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Sharp Bounds and Extremal Properties of a
Degree-Based Graph Irregularity Index

Mythili V, Dhanalakshmi S.*

Abstract. We study the degree-contrast index DCI(G) = 3}, cp(du) —
d(v))?/(d(u) +d(v)), an irregularity measure that vanishes on a connected graph exactly
when the graph is regular. The identity DCI = M; — 4 ISI shows that it is a derived
combination of the first Zagreb and inverse sum indeg indices; our contribution is the
theory built on it. We prove the sigma-index bounds ¢/(2A) < DCI < ¢/(26), strict
for non-regular graphs with asymptotically optimal constants, and the sharp bounds
0/(2A —1) <DCI < ¢/(26 + 1), characterising all equality cases. We give closed forms
for fourteen standard graph families, indexed by their order n. For complete split graphs
we prove ¢,n®—3n? < max; DCI(CS(n, k)) < c,.n® with ¢, = (632—238y/7)/27 ~ 0.0856,
whereas stars, wheels and friendship graphs grow only quadratically, and we show that
the maximum of DCI over connected graphs of order n is ©(n?). Exhaustive enumeration
in exact arithmetic shows that the unique maximiser is the star for 4 < n < 7 and the
complete split graph CS(n,2) for 8 < n < 10.
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1. Introduction

In chemical graph theory a topological index attaches to a molecular graph
drawn with its hydrogens suppressed a single number that tends to track mea-
sured physical, chemical or biological behaviour, giving an inexpensive and re-
peatable numerical fingerprint of structure [7, 28, 17, 24]. Among such invariants,
those defined purely from vertex degrees form the longest-established and most
intensively examined class; it originates with the Zagreb indices [17] and Randié¢’s
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branching index [24] and continues to draw interest both in applied structure-
property studies [23] and in the bounds and extremal problems it poses [3, 14].

A prominent subclass, the irre,gularity indices, records how far a graph
is from being regular. Its two archetypes are Albertson’s index irr(G) =
> wer@) [dw) — d(v)| [4] and the squared version known as the sigma index
0(G) =X ere (du) — d(v))?, for which o(G) = F(G) — 2M>(G) [16].

Irregularity measures have been studied intensively in recent years. The Al-
bertson index has been generalised to a one-parameter family [20]; Furtula and
Oz introduced a “complementary” construction that substitutes d(u),d(v) by
d(u) + d(v) and |d(u) — d(v)| in existing definitions [14]; and further variants
such as the total irregularity measure [6], the reciprocal irregularity [8], and the
op-irregularity [10] have appeared. For the extremal problems relevant here the
literature is quite precise. Albertson [4] proved that irr(G) < 4n3/27 for ev-
ery graph of order n, and Abdo, Cohen and Dimitrov [1] showed that the exact
maximum of irr over all graphs of order n is |n/3|[2n/3](]2n/3] — 1), attained
only by complete split (clique-star) graphs with a clique of about n/3 vertices.
Abdo, Dimitrov and Gutman [2] characterised the general graphs of order n with
maximal o-irregularity, while sharp results for the sigma index are also known
on chemical trees [19], on trees with fixed degree sequence [11], and on k-cyclic
graphs [5]. Thus, for irregularity measures whose summands grow with the degree
difference, the maximisers over general graphs are dense and highly inhomoge-
neous rather than tree-like; we shall see that the same phenomenon occurs for the
descriptor studied here, although for DCI the global extremal problem remains
open (Conjecture 1).

The descriptor we study combines the sigma numerator with a degree-sum
denominator. That denominator is the signature of the sum-connectivity, har-
monic and inverse sum indeg (ISI) indices [27], an invariant whose bounds and
extremal behaviour are themselves the subject of much current work: bounds
under graph operations [18, 9], the structure of trees with maximal ISI [29], vari-
able generalisations [22], and sharp bounds for tricyclic graphs [30]. Because our
main structural result expresses the new descriptor exactly through M; and ISI,
this body of results transfers to it directly.

Concretely, the present work studies the descriptor

DCI(G) = Z M (1)
weE(G)

to which we give the name degree-contrast index.
Its numerator is that of the sigma index, whereas its denominator d(u)+d(v) is
the degree-sum weighting shared by the sum-connectivity, harmonic and inverse-
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sum-indeg indices. Its motivation is structural: an edge whose endpoints have
very different degrees—a highly branched vertex bonded to a terminal one—
signals local heterogeneity, and (1) weights such contrasts by the reciprocal of
the local connectivity d(u) + d(v). We stress that this weighting is not a nor-
malisation in the usual sense: DCI is unbounded and, as shown in Section 6, its
maximum over graphs of order n grows like n®. Throughout the paper the word
“normalised” is reserved for the index NDCI of Section 6, whose values lie in
[0,1).

Scope and novelty. We state at the outset that DCI is not a new algebraically
independent invariant. The exact identity DCI = M; — 4ISI (Theorem 1) shows
that it is a fixed linear combination of the first Zagreb index and the inverse sum
indeg index, and any statistical or structural information it carries is already
contained in the pair (M, ISI). Its interest lies in the fact that this particular
combination is a natural degree-sum-weighted irregularity measure: it retains
the sigma numerator but divides each edge contribution by the local connectiv-
ity d(u) + d(v). The new contributions of the paper are therefore mathematical
results about this derived descriptor, namely (i) sharp inequalities relating DCI
to the sigma index, with a complete characterisation of the equality cases; (ii)
exact closed forms for fourteen standard graph families, indexed by their true
order; and (iii) an extremal analysis: explicit bounds for the cubic growth of
complete split graphs, the correct order of growth ©(n?) of the maximum, the
correction of a natural but false conjecture that the star is the maximiser, docu-
mented exhaustive computations for n < 10, and a precisely stated conjecture for
the remaining cases. The generalisation DCI,, the bond-order-weighted variant
BDCI and the normalised companion index NDCI are introduced to fix notation;
BDCI in particular is presented here purely as a mathematical construction.
Contributions. The specific contributions of the paper are the following.

