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On Solvability of Boundary Value Problem for m-th
Order Elliptic Equations in Grand Sobolev Spaces

Bilalov B.T., Sadigova S.R.*, Kasumov Z.A., Haciyeva G.V.

Abstract. We consider an m-th order elliptic equation with continuous coefficients in
the principal part. Let L, (€2) , 1 < p < +o00, denote the grand Lebesgue space on
a bounded n-dimensional domain @ C R and let WH (©) be the corresponding grand
Sobolev space, generated by the norm of L, (€2). With respect to the grand Sobolev

space W;S‘(Q) we define the trace operator I's and trace space W '(S), corresponding

to the sufficiently smooth surface S C Q. We prove the validity of the continuous
embedding W;SL(S) C L, (S;do), where do is an area element of S. It is established
that if the boundary 0 of Q is sufficiently smooth, then, under certain conditions on
the coefficients of the considered elliptic operator,a Schauder-type estimate up to the
boundary holds for this operator. Such estimates play a key role in establishing the
Fredholmness of boundary value problems (BVP) for elliptic equations.
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1. Introduction

A priori estimates get own origin from the classic S. N. Bernstein’s work and
subsequent development belongs to the Y. Schauder. For higher-order elliptic
equations such estimates were obtained by S. Agmon, A. Douglis and L. Nirenberg
[1]. Using these estimates in [1] it is established the Fredholmness of BVP for
elliptic equations. It should be noted that in recent years, for concrete problems
in mechanics, mathematical physics and pure mathematics interest in the study of
various mathematical questions-such as harmonic analysis, approximation theory,
differential equations and etc., in the context of so-called non-standard function
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spaces has increased significantly ( see, e.g., [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 30]). Examples of such spaces include Lebesgue
space with variable summability index, grand Lebesgue space, Morrey space,
Orlicz space and etc. Morrey and grand Lebesgue spaces are nonseparable. For
this reason, differential equations in these spaces can be considered under two
different statement: A) non separable statement and B) separable statement. In
case of A) all data of the equation are taken from the considered nonseparable
spaces. In contrast, in case B), one first defines an appropriate separable subspace
of considered nonseparable space in which the set of smooth functions is dense,
and all data of the equation are taken from spaces generated by this subspace.
Note that all differential equations regarding the Morrey spaces have so far been
considered mainly in the nonseparable statement (see, e.g., [8, 18, 21, 23, 24,
25]). In contrast, differential equations in grand Lebesgue spaces have generally
been studied in the separable statement (see, e.g., [9, 14, 15, 16, 17]), with a
primary focus on second-order elliptic equations and their associated boundary
value problems.

We consider an m-th order elliptic equation with constant coefficients in the

grand Sobolev space wy (Q) on Q= x (0,T), where Q' C R"! is a bounded
domain. It is considered BVP with boundary conditions on €, that satisfy
the complementing condition (Shapiro-Lopatinski condition). All results from
the well-known work of Agmon, Douglis and Nirenberg [1] concerning classical
Sobolev space are extended to this setting. These results play a key role in

establishing a Schauder-type estimate up to the boundary for this operator.

2. Preliminaries

2.1. Notations

- Z4 is the set of non-negative integers; C' is the complex plane;

-z € R* & z = (v15.520), |z = Vai+..422, Rt =

{reR":x, >0};

-By(zg) = A{zeR":|z—zo|<r}, B.(0)
{r € B,:x, >0} ,B;:{a:GR”*1:|x]<r};

B., Bf =

T

- Q,«(ZL’o):QﬂBT(.%'O) ) Qr:QT(O) ;

- mesM = |M| denotes the Lebesgue measure (n—dimentional) of a set M C
R";

- 99 is the boundary of the domain Q C R*, Q = QJo%;
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- p(z; M) = inf |z —y|, do = diamQ = sup |z —vy|, f/m denotes the
yeM zy€eS)
restriction of f to M;

- C§° () is the set of infinitely differentiable functions with compact support
in ;

- O (ﬁ) is the set of infinitely differentiable functions on ;

- C"™(Q) is the set of m-times order continuously differentiable functions in
Q

- Cg* () is the set of m-times continuously differentiable functions with com-
pact support in €2;

- B-space denotes a Banach space;
- Ry is the range of the operator T, Ker T is the kernel of the operator T

- [X; Y] denotes the Banach space of bounded linear operators acting from
X to Y, [X] = [X; XJ;

-a = (;..50n) € Z7 is a multiindex, 0; = 8{?“, 9% = 9. 99n; & =
(£1;...6,) € R* = £¥ =0, gom;

- S™1is the unit sphere in R", do is an area element of S™~!;
- p/ the conjugate to number p : z% + % =1

- 6 (+) is the Dirac delta.

Throughout the paper, by C' and ¢ we denote constants that may vary from
line to line.

2.2. Elliptic equations

Let L be a uniformly elliptic operator of m-th order

L= ) aq(z) 0",

laf<m

with real coefficients aq € Lo (£2), i.e. 3§ > 0, such that

SIEM< Y aa(2) € <6HE™, ae ze.

la|=m
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Assign to L a “tangential operator”

L, = Z aq (z9) 0%,

laj=m

at point zg € 2 and without loss of generality, we assume that the operator
L,, is elliptic at the point zg (in what follows, this condition is assumed to
hold). Denote by Jz, (-) the fundamental solution of the equation Lz, = 0
with constant coefficients a, (xg). The function J,, (-) is a parametrics for the
equation Ly = 0 with a singularity at the point zg. Let

(S209) (0) = ¥ (@) = [ Iy 0= 9) 0 )
and assume
Twy = Suzo (Lzy — L) .

