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Abstract. In this paper, an optimal control problem described by a system of linear
nonhomogeneous two-dimensional fractional-order difference equations with a control
function in the boundary condition is studied. The representation of the solution to
the boundary-value problem for the system of linear nonhomogeneous two-dimensional
fractional-order difference equations is obtained. The necessary and sufficient optimality
conditions in the form of a discrete maximum principle are proved. In the case of a
nonlinear but convex functional, a sufficient optimality condition is established.
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1. Introduction

In recent decades, the theory of fractional calculus has developed intensively
and has become an important tool for the mathematical modeling of processes
with memory and hereditary effects [1, 2, 3, 4, 5]. Unlike the classical operators
of differentiation and integration of integer order, fractional-order operators have
a nonlocal character and allow one to take into account the memory effect of the
system. This property makes them a more adequate tool for modeling in such
fields as viscoelasticity, diffusion processes, biophysics, economic dynamics, and
control theory.

The discrete analog of fractional calculus-the theory of fractional difference
equations-has formed as an independent direction comparatively recently [4, 5,
6, 7]. It combines methods of the classical theory of difference equations and
fractional analysis.
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Two-dimensional difference equations arising in the modeling of processes
depending on two independent discrete variables, such as time and spatial coor-
dinates, are of particular interest.

These models are used in the study of systems with distributed parameters, in
the theory of net processes, and in numerical methods. A significant contribution
to the development of the qualitative theory of multiparameter systems was made
by I. V. Gayshun [§].

The introduction of fractional order into two-dimensional discrete systems
allows for the incorporation of spatio-temporal memory and expands the possi-
bilities for modeling complex dynamic phenomena [9, 10, 11]. The most popular
models of two-dimensional linear systems are those proposed by Rosser, Fornasini-
Marchesini, and Kurek.

In optimal control theory, a particular interest lies in the study of fractional-
order dynamic systems. In many real processes, the current state of the sys-
tem depends not only on the present control but also on previous states. This
requires a generalization of the classical models of optimal control. For frac-
tional differential systems, the necessary optimality conditions based on Pontrya-
gin’s maximum principle and variational methods have been widely investigated
[9, 10, 13, 14, 15, 16, 21].

In this paper, the system of linear nonhomogeneous two-dimensional
fractional-order difference equations is considered. In the case of a linear func-
tional, the necessary and sufficient optimality conditions are obtained. For this,
we use representation formulas for the solutions of linear nonhomogeneous one-
dimensional and two-dimensional difference equations. In the case of a nonlinear
and convex functional, a sufficient optimality condition is obtained.

The relevance of this study is supported by both the development of the theory
of fractional discrete operators and the need to construct adequate mathematical
models of processes with memory in applied problems of analysis and control.

2. Basic concepts

First, we present some concepts and definitions [17, 18, 19, 20]. Let N be the
set of natural numbers with zero. For a € Z we introduce the following notations:
N, ={a,a+1,a+2,...},ot)=t+1, p(t)=t—1.

Definition 1. The extended binomial coefficient ( Z > is defined as follows:

I'(a+1)
a Manrirery >0,
< n > =4 1, n =0,

0, n < 0.
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I'(z+1)
Ma+1-y)’

Let for any z,y € R, 2 =
I'(x+1) =2T () holds.

where I'—gamma function, for which

Definition 2. Fractional sum of a—order is defined as follows:
“—j+a—1 [ n—j+a-1
aeum =3 (P Jut- =30 ("I .
§=0 j=1

and the fractional operator of o -order is defined as:

A—au(n)zf(j;“ >Au(n—j):

j=0

_n n—j—a—1 N [ n—a-1
_Z< n— i >u(j) < "1 )u(O)
7=1
At the same time, the fractional sum and fractional operator of order o - can
also be defined as follows.

Let a be an arbitrary real number and b = k + a, where k € N, k > 2.
T ={a,a+1,..,b} . We denote by T the set of functions defined on T

Definition 3. Let f € T. The left and the right fractional sums of order a > 0,
are respectively defined as follows:

Al () = gy 2t a—a () V1 (),

b
AT ) = s D (st a—o () (s).