¢ Reduction identity and sharp bounds. We prove that DCI is a gen-
uine irregularity measure (Proposition 1) and establish the exact reduc-
tion DCI = M; — 4ISI (Theorem 1). This yields the sigma-sandwich
0/(2A) < DCI < ¢/(26) (Theorem 2), which is strict for every non-regular
graph but has asymptotically optimal constants, and the refined bounds
0/(2A —1) < DCI < ¢/(20 4+ 1) (Theorem 3), which are attained, with a
complete characterisation of the equality cases; we also give the exact value
on biregular graphs.

e Closed forms for fourteen graph families. We derive explicit closed
forms for the path, cycle, complete, cocktail-party, star, complete bipartite,
complete tripartite, complete split, double star, friendship, wheel, pan, bar-
bell and lollipop graphs (Table 1), each established by a dedicated propo-
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sition, with every family indexed so that its order is stated explicitly (the
wheel W,, and pan graph Pan,, both have exactly n vertices).

e Growth and extremal analysis. We show that the star, wheel and
friendship graphs have DCI ~ n?, whereas optimised complete split graphs
satisfy the explicit estimate c.n® — 2n? < max; DCL(CS(n, k)) < cun®
(Proposition 12), and that the maximum of DCI over all connected graphs
of order n is ©(n3) (Theorem 4). The star is the unique maximiser for
4 <n <7, CS(n,2) beats the star for every n > 8 (Propositions 13-14),
and CS(n,2) is the unique maximiser for 8 < n < 10; the computations be-
hind these uniqueness statements are summarised in Table 2 and described
in the Appendix. Global extremality of complete split graphs, and the value
of the leading constant of DClax(n), are not claimed; they are posed as
Conjecture 1.

¢ A normalised companion index. We introduce the edge-averaged index
NDCI and prove NDCI(G) € [0,1), with equality to 0 exactly for regular
graphs and with sup NDCI = 1 (Proposition 15); it replaces the star-based
ratio, which exceeds 1 once n > 8.

Throughout, these results place DCI precisely within the irregularity-index

literature: it is a fixed linear combination of the first Zagreb and inverse sum
indeg indices, hence an interpretable, complementary heterogeneity descriptor
rather than an independent new invariant.
Organisation. Section 2 collects preliminaries, Section 3 gives the definitions
and Section 4 the basic properties and bounds. The closed forms for the fourteen
families and their growth rates are collected in Section 5, and the extremal be-
haviour and the normalised index in Section 6, followed by concluding remarks.
The Appendix describes the exhaustive computations.

2. Preliminaries

Throughout, every graph is finite, simple and connected. Given G = (V, E),
set n = |V| (the order) and m = |E|, let d(v) be the degree of a vertex v,
and write A = A(G) and § = §(G) for the largest and smallest degrees. The
degree-based invariants we shall need are

Mi(G) =) _dw)®= "> (d(u)+d(v)) (first Zagreb),

veV uwweE

Ms(G) = Z d(u)d(v) (second Zagreb),
uwvel
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F(G) =) d(v) (forgotten) [13],
veV
o(G) =Y (d(u) — d(v))* = F(G) — 2My(G) (sigma),
uwwel
irr(G) = Z |d(u) — d(v)] (Albertson irregularity) [4],
uwwel
= M inverse sum inde
ISI(G) = XE:E d0w) 1 d(0) ( deg),
2 .
H(G) 2 a(a) + () (harmonic) [12].

An edge uv is called balanced if d(u) = d(v) and unbalanced otherwise. Let
A > §. We say that G is (A, §)-biregular if every edge has one endpoint of degree
A and the other of degree §. In that case no two vertices of equal degree are
adjacent, so G is necessarily bipartite with colour classes VA and Vj consisting of
the vertices of degree A and § respectively, and A|Va| = 6|Vs| = m; such graphs
are also called semiregular bipartite graphs. We warn that some authors use
“biregular” for any graph with exactly two distinct vertex degrees; that weaker
notion (which allows balanced edges, e.g. in the complete split graphs) is not the
one used here. The complete bipartite graphs K,; with a # b are the familiar
examples.

3. The degree-contrast index and its generalisations

Definition 1. For a graph G we define

_ (d(u) — d(v))®
DCI(G) = uvezE:(G) d(u) +d(v) ’

d(u) — d(v) 2+
DCIL,(G) = .
WGZE((;) (d(u) + d(v))F+o72

a>0.

For an edge-weighted molecular graph (G,w), i.e. a hydrogen-suppressed
molecular graph G together with a weight function w : E(G) — {1, 3,2, 3} record-
ing the bond order of the chemical bond represented by each edge (1 single, %
aromatic, 2 double, 3 triple), we define the bond-order-weighted degree-contrast

index

BDCI(G,w) = Z w(uv)M.
weE(G)
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Here d(u) always denotes the graph degree of u in the simple graph G (the number
of mon-hydrogen neighbours), not its valence; the bond order enters only through
the edge weight.

The exponents of DCI,, are chosen so that (a) DCIy = DCI; (b) each summand

equals toy /%, where ty, = (d(u) — d(v))?/(d(u) + d(v)) is the corresponding
summand of DCI, so that increasing « amplifies large contrasts relative to small
ones; and (c) the degree-sum weighting of DCI is retained. BDCI is an invariant
of the weighted graph (G, w) rather than of G alone, and BDCI(G, 1) = DCI(G)
when all bonds are single (w = 1).
The generalisations DCI, and BDCI are introduced here for completeness and to
fix notation. In particular, BDCI is presented in this paper purely as a mathe-
matical construction on edge-weighted graphs: the choice of weights 1, %, 2,3 is
a convention, and no claim is made here about its chemical or predictive mean-
ing, which would require independent validation against experimental data. The
structural theory below is developed for DCI. We record only the immediate
comparison that follows from the definition: since w(uv) > 1 for every edge,
BDCI(G,w) > DCI(G), with equality if and only if every unbalanced edge car-
ries weight 1.

4. Basic properties

Proposition 1 (Non-negativity and regularity). For every graph G, DCI(G) > 0.
If G is connected, then DCI(G) = 0 if and only if G is regular. The same holds
for DCI,, (a > 0) and for BDCI with positive weights.

Proof. Every term of (1) is a ratio with a non-negative numerator and strictly
positive denominator, so the total is at least 0. For the total to vanish, (d(u) —
d(v))? must be 0 on each edge, i.e. d(u) = d(v) throughout E; in a connected
graph this equalises all degrees, which is precisely regularity. The same argument
applies verbatim to DCI,, and, as each weight w(uv) is positive, to BDCI.

