(2—p—|—2p5’z’na)\ao\—|—25inaZ aj}
j=1

Since all the zeros of P(z) are also the zeros of F(z), we conclude that all the zeros of
P(z) lie in the disk

n—1
1
lz4+k—1] < |a—{ (k|an] — plaol) (Sina + Cosa)+(2—p+2p5ino¢)\ao\—|—2Sinozz aj}

This completes the proof of Theorem 1.
Proof of Theorem 3. Consider the polynomial

F(z) = (1-2)P(2)
= (1-2) (anz" tan 12" Tt az+ ao)
= a4 a, 12" T+ Farz+ag — a2t
—, 2" (= ap1)2" F (An1 — An_2)2" 4+ (a1 — ag)z + ag
= —(anz+N)2" + (an + X — ap—1)2"
4 (Gn-1 — an—2)z"" + -+ (a1 — ag + p)z — pz + ao.

—Qp_12" — - —apz
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This gives

[F(2)]

Y%

|z”{ lanz + A — <|an + A —an 1| 2"+ Jan1 — an_a||2|" "

+

-~+M1—%+uz4wM-H%D}

‘an—l - an—2|
2|

|z”{ lanz + Al — (|an +A—ap—1|+

a; —ap + a
+ _“+|1 0 M\+ H +0|>}_

|zt EEErE
Now, let |z|] > 1, so that ‘Z|+ < 1,0 < j < n, then we have
e e R
+ —(ao_ﬂ)+u+|ao}].

Using Lemma, we get

IF(Z)|Z|Z|"{%Z+/\| - ((I/\+an|—Iao—ul)(008a+5ina)+aol

n—1
+ |p| + 2lag — p|Sina + QS’inaZ |aj|> }

j=1
>0, if
lanz + A > { (1A + an| — |ag — p|) (Cosa + Sina) + |ag|
n—1
+ ||+ 2]ag — p|Sina + 2Sinaz aj|}.

j=1

i.e, if

A 1 .
it > Tl (IA+ an| —|ao — p|) (Cosa + Sina) + |ag|

n—1
+  |ul + 2lap — p|Sina + 2Sz’naz |aj|}.
j=1

Thus all the zeros of F'(z) whose modulus is greater than or equal to 1 lie in
A
Z+—

Qn

1
< a_|{ (1A + an| — ag — p|) (Cosa + Sina) + |ag]
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n—1
+  |ul + 2lag — p|Sina + 2Sinaz |a]-|}.
j=1

But those zeros of F(z) whose modulus is less than 1 already satisfy the above inequality.
Hence it follows that all the zeros of F(z) lie in

1
< —{ (IA +an| = lag = ul) (Cosa + Sina) + |ag|

Z+—
|an|

Qn

n—1
+ |yl +2lap — p|Sina + 252’71042 |aj|}.
j=1

Since all the zeros of P(z) are also the zeros of F(z), we conclude that all the zeros of
P(z) lie in the disk

A
Z+—

Qn

1
< a_|{ (IA+ an| — |ag — p|) (Cosa + Sina) + |ag]

n—1
+ |yl + 2lap — p|Sina + 2Sz’naz |aj|}.
j=1

This completes the proof of Theorem 3.
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