When z¢p = 0 € 2 the case L,,, Sz, and T}, we will denote by Lg, Sp and T,
respectively.
Regarding the coefficients of the operator L we accept the following:
Condition (A). i) ao € C(Q), Va € Z7 : |a| = m; i) aq € L (Q) ,
VaeZ : |af <m.

2.3. Integral operators and fundamental solution

In obtaining the main results, we will use the following integral operators
from harmonic analysis.
Riesz potential I.:

(Ryf) (m)=/m,0<v<n;

Hardy-Littlewood maximal operator M:
1
(Mf) (x) = suprm——- If (W)l dy ;
>0 |Br (2)| /B, (2)

Calderon-Zygmund singular operator S:

(SF) () = pv. / k() f (v)dy

with a standard kernel k (-;-), satisfying the following conditions. The kernel
k(:;+) is defined on the set Q° = R™ x R™\ {(z;7) : z € R} , such that, for some
0 >0 and B < +00, it holds

|k (z;y)| < Ble —y|™" ;
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|k (z39) — k (239)| < Ble —2'| |z — y| ™"
k() =k (z:9/)| < Bly—¢/| |2 —y[™°
for all (z;y) , (¢/;y) , (z;9) € Q°, such that |z —2'| < |z —y| and |y — /| <
3le =yl
We will also use the following properties of the fundamental solution Jj (-)
(see e.g., the monograph [26]) of the constant-coefficient elliptic operator Ly:

(i) Jo () € O (R\{0});

(ii) 0%Jo (A\x) = [A[7" 0o (z) , Ya € Z : |af =m;
(iil) [gn-10%Jo(§)oe =0,Ya € Z7 : |a| =m;

(iv) [0°Jo (2)] < Cla[™ "7l vae z2 : |a] <m.

2.4. Grand Sobolev space

Let us define the grand Lebesgue space L) (Q), 1< p< +o0, on a bounded
domain  C R". This is the Banach space of measurable (in Lebesgue sense)
functions f on € equipped with the norm

1
— [
115,00 =, s (e [ 17— ao)

The space L) (€2) is non separable for which it holds the following continuous
embeddings
Ly () C Ly) () C Ly, (9),
for every g9 € (0,p — 1).
Let S C © be an (n — 1)-dimensional differentiable surface. Define the grand
Lebesgue space Ly, (S; do) on the measure space (S; do) (where do is an area
element of S) equipped with the norm

1
. su Pfde )
1y 50 = 50 (= 177200 )”

The norm of L ) () generates the following grand Sobolov space
Wy (2 ={feLyQ) : 0°feLy(Q),VaeZy: |a| <m},
where 0°f denotes the generalized derivatives in Sobolev sense. Equipped with
the norm
Hf“W;’;(Q) - Z ”8af||Lp>(Q) )

alal<m

the space WY (Q) is a nonseparable B-space.
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2.5. Complementing Condition. Poisson’s kernels

Let
L(x;0) =L (2;0)+ L" (x;0),

be an elliptic operator of order m (m = 2r : r € N), where

L' (x;0) = Z aq () 0%,

laj=m

is its principal part and L' (z;€) , £ € R™, is the corresponding characteristic
form. Consider the following equation

Lu=f,

with boundary conditions

BiU:SOi7i:1,T,

where f € Ly (% X) and ¢; € Ly (0Q; X) , i = 1,7; be given functions. Here
B; ,i=1,r, are boundary differential operators of the form

Biyu = Bju + Blu,i=1,r,

where

is the principal part of B; of order m;: 0 < mj < ... < m, < m — 1. Accept the
following complementing condition.

Condition (B). Let n¢ denote the outer normal at the point £ € 02 and
ve # 0 be a vector parallel to 02 at point §. We require that the polynomials
Bl (&ve+Tng) , i =1,7; considered as polynomials in the variable T, are linearly
independent modulo the polynomial

T

I =78 (),

k=1

where 7" (ve) (7, (ve)) are the roots of the polynomial L' (&;ve + T ng) with pos-
itive (respectively, negative) imaginary parts.

Assume
T

M* (v;7) = H (7'77'ki (v)) = Zaf (v) 7™k,

k=1 k=0
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Consider the Poisson’s kernels K; (z;t) , ¢ = 1,7 ; defined by expressions (2.1),
(2.1)" in the monograph [1] (see, chapter I, §2 , p.25), corresponding to the poly-
nomial M* (v;7). For these kernels the following estimates hold

m;—n—s+1

03K < C(1+ oglpll) (lal* +22)  * s =0, (1)

1
where = (z1;...;2,.1) € R}, P = (x;t) € R" and |P| = (|:17|2 + t2) ?

Definition 1. The boundary of the domain  C R" is said to be uniformly C™-
reqular for some m € N if there exist open sets U;, i = 1,7; that cover OQ and
coordinate transforms ®; € C™ (U;; By (0)) with inverse ®;1 € O™ (By (0);U;)
such that:

(i) there exists a & > 0 such that {& € Q : dist (§;092) < 8} is covered by the
sets @t (B; (O));

2

(ii) ®; (UiNQ) ={€ = (&15-58n) € B (0) : & > 0} for all i =1,r;

(iii) there exists a constant M > 0 that serves as an upper bound for the norms
of all derivatives of ®; and <I>;1 up to order m for every i =1,r.

2.6. Extension operator. Trace space IV} (S;do)

In [16] the separable subspace N (2) of L, () is considered, in which
C§° () is dense and generated by this subspace grand Sobolov space N'7 (£2)

p)
<N1?) () = N, (Q)). In that work an extension theorem for functions in Ny Q)

is established. The proof of this theorem also applies to the more general space
Wy (Q) case. Therefore, the following theorem is valid.

