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Inverse Problem of Finding Right-Hand Sides for
a System of Reaction-Diffusion Type Parabolic
Equations in Variable Boundary Domain

A. Akhundov, A. Habibova, A. Hasanova

Abstract. The well-posedness of the inverse problem of finding time-dependent un-
known functions on the right-hand side of the system of reaction-diffusion type parabolic
equations in a domain with time-dependent boundary is investigated in this work. Ex-
istence, uniqueness and stability theorems for the generalized solution of the inverse
problem with additional condition in integral form are proved.
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1. Introduction

System of reaction-diffusion type parabolic equations occurs in modelling of
many processes, such as spread of the epidemic, “predator-prey” interactions
in biology, burning and autowave processes in chemistry, diffusion in perturbed
media in physics.

Different aspects of direct problems for this kind of systems have been con-
sidered in [1-6,20].

Inverse problems for the systems of parabolic equations have been treated in
[7,8] (linear equations plus additional local condition), while those for the systems
of reaction-diffusion type parabolic equations have been considered in [9-14] (for
cylindrical domains) and [15] (for non-cylindrical domains).

Let D = (0,~(t)) x (0,T],T = const > 0,

1%9(t) € C*[0,T], ~'(t) > 0, t €[0,T], 0 < v(0) < y(t) < Y(T) < +oo.
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20, gr(z,t,p) € C¥2(N =D x R™), R™ be an m-dimensional Euclidean space,
p = (pla"'vpm)a gx < |gk(m,t,p)| < gx, (l’,t,p) €N, g*vg* = const > 0, the
function gx(x,t,p) satisfy Lipschitz condition with respect to the variable p in
every bounded subset of the space R™:

gk (2. £,p") — ge(@,t,p)| < const Yy |p} — p}|,p"
=1
3°.0(x) € CFF[0,7(0)], @r(7(0)) = r(7(0)) = 0;
4O'¢1k(t)7 ka(t) € Cl+a[07T]7 'QZ)U.;;(O) = ka(o)a w2k(0) = SOk(’Y(O)),

d
59.hy(t) € CTT0,T), / wr(x)dr = hi(0),0 < e < d < v(0), e,d=const

|hy,(t)| < h*, h* = const,t € [0,T), k =1, m,

The function spaces C!(-), CHe(.), CHU2(.), CtHeta)/2 o € (0,1), 1 =
0,1,2, and the norms in them are defined in a usual way, for example, as in [16
pp.12-30]:

Oug(z,t)
Jull —ZZsup ally ZZsujP dt] g, t) = SR
i=1 j=0 i=1 j= ol
_ Oug(z,t) B Puy(z,t)  dgi(t)
ukx(xat) = T7ukx:ﬂ(w7t) = T, qk.(t) T

Let’s consider the following problem of finding the pairs of unknown functions
{fk ukxt)k—lm}

Ukt — Ukzx = fk(t)gk(xvt7u)’ (l‘,t) €D, (1)

up(z,0) = pp(x), = € [0,7(0)], (2)

Uk(oat) = Ql)lk(t)v uk( ( ) ) u)?k( )7 te [OaT]v (3)
d

/ ug(x,t)de = hi(t), t€0,T], (4)

where (1), gr(z,t,u), or(x), Y1x(t), Yor(t), hi(t) are the given functions.

Definition 1. The pairs of functions {fk(t),uk(:c,t),k: :m} are called the
classical solution of the problem (1)-(4) (problem I for short) if: 1) fp(t) €
C0,T]; 2) up(x,t) € C*1+e/2(D); 3) the relations (1)-(4) are satisfied in
the usual sense for these functions.
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The problem I is incorrect in the sense of Hadamard. We can give examples
where the uniqueness or the stability of the solution of problem I is violated. So
we will investigate the well-posedness of problem I in the sense of Tikhonov [17].

To treat problem I, we will reduce it to the equivalent one.