Definition 4. Let 0 < a <1 and u =1—a. Then for a function f € T, the left
and right fractional difference operators of order a- are defined as follows:

alf(t) =A (aAf”f (t)) )
EACF () = —A (18,1 f (1)) .

Let us introduce some properties of the fractional sum and fractional differ-
ence:

LAYATf (1) = AP (1),

2A7ANf(t) = f(t) — f(0),

BAYATYf(t) = f(t),

4A%f(0)=0and A®f(1)=f(1)—f(0)=Af(1).
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3. The problem statement
Let us consider the problem of minimizing the linear functional
S(u)=ca(xr)+dz(t,a) (1)

subject to the constraints

u(z)eUC R yxe X ={xp,z0+1,...,21}. (2)

A% (t+1,z+1)=
=A(t,z)z(t,z)+ B(t,x)z(t+1,2)+C(t,z)z(t, e+ 1)+ D (t,x), (3)
z (to,x) =a(x),x € X Uy, (4)
z(t,xo) =b(t),t € TUt, T = {to,to+1,...,t1 — 1} (5)

a(xo) = b(tg) = ao,

Aa(z4+1)=K(z)a(z)+g(z,u(x),zeX, (6)
a(zo) = ap. (7)

Here A(t,z),B(t,x),C (t,z),K (x) — are given (n x n)— discrete matrix
functions, and D (t,z) — is a given n—dimensional discrete vector-function. The
function b (t) — is a given discrete vector-function, ay, to,t1,xg, x1— are given.
The function g (x,u) — is a given continuous n— dimensional vector-function. The
control u (z) —is an r— dimensional vector of control actions taking values in a
given nonempty and bounded set U (admissible control), while ¢ and d- are given
constant n— dimensional vectors. The operators A% and A?, with 0 < o, 8 < 1—
are fractional operators of order a and f, respectively. [18, 19].

An admissible control that yields the minimum value of the functional (1)
under boundary conditions (2)-(6) is called an optimal control.

4. Increment formula of the quality functional

Let u(x),u(z) = u(x) + Au(x) — be two admissible controls. We denote
the corresponding solutions of the system (2)—(7) by (a(x), z(t,z)), (a(z) =
a(z)+ Aa(x),z(t,x) = 2 (t,z) + Az (t,x)).

1

Then the increment of the functional (1) takes the form:

AS (u) = ¢ Aa (1) +d Az (ty, z,) . (8)
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In this case, Aa (), Az(t,z) are the solutions of the following problems

APAa(z) = K (z) Aa (z) + Ag()9 7], 9)

ANz (t+ 1,24+ 1) = A(t,x) Az (t,x) + B (t,z) Az (t+ 1,z) +
+C (t,x) Az (t,x + 1), (11)

Az (tg,x) = Aa(z),z € X Uz,
Az (t,xo) =0,t € TUt (12)

respectively.
Here, by definition:

Ag)g 2] = g (,u () — g(, u(z)).

As we can see, the equations (9) and (11) are the systems of linear nonhomoge-
neous difference equations relative Aa () and Az (¢, z) respectively.

Auxiliary facts. First, we obtain representation formula for the solution of
a system of nonlinear fractional-order difference equations [18, 19, 20].

Let’s consider a system of linear nonhomogeneous difference equations of the
following form:

Ay (t+1) =A@y ) +g(), (13)
teTl = {to,t0+1,t0+2,...,t1 —1},
y (to) = yo. (14)

Here A (t) — is a given n xn— dimensional discrete matrix function, g () — is a
given n— dimensional discrete vector-column, y = (y1, y2, ..., yn)/ — is a given n—
dimensional discrete vector-column, yo = (Y14, %20, ---» Yny) — 1S a given constant
vector-column, tg, t1, are natural numbers ¢, — ¢y are natural numbers, A% (0 <
a < 1) is fractional « order.

Let us find the representation formula for the solution of problem (13)—(14).

Assume that y (7) is a solution of the equation (13) satisfying initial condition
(14).

