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Inverse Problem of Finding Right-Hand Sides for
a System of Reactıon-Diffusion Type Parabolic
Equations in Varıable Boundary Domain

A. Akhundov, A. Habibova, A. Hasanova

Abstract. The well-posedness of the inverse problem of finding time-dependent un-
known functions on the right-hand side of the system of reaction-diffusion type parabolic
equations in a domain with time-dependent boundary is investigated in this work. Ex-
istence, uniqueness and stability theorems for the generalized solution of the inverse
problem with additional condition in integral form are proved.
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1. Introduction

System of reaction-diffusion type parabolic equations occurs in modelling of
many processes, such as spread of the epidemic, “predator-prey” interactions
in biology, burning and autowave processes in chemistry, diffusion in perturbed
media in physics.

Different aspects of direct problems for this kind of systems have been con-
sidered in [1-6,20].

Inverse problems for the systems of parabolic equations have been treated in
[7,8] (linear equations plus additional local condition), while those for the systems
of reaction-diffusion type parabolic equations have been considered in [9-14] (for
cylindrical domains) and [15] (for non-cylindrical domains).

Let D = (0, γ(t))× (0, T ], T = const > 0,

10.γ(t) ∈ C1+α[0, T ], γ′(t) > 0, t ∈ [0, T ], 0 < γ(0) ≤ γ(t) ≤ γ(T ) < +∞.
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20. gk(x, t, p) ∈ Cα,α/2(N = D×Rm), Rm be an m-dimensional Euclidean space,
p = (p1, ..., pm), g∗ ≤ |gk(x, t, p)| ≤ g∗, (x, t, p) ∈ N, g∗, g

∗ = const > 0, the
function gk(x, t, p) satisfy Lipschitz condition with respect to the variable p in
every bounded subset of the space Rm:

∣∣gk(x, t, p1)− gk(x, t, p
2)
∣∣ ≤ const

m∑
i=1

∣∣p1i − p2i
∣∣ , p1, p2 ∈ Rm;

30.φk(x) ∈ C2+α[0, γ(0)], φ
′
k(γ(0)) = φ

′′
k(γ(0)) = 0;

40.ψ1k(t), ψ2k(t) ∈ C1+α[0, T ], ψ1k(0) = φk(0), ψ2k(0) = φk(γ(0));

50.hk(t) ∈ C1+α[0, T ],

∫ d

e
φk(x)dx = hk(0), 0 < e < d < γ(0), e, d = const

|h′
k(t)| ≤ h∗, h∗ = const, t ∈ [0, T ], k = 1,m,

The function spaces C l(·), C l+α(·), C l,l/2(·), C l+α,(l+α)/2, α ∈ (0, 1), l =
0, 1, 2, and the norms in them are defined in a usual way, for example, as in [16,
pp.12-30]:

∥u∥(l)D =
m∑
i=1

l∑
j=0

sup
D

∣∣∣∣∂jui∂xj

∣∣∣∣ , ∥q∥(l)T =
m∑
i=1

l∑
j=0

sup
[0,T ]

∣∣∣∣djq(t)dtj

∣∣∣∣ , ukt(x, t) = ∂uk(x, t)

∂t
,

ukx(x, t) =
∂uk(x, t)

∂x
, ukxx(x, t) =

∂2uk(x, t)

∂x2
, q

′
k(t) =

dqk(t)

dt
.

Let’s consider the following problem of finding the pairs of unknown functions{
fk(t), uk(x, t), k = 1,m

}
:

ukt − ukxx = fk(t)gk(x, t, u), (x, t) ∈ D, (1)

uk(x, 0) = φk(x), x ∈ [0, γ(0)], (2)

uk(0, t) = ψ1k(t), uk(γ(t), t) = ψ2k(t), t ∈ [0, T ], (3)∫ d

e
uk(x, t)dx = hk(t), t ∈ [0, T ], (4)

where γ(t), gk(x, t, u), φk(x), ψ1k(t), ψ2k(t), hk(t) are the given functions.

Definition 1. The pairs of functions
{
fk(t), uk(x, t), k = 1,m

}
are called the

classical solution of the problem (1)-(4) (problem I for short) if: 1) fk(t) ∈
Cα[0, T ]; 2) uk(x, t) ∈ C2+α,1+α/2(D); 3) the relations (1)-(4) are satisfied in
the usual sense for these functions.