Theorem 1 (Reduction identity). For every finite simple graph G,
DCI(G) = M1(G) — 41ISI(G). (2)
Proof. Fix an edge uv. Then

(d(w) — d(v))? _ (d(u) +d(v))* — 4d(u)d(v) _
d(u) + d(v) d(u) + d(v)
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Adding these edge contributions and applying ) . cp(d(u) + d(v)) = Mi(G)
leaves DCI(G) = Mi(G) — 4> ,,cpd(uw)d(v)/(d(u) + d(v)), which is exactly
My (G) — 41SI(G).

Relation (2) says that DCI is fully determined by M; and ISI and adds noth-
ing they do not jointly encode; the compensating benefit is that the extensive
literature on those two invariants transfers at once to DCI.

Theorem 2 (Sigma sandwich). Let G be a connected simple graph of order n > 2,
with minimum degree 0 (> 1) and maximum degree A. Then

o(Q)
2A

< DCI(G) < O—;?) — F(G) _252M2(G). (3)

If G is regular, all three members vanish and both inequalities hold with equality.
If G is non-regular, both inequalities are strict. Moreover, if G is (A, d)-biregular
then DCI(G) = o(G)/(A + ) ezxactly, a value lying strictly between the two
bounds.

Proof. Every edge satisfies 26 < d(u) + d(v) < 2A, so (d(u) — d(v))?/(24) <
(d(u) — d(v))?/(d(u) + d(v)) < (d(u) — d(v))?/(20); summing over E(G) and
substituting o = F' — 2My produces (3). If G is regular, every edge is balanced
and o(G) = DCI(G) = 0. If G is connected and non-regular, it has at least
one unbalanced edge (otherwise the degree would be constant along every path),
and on every unbalanced edge 26 < d(u) + d(v) < 2A with a strictly positive
numerator; hence both summed inequalities are strict. If G is (A, d)-biregular,
every edge has degree sum A + §, whence DCI(G) = ﬁ Y e(dw) — d(v))? =
o(G)/(A+6), which lies strictly inside (0(G)/(2A),0(G)/(26)) since A > § and
o(G) > 0.

Remark 1 (In what sense (3) is sharp). Since (3) is strict for every connected
non-regular graph, its bounds are never attained and (3) is not sharp in the
sense of equality. Its constants are nevertheless best possible asymptotically. For
p > 1 the graph Ky 1 is (p + 1,p)-biregular with o = p(p + 1) and DCI =
plp+1)/(2p+1), so

DCH(Kppi1)  2p DCL(Kppi1)  2p+2
= — 1, =
o/(20) 2+ 1 o/(2A) 2+ 1

(p — o).

Hence neither factor 1/(25) nor 1/(2A) can be replaced by a smaller, respectively
larger, constant multiple valid for all graphs. The following refinement is sharp
in the strict sense.
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Theorem 3 (Sharp sigma bounds). Let G be a connected simple graph of order
n > 2, with minimum degree § and mazximum degree A. Then

o(G) o(G)

2A —1 < DCI(G) < 20+ 1 )

If G is regular, both inequalities hold with equality (0(G) = DCI(G) =0). If G is

non-reqular, equality holds on the right if and only if every unbalanced edge of G

joins a vertex of degree § to a vertex of degree 0 +1, and equality holds on the left

if and only if every unbalanced edge joins a vertex of degree A — 1 to a vertex of

degree A. In particular, both bounds are attained by Ky ,11 for every p > 1, the
upper bound by every path P, (n > 3), and the lower bound by K,, —e (n > 3).

Proof. Balanced edges contribute 0 to all three members of (4). On an
unbalanced edge uv the degrees are two distinct integers in [0, A], so

264+ 1 <d(u)+d(v) <2A -1,

and therefore (d(u) — d(v))?/(2A — 1) < (d(u) — d(v))?/(d(u) + d(v)) < (d(u) —
d(v))?/(26 + 1). Summing over all edges gives (4). If G is regular, all members
vanish. If G is non-regular, the set of unbalanced edges is non-empty and each
of them has a strictly positive numerator, so equality in a summed inequality
holds if and only if the corresponding edgewise inequality is an equality on every
unbalanced edge. On the right this means d(u) 4+ d(v) = 20 + 1, and since both
degrees are integers > § this forces {d(u),d(v)} = {d,d + 1}; on the left it means
d(u) + d(v) = 2A — 1, which forces {d(u),d(v)} = {A —1,A}. In Kp p+1 every
edge joins degrees p = § and p+1 = A; in P, every unbalanced edge joins degrees
1 =6 and 2; in K,, — e every unbalanced edge joins degrees n —2 = A — 1 and
n—1=A.

Because 20 < 2641 and 2A—1 < 2A, Theorem 3 strictly improves Theorem 2
for every non-regular graph, which explains why (3) is never attained.

Corollary 1 (Order-only bounds). Let G be a connected simple graph of order
n > 3. Then

o(G) o(G) _ F(G) —2My(G)

< DCI < = .

2n—3 CHE) < 3 3
If G is regular, both inequalities hold with equality (all members vanish). If G is
non-reqular, equality holds on the right if and only if every unbalanced edge joins
a vertex of degree 1 to a vertex of degree 2 (this forces § = 1; examples are the
paths Py), and equality holds on the left if and only if every unbalanced edge joins
a vertex of degree n — 2 to a vertex of degree n — 1 (this forces A = n —1; an
example is K, —e).
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K> 4 (biregular, Thm 2)
|V|=6, DCI =5.333

Figure 1: A biregular instance for Theorem 2: on K> 4 every edge joins degrees A =4 and 6 = 2,
so DCI = o /(A + §) exactly. Vertices are coloured by degree.