Lemma 1. Let the initial data satisfy the conditions 1°-5°. Then, for the pairs
{fk yug(z,t), k=1 m} to be the solutions of problem I in the sense of Defini-
tion 1, it is necessary and sufficient that these pairs satisfy the relations (1),(2),
(3) and

d
Jil®) = [ (1) = wo (d, ) + e e, 1) / / gr(z,t,u)dz, te[0,T],  (5)

Proof. Necessity. Let the pairs {fk(t),uk(x,t),k = 1,m} be the solutions
of problem I in the sense of Definition 1. Integrating the equation (1) over the
interval ([, d) with respect to x, we obtain

d d d
/umd:c—/ Ukgadr = | fr(t)ge(z, t, u)da.

Hence, by the conditions of Lemma 1, it follows that the formula (5) is valid.
Sufficiency. Let the pairs {fk(t), g (z,t), k = l,m} be the classical solution
of the problem (1)-(3), (5). Rewrite the formula (5) for these pairs:
Jet) = [H(t) = e (d,) + e, 1)| // gz, t,i@)de, k=T,m, t € [0,T].
(6)

Denote fed dg (2, t)dz = hi(t), t€[0,T), k=1, m.
Writing the equation (1) for the functions @y (z,t), fx(t), k = 1,m and calcu-
lating as we did to derive (5), we obtain

d
) = [ii0) ~ tnata 0+ tnte)] / [ antotiran, e 071, k= Tm
7)

Subtracting the relations (6) and (7) from each other, we obtain the following
relation for the function 0y (t) = hy(t) — hg(t )
0,(t) =0, 0x(0) =0, ie. O(t) =0, hi(t) = hi(t), t €[0,T], k=T, m.

Lemma 1 is proved.
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2. Existence of Generalized Solution

It is easy to verify that for the function

Fu(e.) = pie) + 205 [uat) = 0] + = om0~ vaelO] - (8)
we have Fj,(x,0) = ¢y (z), v € [0,7(T)], Fip(0,t) = v1x(t), Fr(y(t),t) = Yar(t),
t € [0,7] and Fy(x,t) € CQ+O‘ 1+O‘/2( ) k=1, m, where

80* _ { @k(x)v S [077(0 ]7
b er(7(0), x € [y(0),v(T)], k=1,m

Assume that problem I has a solution in the sense of Definition 1. Then,
the solution of the problem of finding the functions ug(z,t) from the relations
(1),(2),(3) for the given functions f(t) € C*[0,T],k = 1,m can be represented
as follows [18, p.230]:

ug(z,t) = F(z,t) + vp(z,t) + yr(z, t), 9)
where
k(z,t) /G 7)p1k(T dT+/G x—(7),t —7), par(T)dr, bk =1,m
(10)
is a solution of the problem
Ukt — Ukzr = 0, (l‘,t) eD
v(z,0)=0, z€[0,7(T)]
Uk(ovt) = _yk(oat)7 Uk(/y(t)vt) = _yk(’y(t)ut)a te [OuT]v k= 1)m)
and the potential
400 -
o) = [ [ G- gt-nduendgn k=Tm ()
0 J—o0

is a solution of the equation
Ykt — Ykee = O(z,t)(2,1) € Q = (—00,400) x [0, 7).
Note that

‘I)k(xat) = fk(t)gk(xvt7u) - Fkt(xat) + Fkxx('xat)
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} &4 (0,1), —o<zr<0, 0<t<T
Oy (z,t) = O (z,t) 0<z<~(), 0<t<T (12)
Pp(y(t),1) (t) <z < oo, 0<t<T,
the function G(z,t) = ﬁ exp (—%) , t > 0 is a fundamental solution of the

equation y; — Yy, = 0 and [18]
G(z,t) < const(t — 7)Y/,

|Gl = (), t =), |Ga(y(t) = ¥(7),t = 7)| < const(t — )~/
(13)
|Gaw (@ = (1), t = 7)|, |Gaw(3(t) = (1)t = 7)| < const(t — )73/,
Taking into account the inequalities (13), we can show the validity of the
following properties for the functions yi(x,t), k=1, m:

6%.yx(x,t) € CH(Q);

70 |y (z,t)| < const Hi”g) t, (z,t) € Q;

_1(0)
8% |yka (2, )| < const H(I)HQ 2 (z,1) € Q.