34 A. Akhundov, A. Habibova, A.Hasanova

The problem I is incorrect in the sense of Hadamard. We can give examples
where the uniqueness or the stability of the solution of problem I is violated. So
we will investigate the well-posedness of problem I in the sense of Tikhonov [17].

To treat problem I, we will reduce it to the equivalent one.

Lemma 1. Let the initial data satisfy the conditions 10-50. Then, for the pairs{
fk(t), uk(x, t), k = 1,m

}
to be the solutions of problem I in the sense of Defini-

tion 1, it is necessary and sufficient that these pairs satisfy the relations (1),(2),
(3) and

fk(t) =
[
h

′
k(t)− ukx(d, t) + ukx(e, t)

]/∫ d

e
gk(x, t, u)dx, t ∈ [0, T ], (5)

Proof. Necessity. Let the pairs
{
fk(t), uk(x, t), k = 1,m

}
be the solutions

of problem I in the sense of Definition 1. Integrating the equation (1) over the
interval (l, d) with respect to x, we obtain

∫ d

e
uktdx−

∫ d

e
ukxxdx =

∫ d

e
fk(t)gk(x, t, u)dx.

Hence, by the conditions of Lemma 1, it follows that the formula (5) is valid.

Sufficiency. Let the pairs
{
f̃k(t), ũk(x, t), k = 1,m

}
be the classical solution

of the problem (1)-(3), (5). Rewrite the formula (5) for these pairs:

f̃k(t) =
[
h

′
k(t)− ũkx(d, t) + ũkx(e, t)

]/∫ d

e
gk(x, t, ũ)dx, k = 1,m, t ∈ [0, T ].

(6)

Denote
∫ d
e ũk(x, t)dx = h̃k(t), t ∈ [0, T ], k = 1,m.

Writing the equation (1) for the functions ũk(x, t), f̃k(t), k = 1,m and calcu-
lating as we did to derive (5), we obtain

f̃k(t) =
[
h̃

′
k(t)− ũkx(d, t) + ũk(e, t)

]/∫ d

e
gk(x, t, ũ)dx, t ∈ [0, T ], k = 1,m.

(7)

Subtracting the relations (6) and (7) from each other, we obtain the following
relation for the function θk(t) = hk(t)− h̃k(t):

θ
′
k(t) = 0, θk(0) = 0, i.e. θk(t) ≡ 0, hk(t) ≡ h̃k(t), t ∈ [0, T ], k = 1,m.

Lemma 1 is proved.
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2. Existence of Generalized Solution

It is easy to verify that for the function

Fk(x, t) = φ∗
k(x) +

γ(t)− x

γ(t)
[ψ1k(t)− ψ1k(0)] +

x

γ(t)
[ψ2k(t)− ψ2k(0)] (8)

we have Fk(x, 0) = φ∗
k(x), x ∈ [0, γ(T )], Fk(0, t) = ψ1k(t), Fk(γ(t), t) = ψ2k(t),

t ∈ [0, T ] and Fk(x, t) ∈ C2+α,1+α/2(D) k = 1,m, where

φ∗
k =

{
φk(x), x ∈ [0, γ(0)],
φk(γ(0)), x ∈ [γ(0), γ(T )], k = 1,m.

Assume that problem I has a solution in the sense of Definition 1. Then,
the solution of the problem of finding the functions uk(x, t) from the relations
(1),(2),(3) for the given functions fk(t) ∈ Cα[0, T ], k = 1,m can be represented
as follows [18, p.230]:

uk(x, t) = Fk(x, t) + vk(x, t) + yk(x, t), (9)

where

υk(x, t) =

∫ t

0
Gx(x, t− τ)ρ1k(τ)dτ +

∫ t

0
Gx(x− γ(τ), t− τ), ρ2k(τ)dτ, k = 1,m

(10)
is a solution of the problem

υkt − υkxx = 0, (x, t) ∈ D
υ(x, 0) = 0, x ∈ [0, γ(T )]
υk(0, t) = −yk(0, t), υk(γ(t), t) = −yk(γ(t), t), t ∈ [0, T ], k = 1,m,

and the potential

yk(x, t) =

∫ t

0

∫ +∞

−∞
G(x− ξ; t− τ)Φ̃k(ξ, τ)dξdτ, k = 1,m (11)

is a solution of the equation

ykt − ykxx = Φ̃k(x, t)(x, t) ∈ Q = (−∞,+∞)× [0, T ].