Theorem 1. Let Q@ C R" be a bounded domain with boundary Q € C™).

Then, for every domain Q' C R"™ : Q CC Y, there exists the operator
0 < [W;; (@) : W (Q’)}, such that: 1) (0f) /o = [, V) € WI(Q); 2)
0f = f/a,VfeC® (ﬁ)

Let us define the trace operator I'g € W;)S‘ (Q); L ») (S; da)}, corresponding

to a surface S € CU™. Let I’gm) e W™ () ; L1 (S)] be the trace operator,
corresponding to the classical Sobolev space W™ (2), where L,(S) is Lebesgue
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space on measure space (S; do) with usual Lebesgue norm. Using the continuous

embedding WY (Q) Cc W™ (), we define I's = F(Sl)/W;)(Q). We have

IPsfllL, sy < cllfllwmy < cllfll NV eWS(Q),Vm e N,

W (@)
where c is a constant independent of f. It follows that I's € [W]’])L (Q); Ly (S)]
Accept

W (@) = {u WD (Q) : Tsu= o} .

The following lemma is true.

Lemma 1. W;;;O () is a subspace of W5 () , i.e. W;;;O (Q) is the closure in

W (9).
Proof. Let {u,} C Wg)z;() (Q) be a Cauchy sequence in Wi (Q). Let limu, =
u € W (). To show that u € Wg)”o (Q), it is sufficient to prove that I'su = 0.

Indeed (in L (S)) we have I'gu = limI"gu,, = 0.

Let W7 (S)=Ts (Wg)L (Q)) and assume

Il s) = nf {ullwmg) € Wi (@) & Isu=s}. @)
Along with this, consider the factor space

fg)L (S) = nSL (Q) |W$?0(Q)7

equipped with the factor norm
1l m sy = }Ielf,HfHWZ;(Q) , VE e Z35(5) . (3)

It is clear that .# 7 (S) with the norm (3) is a B-space. Let F' € .Z 7 (S) and

f1;f2 € F. Consequently, (fi — f2) € WZ)“O (Q) = T'sfi = T'gfa. Accept

[gF = I'sf, f € F. From the above, it fqllows that the definition of f‘SF,
is well-defined for all VF € ﬁ;’; (S) . Clearly I'g : ﬁ;} (S) — Wi (S). We have

[Pl = /P5F = 0 = gy = nf ey : Psu = o}

It is not hard to see that F' = {u e Wp (Q):Tgu= <p}. Then from the above

relation we obtain

PsF| Sy p—
R T

From this, the following immediately follows.
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Statement 2. The space W (S) equipped with the norm (2) is a B-space.

Moreover, the spaces W5 (S) and ﬁ;} (S) are isometrically isomorphic and

Is e T (S) ; wi (S)} realizes this isomorphism.

Let u € W3 (©) and ¢ = I'su. We have

ITsullups) = el s) = it { ol = Tsv =} < Il

Thus, we obtain that I'g € [W;’)”‘ Q) ; W (S )} . Based on these relations, we call

W;gl (S) the trace space and I'g the trace operator corresponding to the grand
Sobolev space W ().

D)
It is valid

Statement 3. Let S € Q : S € C™ be some surface . Let Wy (S) be a

trace space, defined by (2) and T's € [W;]; (S); Ly (S)} be the corresponding

trace operator. Then T'g € [W;SL Q) ; Wy (S)] and the continuous embedding
Wy (S) C Ly) (S5 do) holds.

Proof. Let us prove the continuous embedding W (S) C Ly (S; do). Let
xp € S be an arbitrary point. Then there exists a sufficiently small neighborhood
Sz, C S of zg, which is bijectively projected onto some domain D in a plane of
R"™ and is represented by the equation

Tp =@ (x/) e cm (D) , @ = (1, .. an-1) € D.

Without loss of generality, we may assume that € is included in a cube II, =

{zeR": 0<z;j<a,i=1n}. Let f¢€ Wiy (Q) be an arbitrary function. By

Theorem 1, f can be extended to a function F € W;;“O (Il,) : F/q = f. Con-

sequently, we also have F € W[" 0 (I1,). For every smooth surface S C II, under
the trace F'/s on S we mean F'/g = '¢F' , where I'g € [W{" (Il,) ; L1 (S; do)] is
the corresponding trace operator. Then it is evident that F'/;,—0 =0, Vi =1,n,
and for z = (2/; ¢ (2)) € Sy, we have

#) 9f (a';€,)

@) /s = F (s 0 (') = / dé,. (4)

0 agn

a.e. ' € D. The validity of the above formula follows from Theorem 2.7.1 of
the monograph [27] (see, p. 41). Let £ € (0,p — 1) be an arbitrary number and
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accept p. = p—¢e & pl: pig + i = 1. Applying Holder’s inequality to (4), we

obtain
PS

/0 ’3f ggnén)

of (a':6,) "
dfnSC/O ‘ -

/52,

Pe S ‘SD(Q:/)

dén <

|of (&) [F

< p
¢ 0¢,

dfn 9

0

where ¢ = max {a;1}. Multiplying both sides by 5\/1 + @2 + ...+ @2 | of this

1
inequality and integrating over D, we obtain

Since the surface S can be covered by a finite number of surfaces of type S,
then summing the corresponding inequalities (from (5)) we establish

where c is independent of f and F. Consequently, it is true
|75 22 o

Taking sup first on the right-hand side and then the same sup on the left-hand
O<e<p—1
side, from this inequality we obtain