The functions p1x(t), p2x(t), & = 1,m appearing in (10) are the solution of
the system of integral equations

plk(t) =2 fg Gx(—’)/(T), t— T)p2k(7—)d7- + 2yk(07 t)v
par(t) = =2 [ Go((t) = (7).t = 7)pay(7)d7 (14)

—2 [ Go(y(t),t — T)puu(T)dr — 2yp(Y(2), t)
and p1x(t), p2x(t) € C[0, T

Definition 2. The pairs of functions { fi(t), ux(z,t),k = 1,m} will be called the
generalized solution of the problem (5),(9) if 1) fix(t) € C[0,T]; 2) ux(x,t) €
CYO(D); 3) the relations (5),(9) are satisfied in the usual sense for these func-
tions.

Theorem 1. Let the initial data of the problem (5),(9) satisfy the conditions
19-59. Then there exists the number T*(0 < T* < T) such that the problem

(5),(9) has a unique solution in the sense of Definition 2 in the domain D, =
[0,7(#)] > [0, T"].
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Proof. Denote B = C'(D), E=C[0,T] and A= B x E.
B’ = {ugluk(z,t) € B, [ug(w, D), lue (@, )] < uo + | FI5, uo =

= const > 0, (x,t) € D,k = 1,m},

E'" = { el fe(t) € B, |fr(®)] < fo, fo = const > 0, € [0,T], k =1,m} and A" =
B’ x E’ are the subsets of complete sets B, E' and A, respectively.

Rewrite the problem (5), (9) in operator form Mw] = M [(u, f)] =
{Mi[u(fr)], Ma[f(ur)]},M : A — A and define the norm ||w|\g’0) = ||u|]g’0) +
117", where

Miu(fy)] =ug, My : B— Bk=1,m.
My [u(fr)] = Fi(z,t) + vz, t) + y(z, 1), (15)
Ma[f(ug)] = fxs M2 : E — E.

d
Ma[f ()] = [y () — 1tk (ds £) + (e, )]\ / ge(z,tuyds,  (16)

Let’s show that there exists T1(0 < 71 < T) such that Mj[u(fx)] €
B', M[B'| c B’ for every fi(t) € E'.

Taking into account the relations (8), (10), (11), (12), (13) and the conditions
19-8° let’s estimate Mj[u(fy)] defined by (15):

My u(fi)]] < | B, 6)] + ow(e, )] + e, )] (17)
Bz, )] < |FISY, (2,t) € D (18)

0
or(, 8)] < e [|p] ) £1/2,

c1 > 0 is a constant depending on the initial data of problem I. The positive
constants which depend only on initial data will be denoted by ¢;,¢ =1, 2....

The norm ||p||§9) = leHrE,?) + ||,02H£,9) is estimated by the system of integral
equations (12) as follows:

~11(0)
ps®] < &2 ool 12 5 |2 o, 1 e (0.7
~1((0)
o2x(0] < e llllg” /2 + s || ]| e, 1 (0.7,

or
0 0 = 11(0)
ol < cs ol TV +-er @]
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Let T5(0 < T» < T) be a number such that 06T21/2 < 1. Then from the last
inequality we obtain

0 ~11(0)
Il < s &, (19)
and hence
=110 __3/2
el )] < eo || B [T k=Tom. (20)
where

< 1(0) * 2,1
|2, <m0 +1FISY.
By considering the relations (18), (20) and the property 7° in (17), we have
0
Mifu(f)]] < [1F]B + el

Let T53(0 < T3 < T') be a number such that ¢1075 < up. Hence, |Mj[u(fr)]| <
(1,0)

1£]| 5™ + o
From (17) we have

[Mi[u(fi)le| < [Fre (2, )] + [vka (2, 8)] + |yha (2, £)] - (21)
From (10) it follows that

vk (2, )] </0 \Gm(:v,t—T)l\plk(T)!dTJr/o |Gaw (2 = (7),t = 7)||p2x(7)] d.