Note that

Φk(x, t) = fk(t)gk(x, t, u)− Fkt(x, t) + Fkxx(x, t)
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Φ̃k(x, t) =


Φk(0, t), −∞ < x < 0, 0 ≤ t ≤ T
Φk(x, t) 0 ≤ x ≤ γ(t), 0 ≤ t ≤ T

Φk(γ(t), t) γ(t) < x < +∞, 0 ≤ t ≤ T,
(12)

the function G(x, t) = 1√
4t
exp

(
−x2

4t

)
, t > 0 is a fundamental solution of the

equation yt − yxx = 0 and [18]

G(x, t) ≤ const(t− τ)1/2,

|Gx(x− γ(τ), t− τ)| , |Gx(γ(t)− γ(τ), t− τ)| ≤ const(t− τ)−1/2

|Gxx(x− γ(τ), t− τ)| , |Gxx(γ(t)− γ(τ), t− τ)| ≤ const(t− τ)−3/2.

(13)

Taking into account the inequalities (13), we can show the validity of the
following properties for the functions yk(x, t), k = 1,m:

60.yk(x, t) ∈ C1,0(Q);

70. |yk(x, t)| ≤ const
∥∥∥Φ̃∥∥∥(0)

Q
t, (x, t) ∈ Q;

80. |ykx(x, t)| ≤ const
∥∥∥Φ̃∥∥∥(0)

Q
t1/2, (x, t) ∈ Q.

The functions ρ1k(t), ρ2k(t), k = 1,m appearing in (10) are the solution of
the system of integral equations

ρ1k(t) = 2
∫ t
0 Gx(−γ(τ), t− τ)ρ2k(τ)dτ + 2yk(0, t),

ρ2k(t) = −2
∫ t
0 Gx(γ(t)− γ(τ), t− τ)ρ2k(τ)dτ−

−2
∫ t
0 Gx(γ(t), t− τ)ρ1k(τ)dτ − 2yk(γ(t), t)

(14)

and ρ1k(t), ρ2k(t) ∈ C[0, T ].

Definition 2. The pairs of functions
{
fk(t), uk(x, t), k = 1,m

}
will be called the

generalized solution of the problem (5),(9) if 1) fk(t) ∈ C[0, T ]; 2) uk(x, t) ∈
C1,0(D); 3) the relations (5),(9) are satisfied in the usual sense for these func-
tions.

Theorem 1. Let the initial data of the problem (5),(9) satisfy the conditions
10-50. Then there exists the number T ∗(0 < T ∗ ≤ T ) such that the problem
(5),(9) has a unique solution in the sense of Definition 2 in the domain D∗ =
[0, γ(t)]× [0, T ∗].
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Proof. Denote B = C1,0(D), E = C[0, T ] and A = B × E.

B′ = {uk|uk(x, t) ∈ B, |uk(x, t)| , |ukx(x, t)| ≤ u0 + ∥F∥(1,0)D , u0 =

= const > 0, (x, t) ∈ D, k = 1,m
}
,

E′ =
{
fk|fk(t) ∈ E, |fk(t)| ≤ f0, f0 = const > 0, t ∈ [0, T ], k = 1,m

}
and A′ =

B′ × E′ are the subsets of complete sets B, E and A, respectively.

Rewrite the problem (5), (9) in operator form M [w] = M [(u, f)] =

{M1[u(fk)],M2[f(uk)]} ,M : A → A and define the norm ∥w∥(1,0)A = ∥u∥(1,0)D +

∥f∥(0)T , where

M1[u(fk)] = uk,M1 : B → B k = 1,m.

M1[u(fk)] = Fk(x, t) + υk(x, t) + yk(x, t), (15)

M2[f(uk)] = fk, M2 : E → E.

M2[f(uk)] = [h′k(t)− ukx(d, t) + ukx(e, t)]\
∫ d

e
gk(x, t, u)dx, (16)

Let’s show that there exists T1(0 < T1 ≤ T ) such that M1[u(fk)] ∈
B′, M [B′] ⊂ B′ for every fk(t) ∈ E′.