1 a Pe
< cl|lepe f

Lpe (Swo)

e f/s[ ()

n LPE (Q)

1 af Pe

< c||eps

PE(S)

gpsf/s

)

LPE (Q)

In

ere O%f

€éf/s‘

<c‘

o =1 g

ITs fllz, (s;doy < C||f||w;';(gz) , VfeW(Q). (6)

From this estimate it directly follows that I'sf € L) (S) and I's € [Wm (Q);

p) (S dO‘)]
Now, let ¢ € W¥ (S) and T'su = ¢ for some u € Wy (©2). Then, by (6) we
have

”SDHLP)(S;dO') < CHUHWZZ’;(Q) ’

Taking the inf over { ue Wy (Q) : T'sgu= 90} on the right-hand side we obtain

IellL,, (51 d0) < C||90HWZ;';(S) , Vo e Wy (5). (7)
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Introduce also the trace space N (S) = Ts (Ng’; (Q)) Since, I's €

[WS (Q); Wy (S)} and NJ¥ (Q) is a subspace of Wy (Q), then it is evident

that Ny (S) is a subspace of wy (S) and as a result I's € [N;’; Q) ; Ny (S)]

Moreover, since C* (€2) is dense in Ny (Q), then it is obvious that I'g (C* (2))

is also dense in NJ¥ (S5) , i.e. for every ¢ € NV (S), there exists {un} C C* (Q),

such that T'su, — ¢, n — 0o, in WJ;’)1 (S). Thus, the following corollary is valid.

)

Wy (S)| be the trace operator. Define Ny (S) =Tg (N;’; (Q)) Ny (S) is a

subspace of Wy (S) and the set Tg (C™ (Q)) is dense in Ny (S).

Before moving on to the next presentation let us define some function spaces.
By v we denote outer normal to 9€2. Let I' = 'y € [Wm () ;5 Ly (09; da)}

Corollary 1. Let all conditions of Statement 3 hold and let I's € [Wm (Q);

p)
be the trace operator and set

Ok

Let 8, = (sg)] : 0<s1 <..<s <m-—1, s € Zy, Yk =1,r. Consider the
product space

(Lp) (09; da))r = Ly) (0Q;do) x ... X Ly (0 do) .

According to §,, define
Wy (09; 8,) = {(cpk)g € L) (02 do)" : 3ue Wi (Q) = Tyu=ok, k= W} )

We call W;SL (02 8,) the trace space, corresponding to §,.
Completely analogously to the above, we define the separable trace space
Ny (09; 3;), corresponding to 5,. Let

(Np) (89)) "= Np) ((‘BQ) X ..o X Np) (89) .

~~
T

Accept

N0 §,) = {(gok)g“ € (N (09)": 3ue NI (Q) = Tyu= g, k= W} .
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Analogously to the W (09) case, for §, = (sj)] assume

r
||(90k);”W$(aQ;§T) = Z HSORHW;SL(aQ;{sk}) )
k=1
where

||‘P||W;';(8S2;{k}) = inf {HUHWS;C(Q) P Vue Wi (Q) = Tu= <p} .

Along with this, we also introduce the trace spaces Wy (0% {k}) , VEk =
0,m — 1. So, it is valid

(09 ) = () W (09 {sk}), (8)

k=1

and moreover, it holds
,
”(‘Pk)lHWg(aﬂ;ér) < 7”’?;% H(PkHW;SL(BQ;{sk}) : (9)

According to §, define trace operator

Lo = (Ts) 1 WH(Q) = Wi (09 5,) .

p
We have
N B . _
FST“HWmmgT) = 1) Tl oras,) < 7 Iyl o) =

P)

= Tg%inf{ 1llwmon) = Ts? =Tsul < rllullymq) -
Since C* (Q) is dense in Ny (©), then from here it directly follows that
Is, (C>° (€2)) is also dense in Ny (0925 8;).
Therefore, it is valid the following

Statement 4. Let Q@ C R™: 9Q € C™) be a bounded domain, wy (025 8,) is a
trace space defined by (8) and let f‘gT be the corresponding trace operator. Then
it holds Ty € [W;’; (€) ; W (0%; é,«)} and moreover, T's, (C> (Q)) is dense

in N™ (95 5,).
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We also introduce the following subspace of W;f)l (0%; §;). Denote
by N (99;5,) the closure of (C5°(dQ))" = C5°(99) x ... x C° (99) in

Wy (082 ). Since, (C§°(092)) " C Ny (09; §,), then it is evident that

N]’D“ (0925 &) is also a subspace of Ny (0925 §;).
Define also the following subspace of W¥ (Q):

W”;(Q):{uewg(ﬂ) L T(0%) =0, Yo € 2" ya\gm—1}.

In obtaining the main results we will also use the following grand version of
the classical Minkowski inequality.

Statement 5. Let Oy C R" & Qo C R™ : |Qa] < 400, be some domains and
[ Q1 x Qg = C be a measurable function such that f (x;-) € Ly (Q2), for a.e.

x € Q1. Then it holds (1 < ¢ < +00)
1
q
S(%;Wﬂxdﬁ@mﬂda

At the end of this section, we present a result from the monograph [4] that
will be used in the derivation of the main results.