Taking into account (13), (19) and using the property 8°, we obtain

a0 < ens 8] TV @0y € D, 22)
el 0] < cra |8 ) T2 (@) € D. (25)

So we have
1
M [u(f)lel < IIFI5” + esTV2.

Let T4 (0 < Ty < T) be a number such that 613T41/2 < ug. Then
Mifu(f)lal < P15 + uo,

i.e. in the domain D = [0,~(¢)] x [0,T5] (T5 = max(Ty, Ty, T3,Ty)) we have
M[B| C B'.
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Let’s show that for every ug(z,t) € B', k = 1, m the relations Ma[f(ug)] < fo,
My[E'] € E' hold.
We have

d
Mo [f (ur)ll < [| ()] + luka(d, )] + ke (e, 1)]] \/ |91 (2, t, u)| d.

|hj,(t)| < %, te(0,T]
‘Ukz(d t)| < ‘sz(d t)| + |Ukac(d t)| + ‘ykz(d t)|
< UPIGY e ] 77 4 o] 7

As
8] < max et lgute )l + IFISY = og” + IFIS”
we have
e (d, £)] < o5 || FI| Y TY2 + cog fog™ T2, t € [0,T), k =T, m.
Similarly,
e (e, 1)] < cor | P20 TV2 4 eog fog* T2, t € [0,T), k=T, m.
So we have

MLf ()] < { (0 + e | PIGD TV2) + esofog TV} /(d — e)g..

Let T5(0 < T < T) be a number such that (d — e)g, — Cgog*Tﬁl/2 > 0. Then, for
fo = (h* + cool| P2 1)T1/2> / [(d— €)gs — C3Og*T61/2} we have Ma [f(u)] < fo
and My[E'] C E'.

Thus, M[A'] C A’, (x,t) € D x [0,T7] (T% = min(T5, Tg)).

Now let’s show that for every (ul, f1), (u?, f2) € A’ the relation

MG, 1) = M2, 2] = M (£5) - M) +
Ml )] = MR < e [[fut = w25 + (11 = £

holds and ¢ < 1.
Considering the relation (15) for (u!, f!) and (u?, f?) € A’, and then sub-
tracting two relations from each other, we obtain
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| Mi[u' (f)] = Ma[u?(f2)]] S/O |Ga(a,t =)l |p1x(T) — pig| dr+

t ~+o00
+ [ 1Gula — ().t — )] \pém—p%k\m/o Gla— €t —7)x

x |®k(&,7) - 836, 7)| dédr, (w,) €D, (24)

where
‘yli(za t) - yz(l‘»t)‘ <

t “+o00
< / Gla— &t — 1) [|f(r) — 12(7)] |gu(€,m,ub)| +
0 —00

+ R gk (&, 7, ut) — g€, 7 u?)|] dédr <
<ew|fut —?|p + £ = 2P|t @1 eD,

and taking into account the relations
)= 0] < [ 162t =l [ohlr) = ] drt
+2 ‘yk (0,t) — yk(oat)| ;

}P%k( P2k / |G (y )t —7)| ‘sz ng(7)| dr+

+2 /O Gy (7).t — 7)) L (7) — p2u(7)] dr + 2 [y (v(2), 1) — B (v(2), 1)

)

o) = ph(®)] < e1s 105 = 31l 172 + e [[lu = w2 + (1 £ = 2]15]
[P5e() = p3(0)] < 17 [llok = A2 15 + lod = o3l | 72+
ters [[[ut = w5 + |11 = 2] & te fo,7]
ot = 2l + o = A3l <
< [H“l - UQH(g) + [t - fQHg))} T, (0<Te<T, c1773/% < 1),

from (24) we obtain

|t (5] = M2 GBI < eao [[[ut =2 S + 111 = 2219
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Similar calculations for

|(M[u' (F)] = Malu (£0)]) | < ke (@,1) = Vi (@, )] + Yk (@, 8) — e (2, 1)]

yield
max | (Mafu! (F)] = Ml (), | < ean [[lal =2 + 157 = £ 772
So we have
2! (0]~ MRS < e [l — 25+ (19— 2] 72 29