Taking into account the relations (8), (10), (11), (12), (13) and the conditions
10-80, let’s estimate M1[u(fk)] defined by (15):

|M1[u(fk)]| ≤ |Fk(x, t)|+ |υk(x, t)|+ |yk(x, t)| , (17)

|Fk(x, t)| ≤ ∥F∥(1,0)D , (x, t) ∈ D (18)

|υk(x, t)| ≤ c1 ∥ρ∥(0)T t1/2,

c1 > 0 is a constant depending on the initial data of problem I. The positive
constants which depend only on initial data will be denoted by ci, i = 1, 2....

The norm ∥ρ∥(0)T = ∥ρ1∥(0)T + ∥ρ2∥(0)T is estimated by the system of integral
equations (12) as follows:

|ρ1k(t)| ≤ c2 ∥ρ2∥(0)T t1/2 + c3

∥∥∥Φ̃∥∥∥(0)
Q
t, t ∈ [0, T ]

|ρ2k(t)| ≤ c4 ∥ρ∥(0)T t1/2 + c5

∥∥∥Φ̃∥∥∥(0)
Q
t, t ∈ [0, T ],

or

∥ρ∥(0)T ≤ c6 ∥ρ∥(0)T T 1/2 + c7

∥∥∥Φ̃∥∥∥(0)
Q
T.
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Let T2(0 < T2 ≤ T ) be a number such that c6T
1/2
2 < 1. Then from the last

inequality we obtain

∥ρ∥(0)T ≤ c8

∥∥∥Φ̃∥∥∥(0)
Q
T, (19)

and hence

|υk(x, t)| ≤ c9

∥∥∥Φ̃∥∥∥(0)
Q
T
3/2
2 , k = 1,m, (20)

where ∥∥∥Φ̃∥∥∥(0)
Q

≤ f0g
∗ + ∥F∥(2,1)D .

By considering the relations (18), (20) and the property 70 in (17), we have

|M1[u(fk)]| ≤ ∥F∥(0)D + c10T.

Let T3(0 < T3 ≤ T ) be a number such that c10T3 < u0. Hence, |M1[u(fk)]| ≤
∥F∥(1,0)D + u0.

From (17) we have

|M1[u(fk)]x| ≤ |Fkx(x, t)|+ |υkx(x, t)|+ |ykx(x, t)| . (21)

From (10) it follows that

|υk(x, t)| ≤
∫ t

0
|Gxx(x, t− τ)| |ρ1k(τ)| dτ +

∫ t

0
|Gxx(x− γ(τ), t− τ)| |ρ2k(τ)| dτ.

Taking into account (13), (19) and using the property 80, we obtain

|υkx(x, t)| ≤ c11

∥∥∥Φ̃∥∥∥(0)
Q
T 1/2, (x, t) ∈ D, (22)

|ykx(x, t)| ≤ c12

∥∥∥Φ̃∥∥∥(0)
Q
T 1/2, (x, t) ∈ D. (23)

So we have

|M1[u(fk)]x| ≤ ∥F∥(1,0)D + c13T
1/2.

Let T4(0 < T4 ≤ T ) be a number such that c13T
1/2
4 < u0. Then

|M1[u(fk)]x| ≤ ∥F∥(1,0)D + u0,

i.e. in the domain D = [0, γ(t)] × [0, T5] (T5 = max(T1, T2, T3, T4)) we have
M1[B

′] ⊂ B′.
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Let’s show that for every uk(x, t) ∈ B′, k = 1,m the relationsM2[f(uk)] ≤ f0,
M2[E

′] ⊂ E′ hold.
We have

|M2[f(uk)]| ≤
[∣∣h′k(t)∣∣+ |ukx(d, t)|+ |ukx(e, t)|

]
\
∫ d

e
|gk(x, t, u)| dx.

∣∣h′k(t)∣∣ ≤ h∗, t ∈ [0, T ]

|ukx(d, t)| ≤ |Fkx(d, t)|+ |υkx(d, t)|+ |ykx(d, t)| ≤

≤ ∥F∥(1,0)D + c23

∥∥∥Φ̃∥∥∥(0)
Q
T 1/2 + c24

∥∥∥Φ̃∥∥∥(0)
Q
T 1/2.