Proof. Since G is connected and n > 3, we have 1 < § < A <n-—1, so
20+ 1> 3 and 2A — 1 < 2n — 3, and the inequalities follow from (4); the last
expression uses 0 = F' —2Ms. If G is regular, all members vanish. Let G be non-
regular, so o(G) > 0. Equality on the right requires o(G)/(20 +1) = o(G)/3, i.e.
d = 1, together with equality on the right of (4); by Theorem 3 this means that
every unbalanced edge has degree pair {1,2}. Conversely, if every unbalanced
edge has degree pair {1,2}, then § = 1 (an unbalanced edge exists and has
an endpoint of degree 1) and Theorem 3 gives equality. The left-hand case is
identical, with A =n — 1 and the degree pair {n —2,n — 1}.

We shall also use the elementary comparison with Albertson’s index. For an
unbalanced edge, |d(u) — d(v)| < d(u) +d(v) gives (d(u) — d(v))?/(d(u) +d(v)) <
|d(u) — d(v)|, whence

DCI(G) < irr(G), (5)

with equality if and only if G is regular (both sides then being 0).

5. Closed forms for standard graph families

Using (1) directly (equivalently, Theorem 1) we obtain the closed forms in
Table 1. To avoid any ambiguity, the table lists the order |V (G)| of every family
explicitly; in particular the wheel W,, = C,,_1 V K7 and the pan graph Pan,, are
indexed so that they have exactly n vertices, and all figures comparing families
plot DCI against the true order n = |V(G)|. Three qualitative points stand
out: DCI vanishes on the regular families (Proposition 3); it is bounded on near-
constant degree sequences (DCI(P,) = % and DCI(Pan,) = %, independent of n);
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and on the high-contrast families it grows at two different rates. The star, the
wheel and the friendship graph satisfy DCI ~ n? as n — oo, whereas complete
split graphs whose clique contains a fixed proportion of the vertices grow cubically
in n (Proposition 12, Figure 3). Figure 2 displays a representative instance of
each of the fourteen families, with vertices coloured by degree so that the degree
contrast measured by DCI is visible directly.

Table 1: Degree-contrast index of fourteen standard graph families. The column “Order” gives
|V (G)]; the last column cites the proposition that establishes the closed form.

Family Condition Order |V(G)| DCI(G) Established in
Path P, n>3 n % Prop. 4
Cycle Cp, n>3 n 0 Prop. 3
Complete K, n > 2 n 0 Prop. 3
Cocktail party Kpx2 p>2 2p 0 Prop. 3
2
Star K1 n—1 > 2 n W Prop. 2
2
Complete bipartite K, a,b>1 a+b ab(:gbb) Prop. 5(b)
ab(a—b)? + ac(a—c)?
Complete tripartite K, p . a,b,c>1 a+b+c a+b+22 o GEZIHC Prop. 5(a)
C —C
+ 2a-+b+c R
Complete split CS(n, k) 1<k<n-1 n W Prop. 2
3 3 N2
Double star Sp 4 p,g>1 pH+q+2 ﬁ + q‘:_—z +2;1:_q22 Prop. 6
Friendship Fj, k>1 2k +1 Leled) Prop. 7
2
Wheel W,, =C,,_1 V K1 n>4 n % Prop. 8
Pan Pan, (Cp—1 + pendant) n >4 n % Prop. 9
Barbell B, n>2 2n 22(27:1) Prop. 10
2
Lollipop L, n>3k>2 n+k 2’:;11 + (7:;22) + % Prop. 11

Proposition 2 (Complete split, incl. star). For the complete split graph
CS(n, k) = K V K,,_. of order n,

k(n—k)(n—1—k)?
n—1+k

DCI(CS(n, k) =

Proof. In CS(n,k) the k clique vertices have degree n — 1 and the n — k
independent vertices have degree k. Edges inside the clique join two degree-
(n —1) vertices and add nothing. The k(n — k) edges between the clique and the
independent set each join a degree-(n—1) vertex to a degree-k vertex, contributing
(n—1)— k)2/((n — 1) + k). Summing gives the stated value. (Setting k& = 1
recovers the star formula (n — 1)(n — 2)%/n.)
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Proposition 3 (Regular families). DCI(C),) = DCI(K,,) = DCI(K,x2) = 0.

Proof. Each graph is regular: C), is 2-regular, K, is (n—1)-regular, and K2
(that is, K, with a perfect matching deleted, of order 2p) is (2p — 2)-regular. By
Proposition 1 a connected graph has DCI = 0 iff it is regular.

Proposition 4 (Path). For the path P, with n > 3, DCI(P,) = %, independent
of n.

Proof. The two pendant vertices have degree 1 and all interior vertices degree
2. The two end edges join degrees (1,2), each contributing 12/3 = %; every
interior edge joins two degree-2 vertices and contributes 0. Hence DCI(P,) =
1_2
Proposition 5 (Complete tripartite and complete bipartite graphs). (a) For

integers a,b,c > 1,

ab(a —b)?  acla—c)®>  be(b— c)?

DCI(K = .
( a,b,c) a+b+2c a+2b+c 2a-+b+c

(b) For integers a,b > 1,

ab(a — b)?

DCI(K(ZJ)) = a + b

Proof. (a) The three parts A, B,C of sizes a,b, c carry degrees b+ ¢, a + ¢,
a + b respectively. An A-B edge joins degrees b + ¢ and a + ¢, contributing
(b—a)?/(a+b+2c); there are ab such edges. Likewise the ac edges of class A-C
each supply (¢ — a)?/(a + 2b + ¢) and the bc edges of class B-C each contribute
(¢ —b)%/(2a + b+ c). Adding the contributions gives the claimed expression; for
a = b = c it gives the regular graph K, ., with DCI = 0. (b) In K, the a
vertices of one part have degree b and the b vertices of the other part have degree
a. BEach of the ab edges joins degrees b and a and contributes (a — b)%/(a + b),
which gives the formula directly. (Part (b) is proved separately because it is not
a specialisation of part (a): the value ¢ = 0 lies outside the domain a,b,c > 1.)