Considering the formula (5) for (u!, f!) and (u?, f?), and then subtracting
two relations from each other, we obtain

| My [ (up)] = Mol £ (wi)]] < [Jupa(ds t) = uke(d, )] + [uge(e,t) — uie(e, )] /
d

d
/gk(m,t,ul)dm’—i—{ Hhil(t)’ + ‘u%z(d,t)‘ + ‘u%x(e,t)” /|gk(a:,t,u1) — gk(:c,t,uz)‘ da:} /

/ [/edgk(l’,t,ul)dx /edgk(a:,t,uz)dx] .

Using the equation (9), we get

t
lubo (d,t) — u, (d,1)] < /0 Gaa(dyt — )| | — p24| drt

t t “+o00
+/0 |Gm<d—v<f>,t—f>||p;k<r>—p%k<f>\df+/o /_OO G(d— €.t —7)x

< [|fh(T) = F2(O)] |gr(& moul)| + [ f2(7)] |gr(€ 8, ul) — gi(€, 7, u?)|] dédr.
From here, by the inequality (13), the condition 2° and the relation

ok = I, + s = 31, < en [I° = P2 + ot =2 ] 72,
we have
o) ~ k0] < an [ = IS + ol 2] 7 e e oo
Similarly,

|tia (e, 1) — Uiy (e, 1)| < ca3 [Hf1 — 2 4t - uQHS)} T2, teo,T).
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So we get
|30 () = DAY < eaa |17 = 27 + [’ = 5] 772 (26)
Combining the inequalities (25) and (26), we obtain

|t 71 = M1, 2| < e [l =) + |15 = 725"

Let To(0 < Ty < T) be a number such that ¢ = 035T1/2 < 1. Then, by
the contraction mapping principle [19, p.69] it follows that the problem (5), (9)
has a unique solution (ug(z,t)), fx(t) € B’ x E' = A’, k = 1,m in the domain
D, = [0,7(t)] x [0,T*] (T* = min(Ts, T).

Theorem 1 is proved.

3. Stability of Generalized Solution

Obtaining an estimate which establishes the stability of solution is vital for
the concept of well-posedness in the sense of Tikhonov [17].
Define the following well-posedness set:

K = {(f> u)|f(t) € C[O,T],u(w,t) S Cl;o(b> )
FO)], Ju(z,t)], |ug(z,t)| < o, (z,t) € (D), 0 = const >0} .

Assume the problem (9),(5) has solutions { f;(¢),uj(z,t),k =1,m, i =1,2}
for two sets of initial data {gi(z,t,u"), o} (), 0], (1),
Y, (), (), k=1, m,i=1,2}. Let’s denote these two problems by II;
and I, respectively.

Theorem 2. Let 1) the functions {gi(-), % (), ¥iL(-), ¥h, (), he ("),
k=1,m, i=1,2} and ~(t) satisfy the conditions 1°-5°; 2) problems II; and
IT, have solutions { fi(t),u}(z,t),k =1,m, i = 1,2} in the sense of Definition 2
and these solutions belong to the set K.

Then there exists T(0 < T' < T)) such that the following stability estimate is
true for the problem (9), (5) in the domain D = [0,~(£)][0, T7:

0 (0) 0)
lut = 2[|" + (17 = 22l < v [llg" - ol

et = llonon et —wtlly +llvd =3l + nt = w?5’] . )

where v = const > 0 depends on problem data and the set K.
Proof. During the proof, the positive constants depending on problem data
and the set K will be denoted by v; = 1,2, ....
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Also denote
Zk(xat) = u,lc(x,t) - u%(az,t), Ak(t) = fli(t) - fl?(t)a
ou(,t,p) = gi(@,t,p) — ge(w, t,p), dai(t) = hy(t) — hE(8),
O3 (x,t) = B (x,t) — FE(x,t), dax(x,t) = Bf(x,t) — Bi(x,t),
Gsi(t) = pii(t) = pI(t), der(t) = p3i(t) — P2 (D),
ori(x,t) = yi(e,t) — yi(e,1).
Let’s  write  the equations (9) and (5) for the data
GL(), BEC), FEC), B (), pi (), ph (), ke = Tymy i = 1, 2} and then subtract