As ∥∥∥Φ̃∥∥∥(0)
Q

≤ max
D

|fk(t)| |gk(x, t, u)|+ ∥F∥(2,1)D = f0g
∗ + ∥F∥(2,1)D ,

we have

|ukx(d, t)| ≤ c25 ∥F∥(2,1)D T 1/2 + c26f0g
∗T 1/2, t ∈ [0, T ], k = 1,m.

Similarly,

|ukx(e, t)| ≤ c27 ∥F∥(2,1)D T 1/2 + c28f0g
∗T 1/2, t ∈ [0, T ], k = 1,m.

So we have

|M2[f(uk)]| ≤
{(
h∗ + c29 ∥F∥(2,1)D T 1/2

)
+ c30f0g

∗T 1/2
}
/(d− e)g∗.

Let T6(0 < T6 ≤ T ) be a number such that (d− e)g∗ − c30g
∗T

1/2
6 > 0. Then, for

f0 =
(
h∗ + c29∥F∥(2,1)D T

1/2
6

)
/
[
(d− e)g∗ − c30g

∗T
1/2
6

]
we have M2 [f(uk)] ≤ f0

and M2[E
′] ⊂ E′.

Thus, M [A′] ⊂ A′, (x, t) ∈ D × [0, T7] (T7 = min(T5, T6)).
Now let’s show that for every (u1, f1), (u2, f2) ∈ A′ the relation∥∥M [(u1, f1)]−M [(u2, f2)]

∥∥ =
∥∥M1[u

1(f1k )]−M1[u
2(f2k )]

∥∥+
+
∥∥M2[f

1(u1k)]−M2[f
2(u2k)]

∥∥ ≤ c
[∥∥u1 − u2

∥∥(1,0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
holds and c < 1.

Considering the relation (15) for (u1, f1) and (u2, f2) ∈ A′, and then sub-
tracting two relations from each other, we obtain
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∣∣M1[u
1(f1k )]−M1[u

2(f2k )]
∣∣ ≤ ∫ t

0
|Gx(x, t− τ)|

∣∣ρ11k(τ)− ρ21k
∣∣ dτ+

+

∫ t

0
|Gx(x− γ(τ), t− τ)|

∣∣ρ12k(τ)− ρ22k
∣∣ dτ + ∫ t

0

∫ +∞

−∞
G(x− ξ, t− τ)×

×
∣∣∣Φ̃1

k(ξ, τ)− Φ̃2
k(ξ, τ)

∣∣∣ dξdτ, (x, t) ∈ D, (24)

where ∣∣y1k(x, t)− y2k(x, t)
∣∣ ≤

≤
∫ t

0

∫ +∞

−∞
G(x− ξ, t− τ)

[∣∣f1k (τ)− f2k (τ)
∣∣ ∣∣gk(ξ, τ, u1)∣∣+

+
∣∣f2k (τ)∣∣ ∣∣gk(ξ, τ, u1)− gk(ξ, τ, u

2)
∣∣] dξdτ ≤

≤ c14

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
t, (x, t) ∈ D,

and taking into account the relations∣∣ρ11k(t)− ρ21k(t)
∣∣ ≤ ∫ t

0
|Gx(−γ(τ), t− τ)|

∣∣ρ11k(τ)− ρ22k(τ)
∣∣ dτ+

+2
∣∣y1k(0, t)− y2k(0, t)

∣∣ ,∣∣ρ12k(t)− ρ22k(t)
∣∣ ≤ ∫ t

0
|Gx(γ(t)− γ(τ), t− τ)|

∣∣ρ12k(τ)− ρ22k(τ)
∣∣ dτ+

+2

∫ t

0
|Gx(γ(τ), t− τ)|

∣∣ρ11k(τ)− ρ21k(τ)
∣∣ dτ + 2

∣∣y1k(γ(t), t)− y2k(γ(t), t)
∣∣ ,∣∣ρ11k(t)− ρ21k(t)

∣∣ ≤ c15
∥∥ρ12 − ρ22

∥∥(0)
T
t1/2 + c16

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
t∣∣ρ12k(t)− ρ22k(t)

∣∣ ≤ c17

[∥∥ρ11 − ρ21
∥∥(0)
T

+
∥∥ρ12 − ρ22

∥∥(0)
T

]
t1/2+

+c18

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
t, t ∈ [0, T ]∥∥ρ11 − ρ21

∥∥(0)
T

+
∥∥ρ12 − ρ22

∥∥(0)
T

≤

≤ c19

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
T8, (0 < T8 ≤ T, c17T

1/2
8 < 1),

from (24) we obtain∥∥M1[u
1(f1k )]−M1[u

2(f2k )]
∥∥(0)
D

≤ c20

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
T.
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Similar calculations for∣∣(M1[u
1(f1k )]−M1[u