“( QJf(xyﬂde>é

Ly (Q2)

Theorem 6. [4] Let T be a sublinear operator and T E [Lp ()] N [Lp—eo ()],
for some p € (1,400) & g € (0,p—1). Then T € [L,) (Q)].
3. Poisson type integrals

Consider the following elliptic operator with the constant coefficients
Lou = Z al 9%u,
|a|=m

and the boundary operators

Zbo O%,i=1,r; 0<mp <..<m,<m-—1,

‘a| m;

with the constant coefficients {bg;i}. Let ' < R" ! be some bounded domain

and T € (0,+00) be some fixed number. Assume Q = Q' x (0,7) C R™ and for
every point P = (z;t) € Q: z € ¥ &t € (0,T), accept |P| = y/|z|* + 12, |z| =
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2l + 2|, where 2 = (z1,...,2,-1). Let (¢5)] € (Ly) (;dz))" be given
functions and consider the following BVP

Lou =0 5
(10)

Wu=p;, i=1,r.

Formally, as a solution of the BVP (10) we mean the function u € Ny (Q),
for which bYu = ¢;, i = 1,7, and it holds (Lou) (P) = 0, a.e. P € (.

Let’s prove the following main
Theorem 7. Let (¢)] C Wy (;8.), 1 < p < 400, and assume that re-
garding the system of operators {LO; b?, 1= W} the Condition (B) holds and
{K () =17 be corresponding to BVP (10) Poisson’s kernels. Then the func-
tion

T

w@t) = | K-yt ei@dy=3 (Kixg) @), (1)
=1

i=1
is a solution of the BVP (10) in Wy (Q).

We will divide the proof of this theorem into the following stages.
Step I. Let f € L, (a,b) , 1 < p < +oo, where (a,b) C R is a finite interval,
and consider

1 r—t
() @)=V )= - [ St w0 02

It is valid the following

Proposition 1. There exists a constant M, independent of y and f, such that
IV Gl ) < MpllFll oy ¥ >0, VF € Ly (ab).  (13)
First, let us preface the proof of this proposition the following

Lemma 2. Let 0 € (0,p — 1) be an arbitrary number. Then there ezists a con-
stant My, independent of € € (0,0] and f € L,_. (a,b), such that

1P Gl oy < Mo £y oy - ¥y > 0, ¥ € Lpe (a,1).

Proof. Let ¢ € (0,p — 1) be any fixed number. By the results of [1] there
exists positive constants My, k = 1,2; independent of y and f, such that

IPF) GO, o@py < Mz, @p)
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[(Pf) (';y)HL,,(a,b) < Ms HfHLp(a,b) Vy>0,VfeLy(ab).

From this, by the Riesz-Thorin interpolation theorem, we have

1P G,y <M My 1l o)

where t. € (0,1 = 1=t 4 L Tt ig evident that
p—o ' p

L
T p—

M, = sup Mll_t8 M;S < +o00.
0<e<o

Proof of Proposition 1. Take o € (0,p — 1) and fix it. Applying Holder’s
inequality for € € (o,p — 1) we have

I®5) Gllg, apy < AT [PF) G,y

where d = b — a . Taking into account the relations

E—o0 p—1—o0o 1
0< < ,Vee(o,p—1) & (p—1)o r= > 1,
- p-9 " p-o (=) & =)

and applying Lemma 2 from the above we obtain

IP1) (390, iy = e sup <72 1P (), o

0<e<o

1
sup &7 ||<Pf><-;y>||Lp_s<a,b)}<maX{M w7 s, o

o<e<p—1 0<e<o

11

1 _e-a
sup er—<cg rogrodr-a=2 ||(Pf) ('?Z/)“Lp_g(a,b)} <
o<e<p—1

PEab);

< max {1y sup <7 ],
O0<e<o

1

m L
sup er—cg = (1+4d) e sup €7 [[(Pf) ('33/)||Lp6(a,b)}'

o<le<p—1 0<e<o

Since, sup (1+4d) o= 400, from here it directly follows that
0<oe<p—1

[P Gy ) < € 1L, iy V> 0, Y F € Ly (),

where ¢, is a constant independent of y and f.
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Proposition 1 is proved.

Step II. In the following we assume that the kernel K (x;t) satisfies the
following conditions.

(i) K (+;-) is homogeneous of degree (—n + 1) and has the form

K (z;t) = @ (14)

¢
L
= L
(lof +2) ?
where P = (z;t) € R";B}f = {P € R} :|P|=r};B. ={ze R |z|<r};
P' = (2;0) € R* 1
(ii) w (+;-) is continuous on Bj" and there exists constants ¢ > 0& o' € (0, 1],
such that
w(P) —w(Q) <c|PQI"
max |w| < ¢,
Bf
for VP' = (2;0) € Bf&Q = (y;t) € B, where |P'Q| denotes the geodetic
distance between points P’ and @Q on Bf ;
(i)
/ w(z;0)do, =0, (15)
|z|=1

where do, is the area element of sphere {z € R"~! : |z| = 1}.
Let’s prove the following

0
Proposition 2. Let u € WISL (Q), 1 <p<—+oo. Then

HUHW;’)’(Q) <c HLOUHLP)(Q) ) (16)
where ¢ is a constant independent of u.

Proof. Let I'g be a fundamental solution of Lou = 0. Then it is known that
(see, e.g. the work [1], p.64 and p.128) 0°L'y, for Va € Z} : |a| = m, is a
Calderon-Zygmund type kernel and as a result the singular integral 0"y  f is
bounded in Ly (2) (see, e.g. the work [4]), where 9™T'g = 3, _,,, 0°T'o. Let

0 0
ue Wy (Q) = ue W, (), Veg € (0,p—1). According to classical results
(see, e.g. [1], p.128), we have

0™u = 0™y * Lou + constu, a.e. in €.
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From here the validity of (16) follows directly. Since, in W/O;S‘(Q) the norms

HuHW;; () and 3_,1_, |]6°‘u||Lp)(Q) are equivalent.