Proposition 6 (Double star). For the double star S, 4 (two adjacent centres of
degree p + 1 and q + 1 carrying p and q leaves; order p + q + 2), DCI(Sp,) =

3 3 2
¢, (-9
p+2 + q+2 + ptrq+2°

Proof. The p leaves of the first centre give edges of degrees (p + 1, 1), each
contributing p?/(p + 2), for a total p?/(p + 2); symmetrically the second centre
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Representative instances of the fourteen graph families (node colour = degree)

path Pg (Prop 4) cycle Cg (Prop 3) complete Ks (Prop 3) cocktail K3x2 (Prop 3)
|V|=6, DCl = 0.667 |V =6, DCI = 0.000 |V|=5, DCI = 0.000 |V|=6, DCI = 0.000

i
9
&

star K1,6 (Prop 2) K3,4 (Prop 5) K1,2,3 (Prop 5) CS(7,3) (Prop 2)
|V|=7, DCI = 21.429 |V|=6, DCI =5.333 |V|=6, DCI = 2.579 |V|=7, DCI =12.000

X
bl
iy

double star S3,, (Prop 6) friendship F3 (Prop 7) wheel W5 (Prop 8) pan Pang (Prop 9)
|V|=7, DCI = 7.543 |V|=7, DCl = 12.000 [V|=7, DClI = 6.000 |V| =6, DCI = 1.400

R
s
]

barbell B4 (Prop 10) lollipop L4,3 (Prop 11)
|V|=8, DCI = 0.857 |V|=7, DCI = 1.429

"y
pN

Figure 2: Representative instances of the fourteen graph families of Table 1, each labelled with the
establishing proposition, its order |V|, and its degree-contrast index value; vertices are coloured by
degree. In the order-consistent notation the wheel shown is W7 (hub and 6 rim vertices) and the pan
graph is Pang (C5 with one pendant vertex). The regular families (Cs, K5, K3x2) have DCI = 0
(Proposition 3), while the high-contrast families (star, friendship, wheel, complete split) attain large
values.
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gives ¢>/(q+2). The single central edge joins degrees p+1 and g+ 1, contributing
(p—q)%/(p+ q+2). Adding the three terms gives the claim. (With p =¢ =1
this reduces to DCI(P,) = %, consistent with Proposition 4.)

Proposition 7 (Friendship graph). For the friendship graph Fy (k triangles

sharing one common vertez, on 2k + 1 vertices), DCI(F},) = 4k(,€k_:11)2

Proof. The central vertex has degree 2k and the 2k outer vertices have degree
2. The 2k spoke edges each join degrees 2k and 2, contributing (2k—2)2/(2k+2) =
2(k —1)?/(k + 1); summed over the 2k spokes this is 4k(k — 1)?/(k + 1). The k
triangle edges join two degree-2 vertices and contribute 0. (For k = 1, F} = K3
is regular and the value is 0.)

Proposition 8 (Wheel). Forn > 4 let W), = C,,_1 V K be the wheel of order n:
a hub of degree n — 1 joined to every vertex of a cycle Cy_1, whose vertices then
have degree 3. Then

(n—1)(n —4)?

DCI(W,,) = P

, n > 4.

Proof. The n — 1 spoke edges join the degree-(n — 1) hub to a degree-3 rim
vertex, each contributing (n —4)2/(n + 2); the n — 1 rim edges join two degree-3
vertices and make no contribution. Adding the spoke terms gives (n — 1)(n —
4)2/(n+2). (At n =4, Wy = Ky is regular and the value is 0, matching the
formula.)

Proposition 9 (Pan graph). For n > 4 let Pan,, be the pan graph of order
n, obtained from the cycle Cn—1 by attaching a single pendant vertex. Then
DCI(Pan,,) = %, independent of n.

Proof. The attachment vertex has degree 3; its two incident cycle edges join
degrees (3,2) and each contribute 1/5. The remaining n — 3 cycle edges join
degree-2 vertices and contribute 0. The pendant edge joins degrees (3,1) and
contributes 22/4 = 1. Thus DCI(Pan,) =2 % +1= 1.

Proposition 10 (Barbell). For the barbell graph B, (two disjoint copies of K,

joined by a single bridge edge; order 2n), DCI(B,,) = 22(2:1), n>2.

Proof. Each bridge endpoint has degree n (n — 1 clique neighbours and one
bridge neighbour); all other vertices have degree n — 1. Inside one clique, the
n — 1 edges from the bridge endpoint join degrees (n,n — 1) and each contribute
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1/(2n—1), giving (n —1)/(2n — 1) per clique; the remaining clique edges and the
bridge edge contribute 0. Summing over the two cliques gives 2(n —1)/(2n —1).
(Note DCI(B,,) — 1 as n — o0.)

Proposition 11 (Lollipop). For the lollipop graph L (K, with a path on
k > 2 new vertices attached to one clique vertex; order n + k), DCI(Ly, ) =

221__11 + (7;22)2 + %, n > 3, independent of the path length k.

Proof. The junction (the clique vertex carrying the path) has degree n; the
other clique vertices have degree n—1, the path-interior vertices degree 2, and the
path end vertex degree 1. Inside the clique, the n—1 edges from the junction join
degrees (n,n — 1) and contribute (n — 1)/(2n — 1) in total, while the remaining
clique edges contribute 0. The junction-to-path edge joins degrees (n,2) and
contributes (n —2)2/(n+2). Every interior path edge joins two degree-2 vertices
and contributes 0; the final path edge joins degrees (2,1) and contributes 1/3.
Summing gives the stated value, which does not depend on k. (For k = 1, a single
pendant on K,,, the last two terms are replaced by the single term (n—1)2/(n+1).)

Remark 2. Fvery closed form in Table 1 can also be obtained from the reduction
identity DCI = My — 41SI together with published values of My and the inverse
sum indeg index for these families.

Growth rates: quadratic versus cubic
For the three single-hub families the closed forms give, as n = |V(G)| — oo,

(n—1m-2?% , (n—Dn-4?2 .,

DCI(Kqp—1) = ~n-, DCI(W,,) = ~n°,

C( 1, 1) n n C(W) n+2 n
n—1)(n — 3)?

DCI(F(N_l)/z):( n)il ) 2, (6)

the last for odd n, so these families grow quadratically. Complete split graphs
behave differently.

Proposition 12 (Cubic growth of complete split graphs). Let g(c¢) = ¢(1 —
c)3/(1+c) for c €10,1], and put

7T—2 632 — 238v/7
\fg ~ 0.2153, e =g(v) = 27\f

(a) (Uniform estimate.) For everyn > 2 and every 1 <k <n—1,
k 1 DCI(CS(n, k)) k
Ty oo o ) ).

g( ) n < g(n)

n n3

~ 0.0856.