2(f2k )]
)
x

∣∣ ≤ ∣∣υ1kx(x, t)− υ2kx(x, t)
∣∣+ ∣∣y1kx(x, t)− y2kx(x, t)

∣∣
yield

max
D

∣∣(M1[u
1(f1k )]−M1[u

2(f2k )]
)
x

∣∣ ≤ c21

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
T 1/2.

So we have∥∥M1[u
1(f1k )]−M1[u

2(f2k )]
∥∥(1,0)
D

≤ c22

[∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
T
1/2
8 . (25)

Considering the formula (5) for (u1, f1) and (u2, f2), and then subtracting
two relations from each other, we obtain∣∣M2

[
f1(u1k)

]
−M2[f

2(u2k)]
∣∣ ≤ [∣∣u1kx(d, t)− u2kx(d, t)

∣∣+ ∣∣u1kx(e, t)− u2kx(e, t)
∣∣] /

d∫
e

gk(x, t, u
1)dx+

[∣∣∣h2′k (t)∣∣∣+ ∣∣u2kx(d, t)∣∣+ ∣∣u2kx(e, t)∣∣] d∫
e

∣∣gk(x, t, u1)− gk(x, t, u
2)
∣∣ dx

 /

/

[∫ d

e
gk(x, t, u

1)dx

∫ d

e
gk(x, t, u

2)dx

]
.

Using the equation (9), we get

∣∣u1kx(d, t)− u2kx(d, t)
∣∣ ≤ ∫ t

0
|Gxx(d, t− τ)|

∣∣ρ11k − ρ21k
∣∣ dτ+

+

∫ t

0
|Gxx(d− γ(τ), t− τ)|

∣∣ρ12k(τ)− ρ22k(τ)
∣∣ dτ + ∫ t

0

∫ +∞

−∞
G(d− ξ, t− τ)×

×
[∣∣f1k (τ)− f2k (τ)

∣∣ ∣∣gk(ξ, τ, u1)∣∣+ |f2(τ)|
∣∣gk(ξ, t, u1)− gk(ξ, τ, u

2)
∣∣] dξdτ.

From here, by the inequality (13), the condition 20 and the relation∥∥ρ11 − ρ21
∥∥(0)
T11

+
∥∥ρ12 − ρ22

∥∥(0)
T11

≤ c31

[∥∥f1 − f2
∥∥(0)
T

+
∥∥u1 − u2

∥∥(0)
D

]
T 1/2,

we have∣∣u1kx(d, t)− u2kx(d, t)
∣∣ ≤ c32

[∥∥f1 − f2
∥∥(0)
T

+
∥∥u1 − u2

∥∥(0)
D

]
T 1/2, t ∈ [0, T ].

Similarly,∣∣u1kx(e, t)− u2kx(e, t)
∣∣ ≤ c33

[∥∥f1 − f2
∥∥(0)
T

+
∥∥u1 − u2

∥∥(0)
D

]
T 1/2, t ∈ [0, T ].
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So we get∥∥M2[f
1(u1k)−M2[f

2
k (u

2
k)]

∥∥(0)
T

≤ c34

[∥∥f1 − f2
∥∥(0)
T

+
∥∥u1 − u2

∥∥(0)
D

]
T 1/2. (26)

Combining the inequalities (25) and (26), we obtain∥∥∥M [u1‘, f1]−M [u2, f2]
∥∥∥ ≤ c35T

1/2
[∥∥u1 − u2

∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T

]
.

Let T9(0 < T9 ≤ T ) be a number such that c = c35T
1/2 < 1. Then, by

the contraction mapping principle [19, p.69] it follows that the problem (5), (9)
has a unique solution (uk(x, t)), fk(t) ∈ B′ × E′ = A′, k = 1,m in the domain
D∗ = [0, γ(t)]× [0, T ∗] (T ∗ = min(T8, T9).

Theorem 1 is proved.

3. Stability of Generalized Solution

Obtaining an estimate which establishes the stability of solution is vital for
the concept of well-posedness in the sense of Tikhonov [17].