It means that:

A (r+1) = A(r)y (1) +g(r), (15)

Let0<a<1l,and p=1-—a.
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Applying the fractional sum A~ to both sides of the equation (15) we obtain

AT A%y (T +1)) = AT (A(T)y (1) + g (7)) (16)

Using the definition of the fractional difference [17], we transform the expres-
sion A7 (A% (17 + 1)).
We obtain
AT (A% (T + 1)) =y (r+1) —y(0).

Let denote the correctly unknown n x n dimensional matrix function by
F (t,7). Multiplying both sides of equation (16) by the matrix function F (¢, 7),
and then summing both sides with respect to ¢ from ¢y to (¢t — 1), we obtain:

t—1 T
=Y "F(t,7) (an) S (rta—oa(s)VA(s)y (s))> +
t—1 T
+ > F(tt) (Fia) > (T+a0(s))(a1)g(s)>. (17)

Using the substitution 7+ 1 = 8 we obtain:

=F(t,t—1y(t)—F(t,to— 1)y (to) +ZF t,7—1)y (7). (18)

T=to

Taking into account formula (18) in formula (17) we obtain

t—1
F(t,t—1)y(t)—F(t,to—1)y ZFtT 0)+ > F(t,7—1)y(r) =
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t—1 -1
— Gta) (Z (T+a—0(8))(a71)F(Ta s)A (3)> y () +

T=to S=T
t—1 1 T

+> F(t,7) ( > (T—i—oz—a(s))(a_l)g(s)). (19)
T=tgo I (a) s=to

Let matrix function F'(¢,7) be the solution of the following problem:
| =l
F(t,r—1)= —— - @ Dp(r,5)A
7= = g L rra—o () IE A,
F(t,t—1)=E.

Here E is the— n x n— identity matrix.
From relation (19), it follows that:

t—1
y(t)=|F(t,to—1)+ Y F(m)] y (to) +
t—1 T
+ > F(t,7) (Fga) > (T—i—a—a(s))(a_l)g(s)). (20)

Therefore, the vector function, defined by formula (20) is the solution of the
system (13)-(14).

From formula (20), the solution of equation (13) with the initial condition
(14) can be written in the form

z—1 T
Aa () = Z F(z,71) (F(la) Z (T+a-— U(s))(afl)Agg [s]> =

z—1 z—1
= (FE@ZF(“) <T+a—0<8>><“‘1>) Auglr]. (21)

Here we use fractional sums by parts [18].
Let us introduce the following notation:

x—1
& (z,7) = (F:(La) Z:: F(s,T)(T+a—o (s))<a—1>> (22)
x—1
Aa(x) =" @ (x,5) Aug [j] (23)
Jj=zo

In [19] the following theorem was proved.
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Theorem 1. The solution z (t,x) of the system of linear two-dimensional frac-
tional order difference equations (3)—(5) allows the following representation.:

t—1
z(t,x) =a(zo)+ Y Ra(t—1,2— 15,20 —1)C (jzo — 1) b(j) +

Jj=to

z—1
—1—2Ra(to—l,aj—l;to—1,3)B(t0—1,s)a(8)—|—

=20
t—1 z—1
+3 > Ra(t—1,5:s) D (j,5). (24)
j=to $=x0
Here
Ra<t—1,x—1;j,s>=<t e 1><$ e 1)-

and R, (t — 1,2 — 1; 4, s) is a solution of the following problem:
R,(t—1,x—1;4,5)A(j,s) = —Ra(t— 1,2 —1;j—1,5)B(j — 1,s) —
—R,(t—1,z—1;5,s—1)C(j,s—1),j=t—1,...,tog,s =2 — 1, ..., x,
Ry (t,z;t— 1,2 —1) = E.

Then it is clear that the solution of the equation (11) with initial condition
(12) has the form:

z—1
Az (t,z) = Z R,(t—1,x —1;;tg —1,8) B(to — 1,s) Aa(s). (25)

s=xg

By substituting (23) into (25), we obtain:

x—1
Az(t,x)= Y Rq(t—1la—1itg—1,5) B(to—1,5) Aa(s).