them from each other. Then we obtain the following equations for the functions
{)\k zi(z,t), k= 1,m}:

el t) = Gap (2 ) /G = )kl dT+/G 2 — (1)t — 7)0eu(F)dr+

/ / T e £t — T, T)E s (2t) € (28)
M(8) = [05(8) = 2hald,t) + 2a(est)| / / gh(x,t,ul)dr — Hy (1), t € [0,T],
) (29)
where
boi(t) = 2 / Go(—(7). £ — T)og(r)ddr + 674(0, 1),
dei(t) = —2/ Ga( (1),t — 7)d6x(T)dT—
—Q/C%W@J—TWMWWT—%MW@JL (30)
0
d
Hi(t) = {/ [51k(x,t,u1) —i—gi(x,t,ul) — g,%(x,t,zﬂ)] dx x

d d
(10 - it +adaen) /| [ abtonaao [ aienadia
(31)
From (28), we obtain the following relation for the function zx(z,t) k =1, m:




44 A. Akhundov, A. Habibova, A.Hasanova

|z (z,t)] < |03k (x, )] —l—/o |Gz(x,t —7)| ]55k(7)]d7+/0 |Go(z —~y(7),t —7)| X

t +oo
X ’(sﬁk(T”dT—i_/ G(x_§7t_7)‘54k(€77-)’d77 ($7t) €D. (32)
0 J—o0
By the relations (11), (13), (30) and
Oar(, ) = A(t)gp(m, t,u') + f7 () 0wk (2, b, u?)+

+fl§(t) [g,i(:c,t,ul) - g,};(l‘,t,u2)] - 53kt(xvt) + 63ka:ac(xat)7

we have

18l < on [N + xS + 1215 + s 5] (33)

058(O] + 1061(D] < v2 (9517 + 186l ) £/2 + v 13|

Let T10(0 < T19 < T') be a number such that 1/2T110/2

< 1. Then,
0 0 0 0 0 2,1
185115 + ool < v [INN + a5 + 112015 + a5 ] 7. (34)
Considering (33) and (34) in (32), we obtain
2k )] < ws [10115) + 185" ] + v [INE + 112015 72, (2.8) € D. (35)

Let’s estimate the function zp,(x,t). From (28) it follows

t t
ke, 8)] < [B3ta s )| / oo, t — 1) |Fe(r)| drt / ol — ()t —7)| x
0 0

X |06 (T)| dT + /Ot /+oo Gz(r — &t —7) |04 (€, 7)| dEdT, (z,t) € D.
Similar to the way we derived the inequality (35), we have
|2ka (2, 1)] <
< wr (10 + 1850 + s NP + 11215 T2, & = T, (2,1) € D, (36)
By (31) and (36),

0 2, (0
k()] < v (181115 + 18212 + s I150] + o [INIEY + 11205 ] T2,
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k=1,m, te[0,T], (37)
From (36), (37) it follows that

lan (@ DI IR < v (10115 + 10205 + 10815 ] +v10 [IANS + 11205 ] 772

Let T11(0 < T11 < T) be a number such that V10T111/2 < 1. Then from the last
inequalities we obtain

0 0 0 1 2,1
I + 1205 < o [I215) + 18201 + sl $")

i.e. the stability estimate (27) is true for the solution of the problem (9), (5) in
the sense of Definition 2 in the domain D = [0,~(t)][0, T] (T = min(T}o, T11))-
Theorem 2 is proved.
Note that the uniqueness of the generalized solution of problem I follows
from the inequality (25) under the conditions g} (z,t,p) = gi(z,t,p), ¢h(x) =
wr(x), Yip(t) = vip(t), Yo (t) = v (1), hy(t) = RE(Y).
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