Define the following well-posedness set:

K =
{
(f, u)|f(t) ∈ C[0, T ], u(x, t) ∈ C1,0(D) ,

|f(t)| , |u(x, t)| , |ux(x, t)| ≤ σ, (x, t) ∈ (D), σ = const > 0
}
.

Assume the problem (9),(5) has solutions
{
f ik(t), u

i
k(x, t), k = 1,m, i = 1, 2

}
for two sets of initial data

{
gik(x, t, u

i), φi
k(x), ψ

i
1k(t),

ψi
2k(t), h

i
k(t), k = 1,m, i = 1, 2

}
. Let’s denote these two problems by II1

and II2, respectively.
Theorem 2. Let 1) the functions

{
gik(·), φi

k(·), ψi
1k(·), ψi

2k(·), hik(·),
k = 1,m, i = 1, 2

}
and γ(t) satisfy the conditions 10-50; 2) problems II1 and

II2 have solutions
{
f ik(t), u

i
k(x, t), k = 1,m, i = 1, 2

}
in the sense of Definition 2

and these solutions belong to the set K.
Then there exists T̃ (0 < T̃ ≤ T ) such that the following stability estimate is

true for the problem (9), (5) in the domain D = [0, γ(t)][0, T̃ ]:∥∥u1 − u2
∥∥(0)
D

+
∥∥f1 − f2

∥∥(0)
T̃

≤ ν
[∥∥g1 − g2

∥∥(0)
D

+
∥∥φ1 − φ2

∥∥(2)
[0,γ(0)]

+
∥∥ψ1

1 − ψ2
1

∥∥(1)
T̃

+
∥∥ψ1

2 − ψ2
2

∥∥(1)
T̃

+
∥∥h1 − h2

∥∥(1)
T̃

]
, (27)

where ν = const > 0 depends on problem data and the set K.
Proof. During the proof, the positive constants depending on problem data

and the set K will be denoted by νi = 1, 2, ....
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Also denote

zk(x, t) = u1k(x, t)− u2k(x, t), λk(t) = f1k (t)− f2k (t),

δ1k(x, t, p) = g1k(x, t, p)− g2k(x, t, p), δ2k(t) = h1k(t)− h2k(t),

δ3k(x, t) = F 1
k (x, t)− F 2

k (x, t), δ4k(x, t) = Φ̃1
k(x, t)− Φ̃2

k(x, t),

δ5k(t) = ρ11k(t)− ρ21k(t), δ6k(t) = ρ12k(t)− ρ22k(t),

δ7k(x, t) = y1k(x, t)− y2k(x, t).

Let’s write the equations (9) and (5) for the data{
gik(·), hi(·), F i

k(·), Φ̃i
k(·), ρi1k(·), ρi2k(·), k = 1,m, i = 1, 2

}
and then subtract

them from each other. Then we obtain the following equations for the functions{
λk(t)zk(x, t), k = 1,m

}
:

zk(x, t) = δ3k(x, t) +

∫ t

0
Gx(x, t− τ)δ5k(τ)dτ +

∫ t

0
Gx(x− γ(τ), t− τ)δ6k(τ)dτ+

+

∫ t

0

∫ +∞

−∞
(x− ξ, t− τ)δ4k(ξ, τ)dξ, dτ, (x, t) ∈ D, (28)

λk(t) =
[
δ
′
2k(t)− zkx(d, t) + zkx(e, t)

]
/

∫ d

e
g1k(x, t, u

1)dx−Hk(t), t ∈ [0, T ],

(29)
where

δ5k(t) = 2

∫ t

0
Gx(−γ(τ), t− τ)δ6k(τ)dτ + δ7k(0, t),

δ6k(t) = −2

∫ t

0
Gx(γ(t)− γ(τ), t− τ)δ6k(τ)dτ−

−2

∫ t

0
Gx(γ(t), t− τ)δ5k(τ)dτ − 2δ7k(γ(t), t), (30)

Hk(t) =

{∫ d

e

[
δ1k(x, t, u

1) + g2k(x, t, u
1)− g2k(x, t, u

2)
]
dx×

×
(
h2

′
k (t)− u2kx(d, t) + u2kx(e, t)

)}
/

[∫ d

e
g1k(x, t, u

1)dx ·
∫ d

e
g2k(x, t, u

2)dx

]
.