s=xg

Using the property of fractional summation by parts [18] we can rewrite the
obtained relation in the following form:

x—1
Az(t,)=> Re(t—1la—1itg—1,5)B(tg—1,5) Aa(s) =

s=xg
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z—1 s—1
- Z Ra(t*1,$*1;t0*1,8)B(t0*1,5) Z q)(S’])Aﬂg[]]

s=x( j=xo

Let us introduce the notation:

r—1
Ql(tvl'vs): Z R (t_171"_1at0_17])B(t0_1a])¢(]73) (26)
Jj=s+1
Then »
Az(t,z)=> Qi (t,x,s) Aggls]. (27)

Taking into account (23), (27) we can write the increment formula (8) in the
form:

AS (u) = ¢ Aa(z1) +d Az (t, 1) =

x1—1 z1—1
= Z c’@(ml,x) Azg ] + Z dQ (t1,z1,2) Agg [z] =
xr1—1
= Z {clé (z1,2) + d Q1 (t1, x4, x)} Azg [x]. (28)
Assuming
p(x)=— [CI(I) (x1,z) + del (t1, xl,a:)} , (29)

M (z,u,p) =p g (z,u),
AgM [z] = p Agg 2],

We rewrite the relation (28) in the form:

r1—1
AS(u) == AgM [2]. (30)
T=x0
From (29) it follows that:
ple—1) == [¢®(@,o—1)+d Qi (t,o,0 - 1) (31)

Further, from (26) we obtain
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Q1 (ti,x1, 2 —1) =
=Ry (t1 — 1,21 — 1;to— 1,2) B(to — 1,2) + Q1 (t1, 21, ) . (32)
Taking into account (22), and (32) in (31) we have
ple—1)=p(x)+¢(to—1,2) B (to—1,2) , (33)

where, by definition

¥ (t,x) = —R 4 (t1, 215, x) d. (34)
From (33) it follows that
plry; —1)=—c (35)
Next, using (34) we prove that ¢ (¢,x), defined by formula
VY (t,z) = —R o (t1,21;t,2)d,
is the solution of the boundary-value problem
Y(t—1o—1)=A (t,2)9 (t,z)+
—B (t,2)¢Y(t—1,2)—C (t,x)¢ (t,ax —1),
Yt —1l,z—1)=B (1 — L, z)v (t — 1,2),
Yt =1Lar—1)=C (tar = D) (te 1),
Yt —1,21 —1) = —d.

Optimality condition. With the help of representation (30) the following
theorem is proved.

Theorem 2. For the optimality of an admissible control u(xz), x € X , in
problem (2)-(7) it is necessary and sufficient that the following relation holds:

max M (€, v, p(§)) = M (&, u(§), p(£)) (36)

veV

forallveU, e X .
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Proof. (necessity) Let u (x) be an optimal control. Then from the increment
formula (30) it follows that for any admissible control @ (z) = u (z) + Au (z) we
have:

x1—1

> AgM [z] < 0. (37)

T=x0

Using the arbitrariness of u(z), we define it as follows:

u(x)z{ v, x=¢€X,
u(r), r#¢cX,
where £ € X — is an arbitrary point, v € U is an arbitrary vector.
Then inequality (37) takes the form: A,M [¢] < 0.
From this, due to the arbitrariness of v € U and £ € X the maximum condition
(36) follows. Now let us prove the sufficiency of the maximum condition (36).

Suppose that for an admissible control u () Pontryagin maximum condition
(36) holds. From this it follows that for any £ € X, u(§) =v e U

AgM [¢] < 0.

Since £ € X is arbitrary, it follows that

r1—1

> AzM ¢ <o0.

E=xo

From this inequality and relation (30) it follows that for any admissible control
(x)
AS(u) =S (m)—S(u) >0, ie.
S(m) > S (u).

From the last relation it follows that the control u(x) is optimal. This completes
the proof of the sufficiency of the Pontryagin discrete maximum condition.