’)/:
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In particular, if k = k(n) satisfies k/n — ¢ € (0,1), then DCI(CS(n, k)) =
g(e)n’® (1 +o(1)).

(b) ~v is the unique mazximiser of g on [0,1], and for every n > 3

33,2 - 3
cxn® —gn° < 1§1;12;(71DCI(CS(71, k)) < con®. (8)

3. -
5,5 COnse

(¢) Every mazimising clique size k*(n) satisfies g(k*(n)/n) > c. —
quently k*(n)/n — ~.

Proof. Step 1 (exact rescaled formula). By Proposition 2, writing = k/n €
t1-Llandt=1

n’

_ DCI(CS(n, k) _ k(n—k)(n—1—k)?

—x—s)?
o) =y

while g(z) = (1 — x) 15(0).
Step 2 (derivative of 1, ). For 0 < s <t we have 0 < 1— 2 — s <1 (because
r<1-— %) and 1 <142 — s <2 (because x > %) Differentiation gives

W (s) = (I-z—s)[2(l+z—s)+(1—z—5s)]  (l—z-s)(1+3z—3s)
e (I4+z—s)? B (14 z—s)?

Since 14 3z — s > 0, we get ¥/ (s) < 0, with strict inequality for 0 < s <1 —x
(a non-trivial interval because 1 —x > ¢ > 0); and [¢.(s)] < 1-(1+3z)/1 < 4.
Step 3 (proof of (7)). By Step 2, 1, is strictly decreasing on [0, t], so ¢, (t) <
1¥.(0) and H,(k) < g(x). By the mean value theorem, 1, (0) — 1, (¢) < 4¢, and
with z(1—2) < } we obtain g(z) — Hn(k) < }-4t = L. This proves (7), uniformly
in k. The asymptotic statement follows because g is continuous.
Step 4 (mazimiser of g). For ¢ € (0,1) we have g(c) > 0 and

g 1 3 1 1-4c-3¢

glc) ¢ 1—c 1+c¢ c(l—c)(1l+¢)

(1 —¢)?(1 — 4c — 3¢?)
(1+¢)? '

ie. g(c) =

The quadratic 1 — 4¢c — 3¢? is positive on [0,v) and negative on (v,1], where
v = (—4+28)/6 = (/T — 2)/3 is its only root in [0,1]. Hence g increases on
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[0,], decreases on [y, 1], and 7 is its unique maximiser. With 1 —~ = (5 —+/7)/3
and 1+ = (14+7)/3,

(V7T=2)(6-VT)° _ (V7-2)(230 — 82V7)

=00 = T st v
39471034 632 — 2387
11+ VT) 21

We also need the Lipschitz bound |¢'(c)] < 1 on [0,1]. On [0,7], 0 < ¢'(¢) <
(1=eP2/(1+¢ < 1. On [, 1], |g(e)] = (10 (3e-+de—1)/(1+0)* < (1—c) (3 +
4c—1)/(1+¢)?, and (14¢)?—(1—c)(3c*+4c—1) = 3c3+2c2—3c+2 > 2¢*—3c+2 > 0
(the last quadratic has negative discriminant), so again |¢'(c)| < 1.

Step 5 (proof of (8)). The upper bound follows from (7) and g < ¢,: Hy (k) <
g(k/n) < ¢, for every k. For the lower bound let k, be the integer nearest to
yn. For n > 3 we have yn > 0.64, so 1 < k,, <n —1, and |k,/n — 7| < ﬁ By
'l <1 and (7),

mkaan(k) > H, (kn) > g(kn/n) — % >y — % - % =y — %
Multiplying by n? gives (8).

Step 6 (proof of (c)). If k*(n) maximises H,, then by (7) and Step 5,
g(k*(n)/n) > Hyp(k*(n)) > ¢ — 5. Let ¢ be any limit point of k*(n)/n in
the compact interval [0, 1]; by continuity g(c¢) > ¢, so ¢ = - by uniqueness of the
maximiser. Hence k*(n)/n — 7.

Thus the optimised complete split family has cubic, not quadratic, growth;
the numerically optimal clique sizes k*(n) = 1,2,3,4,5,6 for n < 7,8 <n <12,
13<n<16,17 < n <21,22 <n <26 and 27 < n < 30 respectively are
consistent with k*(n) ~ 0.2153n. By comparison, the maximum of Albertson’s
index is attained by complete split graphs with clique fraction 1/3 [1]; the degree-
sum weighting in DCI shifts the optimum towards smaller cliques.

6. Extremal behaviour and normalisation

Since DCI(G) = 0 characterises regular graphs (the minimisers), the natural
extremal question is the maximiser over all connected graphs of order n. The
star is a tempting candidate, and indeed:

Proposition 13 (Small orders). For 4 < n < 7, the star Ky 1 is the unique
connected graph of order n maximising DCI.
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(a) DCI versus order (b) cubic vs. quadratic growth
106 4 R
—e— best complete split CS(n, k™) —— best CS(n, k™)
2000 - star Ky, n— star
o=t 10° { — wheel
—4+— wheel W,=C,_-1VK;y . .
X ! —— friendship
—4— friendship F, 1) (n odd) s e cen®, Ce ~0.0856
1500 § w107y
©
3 103
O o 10° 4
0 1000 2
G 10?
o
500 - 10! 4
100 4
0 -
5 10 15 20 25 30 10! 102
order n = |V(G)| order n (log scale)

Figure 3: DCI as a function of the order n = |V (G)] for four high-contrast families: the star K1 ,—1,
the wheel W,, = C,_1 V K1 (order n), the friendship graph F{(,,_1),2 (odd n only), and the best
complete split graph CS(n, k™). (a) Linear scale. (b) Log—log scale up to n = 200: the star, wheel
and friendship graphs grow quadratically (~ n2), while the optimised complete split graph grows
cubically, ~ c,n® with ¢, = 0.0856 (Proposition 12).