(31)
From (28), we obtain the following relation for the function zk(x, t) k = 1,m:
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|zk(x, t)| ≤ |δ3k(x, t)|+
∫ t

0
|Gx(x, t− τ)| |δ5k(τ)| dτ +

∫ t

0
|Gx(x− γ(τ), t− τ)| ×

× |δ6k(τ)| dτ +
∫ t

0

∫ +∞

−∞
G(x− ξ, t− τ) |δ4k(ξ, τ)| dτ, (x, t) ∈ D. (32)

By the relations (11), (13), (30) and

δ4k(x, t) = λk(t)g
1
k(x, t, u

1) + f2k (t)δ1k(x, t, u
2)+

+f2k (t)
[
g1k(x, t, u

1)− g1k(x, t, u
2)
]
− δ3kt(x, t) + δ3kxx(x, t),

we have
∥δ4∥(0)D ≤ ν1

[
∥λ∥(0)T + ∥δ1∥(0)D + ∥z∥(0)D + ∥δ3∥(2,1)D

]
, (33)

|δ5k(t)|+ |δ6k(t)| ≤ ν2

(
∥δ5∥(0)T + ∥δ6∥(0)T

)
t1/2 + ν3 ∥δ4∥(0)D t.

Let T10(0 < T10 ≤ T ) be a number such that ν2T
1/2
10 < 1. Then,

∥δ5∥(0)T + ∥δ6∥(0)T ≤ ν4

[
∥λ∥(0)T + ∥δ1∥(0)D + ∥z∥(0)D + ∥δ3∥(2,1)T

]
T. (34)

Considering (33) and (34) in (32), we obtain

|zk(x, t)| ≤ ν5

[
∥δ1∥(0)D + ∥δ3∥(2,1)D

]
+ ν6

[
∥λ∥(0)T + ∥z∥(0)D

]
T 3/2, (x, t) ∈ D. (35)

Let’s estimate the function zkx(x, t). From (28) it follows

|zkx(x, t)| ≤ |δ3kx(x, t)|+
∫ t

0
|Gxx(x, t− τ)| |δ5k(τ)| dτ+

∫ t

0
|Gxx(x− γ(τ), t− τ)| ×

× |δ6k(τ)| dτ +
∫ t

0

∫ +∞

−∞
Gx(x− ξ, t− τ) |δ4k(ξ, τ)| dξdτ, (x, t) ∈ D.

Similar to the way we derived the inequality (35), we have

|zkx(x, t)| ≤

≤ ν7

[
∥δ1∥(0)D + ∥δ3∥(2,1)D

]
+ ν8

[
∥λ∥(0)T + ∥z∥(0)D

]
T 1/2, k = 1,m , (x, t) ∈ D, (36)

By (31) and (36),

|λk(t)| ≤ ν9

[
∥δ1∥(0)D + ∥δ2∥(1)T + ∥δ3∥(2,1)T

]
+ ν10

[
∥λ∥(0)T + ∥z∥(0)D

]
T 1/2,
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k = 1,m , t ∈ [0, T ], (37)

From (36), (37) it follows that

∥zk(x, t)∥+∥λk(t)∥ ≤ ν9

[
∥δ1∥(0)D + ∥δ2∥(1)T + ∥δ3∥(2,1)T

]
+ν10

[
∥λ∥(0)T + ∥z∥(0)D

]
T 1/2.

Let T11(0 < T11 ≤ T ) be a number such that ν10T
1/2
11 < 1. Then from the last

inequalities we obtain

∥λ∥(0)T + ∥z∥(0)D ≤ ν11

[
∥δ1∥(0)D + ∥δ2∥(1)T + ∥δ3∥(2,1)T

]
,

i.e. the stability estimate (27) is true for the solution of the problem (9), (5) in

the sense of Definition 2 in the domain D̃ = [0, γ(t)][0, T̃ ] (T̃ = min(T10, T11)).

Theorem 2 is proved.

Note that the uniqueness of the generalized solution of problem I follows
from the inequality (25) under the conditions g1k(x, t, p) = g2k(x, t, p), φ

1
k(x) =

φ2
k(x), ψ

1
1k(t) = ψ2

1k(t), ψ
1
2k(t) = ψ2

2k(t), h
1
k(t) = h2k(t).
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