The case of a convex quality criterion. Let us consider a more general
case and see it the necessary conditions are obtained when the quality criterion
is convex. Consider the problem of minimizing the functional

S (u) = @1 (a(21)) + @2 (2 (t1, 1)) (38)

subject to the constraints (2)—(7).
Here @1 (a), @2 (2) — are given continuously differentiable and convex scalar
functions.
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In the case of problem (2)-(7), using Taylor’s formula, we can express
the increment of the functional (36) corresponding to the admissible controls
u(z), w(z)=u(r)+ Au(z) in the form:

AS (u) = S (@) — S (u) = Wm (z1) +

RIAGEDN
0z

where the values o0; (+), i = 1,2 are defined via the expansions:

(tr, 21) + o1 ([Aa (z)[) + oz (|2 (b, z))),— (39)

o1 @) — 1 (aen)) = 220D N (0 oy (laa )

o2 (3 (1, 20)) — 02 (= (1, 20)) = 222EID A 4y ) 4 (12 10,2 ).

Using the representations (23), (27) we can transform the increment formula
(39) into the form:

r1—1
AS (u)= ) M@(xl,x) Agg [z] +

da
=20
z1—1
0 z (T y L
+y W@l (t1, @1, %) Agg [2] +
T=T0

+or ([Aa (z1)]) + o2 (|2 (1, 29)I]) =

r1—1
= Z [W@(l‘,fﬁl) + WQl (tl,xl’x)] Azg [33']—|—

+o1 ([|Aa (z1)[) + 02 (= (t1, 1)) - (40)

Assume that:

/ [dertaten)

P (i(]) — 5 8902 (Z (tl?xl))

(x,z1) + TQI (tl,xl,x)] , (41)

M (z,u,p) = pg (@), (ta) = Ry (torst,z) 2P2EET) )

z
we rewrite the increment formula (40) in the form
r1—1
AS (u) == > AgM [2] + o1 (| Aa (z1)])) + 02 (|2 (tr, z))])) , (43)

T=x0
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From (41) and (42) we obtain that p (x) and 9 (¢, ) are respectively solutions
of the following problems:

p(z—1)=p(x) +¢(to— L,2) B (to — 1,2 ),

0 (a(x))
Oa ’

Yt—1,z—1)=A (t, )Yt z)+

—B (t,2)Y(t—1,2)—C (t,z) (t,x —1),

plxy —1) =

1/)(751—1,33—1):B/(tl—l,l')’l,b(tl—l,l‘),
Yt—1,21—1)=C (t,xy — 1) (L, — 1),

_0pa (2 (t1,21))
0z )

Because of the convexity of the functions fi (a), f2 (2), it is clear that

T/J(tl_lv%l_l):

o1 |Aa (1)l = 0, o ||z (1, 2,)]| = 0.

Therefore, from (43), the inequality

x1—1
AS(u) > = AgM [2]. (44)
follows (44).
Theorem 3. If the set
g($7U):{ﬁ:B:g(xaU)aU€U} (45)

is convez, then for the optimality of an admissible control u () in problem (2)-(7),
(38) it is sufficient that the inequality

x1—1

> AgM[z] <0 (46)

T=x0

holds for all v(z) € U.
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Proof. Necessity. Let u (x) be an optimal control in the problem (2)-(7), (38).
Its special increment, due to the convexity of the set (45), can be defined by

Au, (z) = v (z,e) — u(x) (47)
where e € [0,1] and v (z,e) € U,z € X, is an admissible control such that
Av(z,s)g (x7 U (1’)) = EAv(z)g (x7 U (l’)) :

Here v (z) € U,z € X is an arbitrary admissible control.

Let us denote a special increment of the state (a (z), z (t,x)), corresponding
to the increment (47) of the control u(x) by (Aae (z), Az (t,2))

From representations (23), (28) it follows that

z—1 z—1
Aac(z) = Y ®(x,5) Augls] Az (t,x) = Y Q1 (t,x,5) Aggls]  (48)

Relations (48) imply that ||Aa. (z)]| , ||Az: (t, x)| have the order e.
Therefore from (43), we obtain

z—1
—e Z AyM [z] +o0(e) > 0.

s=xg

From the last relation, because of the arbitrariness of ¢ € [0, 1] inequality (46)
follows.

Sufficiency. Let the admissible control u (z) satisfy the relation (46). Then,
from inequality (46), it follows that for any admissible control v (x)

S (v) =S (u) >0.

The last relation implies the optimality of the admissible control w (z). This
completes the proof of Theorem 3.

Thus, we have established, in two cases, the necessary and sufficient optimality
conditions in the form of the Pontryagin discrete maximum principle.
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