For obtaining Schauder type estimates the following theorem play a key role.

Theorem 8. Let the kernel K (-;-) have the form (14), where the function w (-)
satisfies the conditions (i)-(iii). Consider the following Poisson type integral

(Pf) (z:t) = u(z;t) = G —y;t) f(y)dy.

Then there exists a constant ¢ > 0 such that
Hu ('; t)HLp)(Q’;dx) <c ||f||Lp>(Q’;d:v) ’Vt € (O7T) ) Vf € Lp) (Q/; dl’) :
This theorem is, in some sense, connected with the following theorem.

Theorem 9. Let the kernel k (-) have the form (x = (z1,...,2n—1))

k(@) = 2w <|f5|) |

where the function w (-) satisfies the condition (iii) and

q
(/ |w(a:)|qdax> =R, <00, ¢>1.
|z|=1

0
Then forV f € Wpl) () ewists limit in Ly (Q;dx):

u(z) = lim k(z—vy) f(y)dy,
E—r Qg(m)

where QL (x) = Y\BL (z). Moreover, it holds
||u||Lp)(Q’;d:c) <c ||f||Lp)(Q’;dx) ’
where ¢ independent of f, constant.

The following theorem is a generalization of the above theorems.

(17)
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Theorem 10. Let the kernel K (-;-) have the form (14), where the function w (+)
satisfies the conditions (i)-(iii). Let f € Ly (Q';dx) and consider the Poisson
type integral (17). Then :

() there exists a constant ¢ > 0, independent of t and f, such that

[ 30z, @riany < NIl @rany - ¥E> 05
(B) in Ny (') ewists the limit

0 I . .
u® (2) = limu (1)

(7) there exists a constant ¢ > 0, independent of f, such that
0 !
HU HLP)(Q’;dm) < CHfHLp)(Q’;dx) ,\V/f € Np) (Q ) :

Step III (proof of the above theorems). Before beginning the proof of
these theorems, let us present the following

Lemma 3. Let w € L1 (R) and for f € Ly, (J) consider

@1 @) = [ wi) Fle—ndy. v
where J € R is a finite interval and

~ | fx),xeJ,
f("”)_{o, v J.

Then G € [Ly (J)].

Proof. Let ¢ € (0,p—1) and p. =
(Minkowski’s inequality ) we take ¢ = 1, Qo
this statement we have

p — €. According to Statement 4
= J & Q1 = R, and applying

dy =
LPE(J) y

G I1,, 0 < [ o) =)
= /R w (y)| dy HfHLpE(J) = HGfHLp)(J) < HWHLl(R) Hf”Lp>(J)'

0
Consider the existence of the limit (19) for functions f € W[}) (). We

extend the function f to all of R"~! by zero and we will continue to denote the
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extended function by f. Let € € (0,p — 1) be some number. It is evident that
feWw,__(R"1'). Then it holds

ly|
f(xy)f(x)z/oy if (xty|> dt, ae. xz;ye RV L

di ly
Applying Minkovski’s inequality, we have
1F =)= F Ol ganry < Myl (20)
where

M = Z ”aafHLp)(Q’;dac) < HfHWI})(Q’)‘

laf=1

ue(z) = /Q K=y

Then taking into account the relation (20) for u.(-) we obtain

“ (5=r)

u@(x)—um(x):/ ey - f @) dy =
eo<|y|<er

= |Jue, — ualHLp)(Q,) <M ey —e2) Ry — 0, 1562 = 0,

where

R, = / |w(z)|dog.
|z|=1

0
From here it follows that if f € W, (€'; dx), then the limit (19) exists in L) ().
Let us prove that Theorem 9 follows from Theorem 10. To do this, it is
sufficient to prove the following

Lemma 4. Let the kernel w ( - ) satisfy the conditions (i)-(iii) and accept

Tal
u(z;t) = / v (ﬁ)
o (|l —yP +2)

_ r—y _ . |—n+l
e@=[ w0

lim |9 () = u (;€) HLP)(Q’;dx)

n—1 f(y) dy7

2

Then
=0.
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Proof. We have

9 (x) — u (; %) :/

ly

y 1 1
w () L. S -

[y +et) ?

Let us show that lim HJl(E) ()H
e—0 Lp)(Q’;da:)

sufficient to show that the L; (R)-norm of the kernel

)| [ R—— P
vl [|y (|y|2+a4)Tl

0 syl < e,

|y

= 0. By virtue of Lemma 3 it is

Ge (y) =

tends to zero as € — 0. This fact is established in [1] (see, p.150).

For L,y (§'; dx) norm of integral J2(€) () we have

HJ;) (')HLM(R”l) =

= y)’ ;1 —y)—JC n-1y dYy.
> /|y<g w <|y‘ <‘y|2 +84)n% Hf( y) f( )HLP)(R ) Y

Taking into account the inequality (20) from here we obtain

HJ;) (')HLm(m—l) =

<M
lyl<e

(1yf? +2) *

Let us summarize the obtained results. From Lemma 4 it 0follovvs that there

exists the %ir%u (z;t) in Ly (;dx) for the functions f € WI}) (Q). Thereby,
H
the proposition () of Theorem 10 is proved. Since, lin%ﬁ6 (x) = %in%u (z;t), then
e— -

Theorem 9 follows from the proposition () of Theorem 10. Moreover, it is obvious
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that Theorem 8 follows from the proposition («) of Theorem 10. Therefore, we
proceed to the proof of Theorem 10.
So, let

2

U(x;t):/ﬁ,ﬁ_1 ( w<ﬁ) i [ () dy,

w—yP )

where f € L, (R"™') : suppf C . By results of the work [1] (see, Theorem
A2.1’) p.144) there exists the constant ¢ > 0, independent of ¢ and f, such that

Hu(';t)HLp(R"*U <c ||f”Lp(Q’;dac) ’

HU (';t)HLp,so(R”—l) S c ||f||Lp,50(Q’) 7Vt € (OaT) ) Vf S Lp) (Q/,dl') )

where gy € (0,p — 1) is some number. Then, using the scheme of the proof of
Theorem 6 and completely analogously to Proposition 1 we establish that there
exists a constant c1, also independent of ¢ and f, such that

||u (';t)”Lp)(R”*H <a ||f”Lp)(Q/;dJ?) ’Vt € (OvT) 3 \V/f € Lp) (Q/,dl') .