Proof (computer-assisted). For each n € {4,5,6,7} all non-isomorphic connected
graphs of order n were generated with the program geng of the nauty package [21],
version 2.8.8, using the command geng -c n; geng outputs every isomorphism
class exactly once, so the enumeration is exhaustive and free of duplicates. For
each graph, DCI was evaluated in ezact rational arithmetic (Algorithm 1 in the
Appendix), and the maximum and the number of isomorphism classes attaining
it were recorded. The numbers of connected graphs are 6, 21, 112 and 853, in
agreement with the known counts [26]. In each case exactly one isomorphism class
attains the maximum, namely the star, with DCI(Kj ,,—1) = (n—1)(n—2)?/n =
3, 36 40 150. the second-largest values are £, 72, T 920, respectively (Table 2).

50 30 T 50 150 7>
For these orders the result was confirmed independently of nauty on the atlas of
all graphs with at most seven vertices [25]. O

Proposition 14 (Failure for n > 8). For every n > 8 there is a connected graph
of order n with strictly larger DCI than the star. In particular, CS(n,2) satisfies

2(n — 2)(n — 3)2 . (n—1)(n —2)?
n+1 n

DCI(CS(H, 2)) = = DCI(KLn_l) (n Z 8)

For instance DCI(CS(8,2)) = 13 ~ 33.3 > 31.5 = DCI(K1 7).

Proof. Both closed forms are instances of Proposition 2 (kK = 2 and k = 1).
Since n — 2 > 0 for n > 3, dividing the desired inequality by n — 2 and clearing
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the positive denominators n(n + 1) shows it is equivalent to
2n(n—3)2 > (n—1)(n—2)(n+1), ie f(n):=n®>—10n*+19n 2> 0.

The derivative f'(n) = 3n? — 20n + 19 has larger root (10 + v/43)/3 ~ 5.52 < 8,
so [ is strictly increasing on [8,00); and f(8) = 512 — 640 + 152 — 2 = 22 > 0.
Hence f(n) > f(8) > 0 for every real n > 8, proving the inequality for all integers
n>8. (Atn =7, f(7) = —16 < 0: the star is still extremal there, consistent
with Proposition 13.)

Proposition 14 shows only that the star is not extremal for n > 8; it does not
show that complete split graphs are extremal among all connected graphs. What
can be proved for all n is the correct order of magnitude of the maximum.

Theorem 4 (Order of magnitude of the maximum). Let DClyax(n) denote the
mazximum of DCI over all connected graphs of order n. Then, for every n > 3,

b < DChanie) < [3][2]([2] 1) = %2

with ¢, = (632 — 238v/7)/27 ~ 0.0856. In particular DClyay(n) = O(n?),

D Imax . D Imax 4
0.0856 ~ ¢, < liminfM < hmsupM < — =~ 0.148,

n—o0 nS n—oo n3 27

and no family with DCI = O(n?) (such as stars, wheels or friendship graphs) is
extremal for large n.

Proof. The lower bound follows from Proposition 12(b), since complete split
graphs are connected. For the upper bound, a maximising graph is non-regular
for n > 3 (the star already has positive DCI), so by (5) DCI(G) < irr(G), and
Abdo, Cohen and Dimitrov [1] proved irr(G) < |n/3]|[2n/3]([2n/3]—1) for every
graph of order n; this quantity is at most 4n®/27 (Albertson’s bound [4]).

Remark 3 (What is proved and what is not). Theorem 4 determines the order of
DClyax(n) but not its leading constant: it does not prove that DClyax(n)/n® —
c«, nor that complete split graphs are mazimisers. Both statements would follow
from Conjecture 1 below (via Proposition 12(b)), and both remain open.

Exhaustive computations for n = 8,9,10. We extended the computation
in the proof of Proposition 13, with exactly the same protocol (generator geng
-c n of nauty 2.8.8 and exact arithmetic; see the Appendix), to the orders n =
8,9,10. The results are listed in Table 2. Among all 11117, 261 080 and 11 716 571
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connected graphs of these orders (the known counts [26]), the maximum of DCI
is attained by exactly one isomorphism class, which in each case is CS(n, 2), with
DClax(8) = %, DClax(9) = % and DClax(10) = %. This is a statement
about a finite, completely enumerated set of graphs and is not inferred from the
family values; the family curves in Figure 4 serve only as a comparison. Among
the three plotted families the complete split graph is the largest for every n > 8,
and it coincides with the exhaustive maximum for all n < 10. Whether this

persists for larger n is open, and we state it separately as a conjecture.

Problem 1. Determine the connected graph(s) of order n maximising DCI, and
the value DClyax(n).

Conjecture 1. For everyn > 8,

DClyax(n) =  Jpax DCI(CS(n, k)),

and every connected graph of order n attaining DClyax(n) is isomorphic to a
complete split graph CS(n, k*(n)) with a maximising clique size k*(n).

If Conjecture 1 holds, Proposition 12 gives c,n® — %nQ < DClpax(n) < cun?,

hence DClpax(n)/n® — c. and k*(n)/n — (V7 — 2)/3; these consequences
are conditional and are not used elsewhere in the paper. The evidence for
Conjecture 1 is (i) the exhaustive computations for n < 10 (Table 2); (ii)
the analogous theorem for Albertson’s irregularity, whose maximisers over all
graphs of order n are exactly complete split graphs [1]; and (iii) the closely
related complementary second Zagreb index cMy(G) = Y, [d(u)? — d(v)?| =
Y uw ld(w) — d(v)| (d(u) + d(v)), for which Furtula and Oz [14] conjectured that
the maximisers over all graphs of order n are complete split graphs, a conjecture
since proved by Gao [15]. We emphasise that, apart from these computations and
Theorem 4, Conjecture 1 is unproved; in particular the statements of this section
concerning complete split graphs refer to comparisons among explicit families or
to the completely enumerated orders n < 10, not to global extremality.
A normalised companion index. A ratio of the form DCI(G)/((n — 1)(n —
2)? /n)—dividing by the star value—does not take values in [0,1], because by
Proposition 14 the star is not the maximiser for n > 8; the ratio exceeds 1 for
such n and, by Proposition 12, is even unbounded as n — oo. Dividing by
DClax(n) is not an option either, since this quantity is unknown (Problem 1).
We therefore do not rescale DCI itself but introduce the edge-averaged companion
index