It remains to prove propositions () and () of Theorem 10 for functions f €
Ny (). Since, the set Cg° (') is dense in Ny, (€), then these parts are proved
completely analogously to [1] (see, p.145). Therefore, this completes the proof of
Theorem 8-10.

Step I'V. In this stage we will establish some facts, that play an essential role
in the proof of Theorem 7.

Lemma 5. Let G (x;t) be a measurable function on R, that satisfies the in-
equality

w2
G(P)| < é;fﬁ)

, VP = (z;t) € R,

where w is a nonnegative function defined on the hemisphere Qf = {P € R} :

|P| =1}, and moreover
/ w'do < c,
of

for some r > 1 and ¢ > 0. Consider

“+oo
U(x;t)Z// Gz —y; t+s) 9 (y;s) dyds,
’J0
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where 9 (:;t) € Ly (5 dx) , Vt >0, and it holds p > 5. Then u € Ly () and
HuHLp)(Q) <c H’ﬂ”Lp)(Q) )

where = Q' x (0,T) , Q' C R"!, is a bounded domain and the constant ¢ > 0
depends only on r,c,p and n.

Proof. Define the kernel K (x;t), which is homogenous of degree (—n) in R"

for points P = (z;t) : K (P) =w (%) |P|™" for t > 0, and K is an odd function

of t € (—o0,+00). Let ¥ (;5t) € Ly (;dx) and extend o (2;t) to all of R™ by
zero outside of 2 C R™. Then we have

u(zit) < [ K (y; s+t) |9 (x—y;s)|dyds.
Ry

Applying Minkowski’s inequality (Statement 5) we obtain

Hu(';t)HLp)(Q’;da:) < /Rn Ky s+1) [0(—w 5)||Lp)(Q’;d93) dyds =
+

= [ K s 19 (39) i, e s =
+

oo |0 (5 9) L (e
:/ w({)dag/ Lo (@5de)
Qi*' 0 s+t

19Oz, ey » >0,

Assume

V(t) =
0, t<0.

Then from the above it follows that

TV (s) ds
e Byt

From here applying the Theorem 6 we directly obtain

lullz, @ < clldlz, @ -

Using this lemma let’s prove the following
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Theorem 11. Let

u(x;t) = Q/K(m—y;t) fy)dy, t>0,

where the kernel K (;-) has a form (14) , 0K ; 07K, are continuous in R,

sup |K (P)| < +oo, and it holds the condition (15). Then there exists the
PeQf
constant ¢ > 0, such that

Z ||aau||Lp)(Q) < CHfHWpl)(Q’;dgg) , Vfe Wz}) (Q/;dﬂﬁ)-

la|=1
For this reason first, let us prove the following simple version of Theorem 11.

Theorem 12. Let all the conditions of Theorem 11 hold, possibly except for
condition (15). Then there exists a constant ¢ > 0 such that, forVa: |a| =1 it
holds

105wl L, @) < CHfHWI;)(Q';dx) , YV feW, (¥sdr) .

Proof. Let f € Wpl) (Q;dx) and T € {Wl

o () 5 I/Vp1 (Q’;d:r)] be a corre-

)

sponding trace operator. So, we have
Hf“Wpl)(Q’;dz) = inf{ Hﬁ”WZ})(Q) D0 EW,(Q) &Tod = f} :

Then there exists ¢ € Wpl) (Q) such that ¢ (z;0) =: (T?) (x;0) = f(z), x €
Q', and
HﬂHWI})(Q) <2 HfHWZ})(Q’;dz) : (21)
Without loss of generality, let us assume that || wal)(Q,.da) H19HW1)(Q) # 0. Take
P ’ P
g0 € (0,p — 1) such that [[9]ly1 () <2 H79HW1)(Q). Therefore
P_EO P

1l . @) <4 1Fllws @riae) < 4 HfHWz}_EO(Q’;dx)'

€0
Assume

o | f@), zeq,
f(iU)—{ 0 , :DERnil\Q,.

Consequently , we have

u(z;t) = RnflK(ﬂﬂ—y;t) fy)dy, t>0.
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Then by the same way as in classical case (see, [1], p.167, Theorem A3.1) it is

established the validity of the relation (@ =90 i=1n-— 1)

x; ?

—+o00
o= / 040 (y; 8) BiK (x — it + ) dyds+
0 Q/

+o00
+/ 09 (y;8) 0s K (x —y;t + s) dy ds.
0 %

Since, the kernels ;K ; 9, K, satisfy the conditions of Lemma 5, applying this
lemma we obtain

10iullp, ) < ¢ > 10%91I 2, 2) < clPllw @) < € Ifllws @) -

lal=1

consequently

> l%ully, ) < ¢ 1w evsaz) -

laf=1

Proof of Theorem 11. By virtue of Theorem 12 it is sufficient to prove the
estimate

1Orullr, ) < ¢ HfHWpl)(Q’;dx)'

Based on the condition (21) for ¢ € Wpl) (€2), analogously to [1] (see, p.168) as
above we obtain

+oo
O (x:1) = / 040 (y55) 0K (x — yst + 5) dyds+
0 Q

+oo
+/ ﬁ(y;s)8t2K(ac—y;t—|—s)dyds:Jl(a:;t)+J2(a:;t).
0 o

Since, the kernel 0; K satisfies the conditions of the Lemma 5, then as above we
obtain

110z, ) < € 10591l @) =< € 1Fllw ) < € Ifllw ida) -

And now, let’s establish the following estimate

n—1
121l @) < ¢ > 10911, ) 0 » (22)
=1

where

“+o0o
Ja (x;t) = /0 /, 9 (y;8) 2K (x —y;t+ ) dyds. (23)
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It holds (see, [1] , p.169, formula (A3.8))

/RlafK(y;t) dy=0, t>0.

Then the estimate (22) follows from the following

Lemma 6. Let J (P) be a kernel, continuous in R"™1, that have homogeneous
degree (—m + 1) at t > 0, and sup |J (P)| < 400, and satisfies
|Pl=1

/ J (z;t) de = 0.
Rn—l
Let Z|a|:1 ||80‘19||Lp)(9) < +o0o . Then the function

“+oo
I(ﬂf;t)Z/ / (y;s) J (x —yit + s) dyds,
0 !

satisfies the inequality

n—1
M, @ < ¢ > 10912, ) »
i—1

where the constant ¢ depends only on p and n.

The proof of this lemma is similar to that of Lemma A3.1 in [1] (see p. 170)
since it reduces to Lemma 5 and therefore, we omit it. Then the estimate (22
is obtained by applying this lemma to the integral (23) with kernel J (P)
0?K (P). As a result, the proof of Theorem 11 is complete.

Step V (Proof of Theorem 7). Using the above obtained results let’s
prove the Theorem 7.

It is obvious that Q' C 09Q is a part of the boundary 9. In the se-

quel by I'pu = T (%) , k = 0,m —1; we mean the trace operator I'y €

[Wg Q) ; wy (Q’;dm)}, corresponding to the boundary part €, where v is

outer normal to €. First, consider the case, when {px}] C C5° (€') and extend
it to all of R"~! by zero. Consider the following function

~—

T

u(x;t) = Z (K * i) (w5t) , (x3t) € RY. (24)
i=1

By result of the work [1] (see, chapter I, &2) the kernels 0™ K, , i = 1,r; satisfy
the conditions (i)-(iii). By virtue of the Theorem 1 (see, [1] , p.26,) the function
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(24) is a solution of the BVP (10) in C*° (R} ). Consequently u (P) is a solution

of BVP also in C* ({2), and as a result, in grand Sobolev space Wy (Q).

And now, consider the case, when (¢) | € wy (Q'; 8,). Continue (o) | to
R" ! by zero and consider again the function (24). It is evident that (¢;) | €
Wik, (' 8,), for every fixed g9 € (0,p —1). From the characterization of the
trace space W & (R"_l; ,§,n) (see, e.g. [28] [29, Theorem Gagliardo]) it directly
follows that (p;) 7 € W & (R"1:3,). Then by results of [1] (see, Theorem
14.1, p.129) the function (24) is a solution of the BVP (10) in Wik, (R7).
Consequently, it holds

(Lou) (z5t) =0, a.e. (z;t) € RY.

Then, it only remains to show that u € WY (©) and that the boundary conditions
are satisfied

(bu) § = (i) 1,

in the sense of W (s 5,).

In what follows, we need some relations concerning the kernels K (;-) , j =
1,7. These kernels have the form (see, [1], p.27)

n—1+gq

K; (z3t) = Ay 2 Kjiq (z31),

where ¢ is an arbitrary positive integer having the same parity as (n — 1); A, =
Dy (93 is a Laplacian and the functions K, (z;t) are defined by expressions
(7)’, (7)”, of the work [1] (see, p.27) . Then according to the Theorem 14.1 of
the work [1] (see, p.129) for m-th order derivatives of u (-;-) we have

O (wst) = > I (w;t),
j=1

where
n— 1+q—m+mj

L =0"AT= T Kyg x5,

if m —m; is even and

n—1+q

n—1
Ij = Z 6”‘81 A2 _k_lKj;q * Akgpj,
i=1

if m—mj; =2k+1 (here g >m —mj; —n+1).
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As is shown in [1], I; can be represented in the form (e.g. in case, when
m —m; is even)

n—1
I = Z O Lik
k=1

where
n— 1+q m+m — 71

I, =0"A Jq*akA ;-

Since, the kernel
K (x;t) = 8"+q+mj*1Kj;q (z;t),

satisfies the conditions of Theorem 11 (see, [1], Theorem 3.4 , p.50), then by this
theorem we have

r _
||amu”Lp)(Q) < Z HIjHLm ZZ |0k L. <
j=1 j=1k=1
r n—1 S r
<c HAT T <c). ||gojuw,,;(g,;{mj}) . (25)
=1 k=1 Ly (Q'5da) = P

On the other hand, from estimates (1) for kernels K; (-;-) follows

1 + [log | P||
|P|n m;—1

|Ki (P)| < ¢

1=1,r,

i.e. it have a weak singularities at P = 0 in R, and by results of the work [16]
we have

'
lullz,, @) < Czl 19ill 2, () - (26)
J:

According to results of the work [15] (intermediate estimates for derivatives) from
(25) and (26) follows that u € Wy Q) .
The Theorem 7 is proved.
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