1
NDCI(G) = — WEXE:(G) (@a) T d) (9)
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Table 2: Exhaustive maximisation of DCI over all connected graphs of order n, computed in exact
arithmetic (see the Appendix). “Graphs” is the number of non-isomorphic connected graphs produced
by geng -c n; “#max" is the number of isomorphism classes attaining the maximum.

n Graphs DClax(n) #max Unique maximiser Second-largest value
4 6 3 1 Kiz= CS(4,1) 7/5
5 21 36/5 1 Kia= CS(5, 1) 74/15
6 112 40/3 1 K5 = CS(67 1) 74/7
7 853 150/7 1 K¢ = CS(7,1) 20
8 11117 100/3 1 CS(8,2) 63/2 (star K177)
9 261080 252/5 1 CS(9,2) 496/11
10 11716571 784/11 1 CS(10,2) 720/11
Extremal DCI comparison
—a— best cc;mplete split CS(n, k™)
2000 1 = KZ,n—Z
—e— star Ky, n-1
X exhaustive maximum over all connected graphs (n < 10)
i : star no longer
1500 émaximal (n=8)
(@]
0O 1000 -

500 1

5 10 15 20 25 30
order n

Figure 4: Maximum DCI attained by the star K1 ,,—1, by K22, and by the best complete split
graph CS(n,k"), as a function of the order n. Crosses mark the exhaustive maximum over all
connected graphs of order n < 10. The star is overtaken at n = 8 (Proposition 14); global
extremality of complete split graphs for n > 10 is conjectural (Conjecture 1).



38 Mythili V, Dhanalakshmi S.

obtained by averaging over the edges the squared relative contrast ((d(u) —
d(v))/(d(u) + d(v)))Q; equivalently, it is the edge-average of t,,/(d(u) + d(v)),
where t,, is the summand of DCI. It is an irregularity measure in its own right
(not a scalar multiple of DCI) and is provably well behaved.

Proposition 15. For every graph G with at least one edge, NDCI(G) € [0, 1),
and, for connected G, NDCI(G) = 0 iff G is reqular. The interval is best possible:

supg NDCI(G) = 1, approached by the stars, NDCI(K1 ,,—1) = ((71—2)/71)2 — 1.

Proof. For any edge, 0 < (d(u) — d(v))? < (d(u) + d(v))? (strict because
d(u),d(v) > 1 implies 4d(u)d(v) > 0), so each summand lies in [0,1); their
average lies in [0, 1). It is 0 iff every summand is 0, i.e. iff all edges are balanced,
which for connected G’ means that G is regular. In K ,,_1 every edge joins degrees
n — 1 and 1, giving the stated value.

Representative values: NDCI(K ) = 0.64, NDCI(K3g) = 0.36, NDCI(C,,) =
0; for n = 20, NDCI(Kng) = 0.81 and NDCI(KQJg) = 0.64.

7. Conclusion

We studied the degree-contrast index DCI, a degree-sum-weighted irregular-
ity measure. By the exact identity DCI = M; — 41SI it is a derived descriptor,
a fixed linear combination of the first Zagreb and inverse sum indeg indices, and
not an algebraically independent invariant; the contribution of the paper is the
body of results established for it. On the inequality side, we proved the strict
sigma-sandwich o/(2A) < DCI < ¢/(26) with asymptotically optimal constants,
the sharp bounds o/(2A — 1) < DCI < ¢/(26 + 1) and their order-only conse-
quences, with all equality cases characterised and the regular and non-regular
cases separated. We derived closed forms, indexed by the true order, for fourteen
standard graph families, each established by an explicit proposition (Table 1).
On the extremal side we corrected a natural but false maximiser conjecture—the
star is extremal only for n < 7 and is beaten by CS(n,2) for every n > 8—
proved the explicit estimate ¢,n® — 3n? < max; DCI(CS(n, k)) < cun?, showed
that stars, wheels and friendship graphs grow only quadratically, proved that
DClpax(n) = ©(n?), and verified by a fully documented exhaustive enumera-
tion in exact arithmetic that the maximiser is unique for 4 < n < 10 (the star
for n < 7 and CS(n,2) for 8 < n < 10). Whether complete split graphs are
the maximisers for all n > 8, and hence whether ¢, is the true leading constant
of DClax(n), remains open (Conjecture 1); settling it, together with the opti-
mal clique size k*(n), is the most promising direction for further work. Finally,
we supplied a companion index NDCI with values in [0,1), the interval being
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best possible. The bond-order-weighted variant BDCI was introduced only as a
mathematical construction; assessing its chemical usefulness requires a separate
validation against experimental data.
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Appendix: Computational protocol for the exhaustive searches

Generation. For each order n = 4,...,10 all non-isomorphic connected graphs
were generated with geng from nauty version 2.8.8 [21], using the command geng
-c n. The program outputs every isomorphism class exactly once (in graph6
format), so the enumeration is exhaustive and free of duplicates. The resulting
counts, 6, 21, 112, 853, 11117, 261080 and 11716571, agree with the known
numbers of connected graphs [26].

Algorithm 1 (exact evaluation of DCI and exhaustive maximisation).

Input: order mn; the list of all connected graphs of order n.

Output: number of graphs; largest and second-largest values of DCI; number of
maximisers.

1. Set L =1lem(2,3,...,2n—2). Every edge degree sum lies in {2,...,2n—2},
so L - DCI(G) is an integer for every graph of order n.

2. For each graph G, compute the degrees and the integer S(G) =
Y wer(dw) = d(v))? - (L/(d(u) + d(v))) = L - DCI(G).
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3. Keep the largest value S, the second-largest distinct value So and the
number of graphs with S(G) = S;. All comparisons are exact integer
comparisons; no floating-point tolerance is involved.

4. Report S1/L and S3/L as reduced fractions, and identify each maximiser
by an isomorphism test against CS(n, k), 1 <k <n — 1.

Verification. The computation was carried out with two independent imple-
mentations, one using the scaled integers of Algorithm 1 and one using exact
rational arithmetic directly; for n < 7 it was also repeated on the atlas of all
graphs with at most seven vertices [25], which does not use nauty. For every
n = 4,...,10 all computations agree on the number of graphs, the maximum,
the second-largest value, the number of maximisers (always one) and the identity
of the maximiser; the results are listed in Table 2.

Data availability. The programs used for these computations are available from
the corresponding author on reasonable request.
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