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Smarandache-Ruled Surface According to quasi-
Frame in Euclidean 3-Space E?

Mervat Elzawy, Amjad Aloufi

Abstract. In differential geometry of curves and surfaces, ruled surfaces represent one
of the most important topics in surface theory, which is widely used in many fields of
engineering and manufacturing. By choosing a curve (base curve) and a line along that
curve (ruling), we can define the ruled surface. A lot of researchers in many papers have
introduced ruled surfaces of the moving frames of its base curve. The quasi frame has
many advantages over the Frenet-Serret frame and Bishop frame. In this article, we will
study Smarandache-ruled surfaces according to the quasi-frame in Euclidean 3-space. In
our article, we define three special kinds of Smarandache-Ruled surfaces T,Ny, T, By,
and N,B,; Smarandache ruled surfaces according to the quasi-frame. We determine the
first and second fundamental forms, and the Gaussian curvature, mean curvature, and
second Gaussian curvature of these surfaces are investigated. The necessary and sufficient
conditions for such surfaces to be developable are introduced. Moreover, we obtain the
distribution parameter of such Smarandache-ruled surfaces. Also, the conditions for
such surfaces to be minimal are investigated. Finally, the ruled surface characteristic
properties related to the normal curvatures and geodesic curvature for special curves on
these surfaces are obtained. Also, some examples of these surfaces are given.

Key Words and Phrases: Smarandache curves, Ruled Surface, Frenet Frame, Bishop
Frame, Quasi-Frame, Gaussian curvature, Mean curvature.
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1. Introduction

In differential geometry, a ruled surface is a special type of surface; it is defined
by choosing a curve and a line along that curve. These surfaces were found and
investigated by Gaspard Monge, who established the partial differential equation
that satisfies all ruled surfaces. A (differential) one-parameter family of (straight)
lines {a(t), w(t)} is a correspondence that assigns to each ¢t € I, where I belongs

http://www.journalcam.com 178 © 2010 jcam All rights reserved.



179

to R a point a(t) € R? and a vector w(t) € R3, w(t) # 0, the line L; which
passes through «(t) and parallel to w(t) is called the line of the family at ¢, the
parametrized surface o(t,v) = a(t) + vw(t),t € I,v € R is called the ruled sur-
face generated by the family {«(t),w(t)} where {«(t),w(t)} is a one-parameter
family of lines. The lines L; are called the rulings, and the curve «(t) is called
a directrix of the surface o(t,v) [1]. From the past to today, many properties of
ruled surfaces have been investigated in Euclidean and non- Euclidean spaces; for
example, one can see [2, 3, 4]. Applications of ruled surfaces are of the nature
that they are used in civil engineering, computer programming, architecture, and
solid modeling, for example [8, 9]. Smarandache-ruled surface according to the
Frenet-Serret frame of a curve in E® is introduced by Quarab in [10]. The author
is concerned with TN-Smarandache-ruled surface, TB- Smarandache-ruled sur-
face, NB- Smarandache-ruled surface, and gives the necessary and sufficient con-
ditions for these ruled surfaces to be developable surfaces and minimal surfaces.
Smarandache-ruled surface according to a Darboux frame in E?, also investigated
by Ourab [11]. The author presents a new approach to constructing special ruled
surfaces and also introduces the definitions of a Smarandache-ruled surface ac-
cording to the Darboux frame of a curve lying on an arbitrary regular surface in
E3. Smarandache-ruled surface according to the Bishop frame in E? introduced
by Senyurt, Canli, and Hilal in reference [12]. The authors investigated the fun-
damental forms and the corresponding curvatures and illustrated some example
see[5]. Senyurt, Canli, and Con introduce some special Smarandache-ruled sur-
faces by Frenet frame in E3[13]. The authors introduce some new special ruled
surfaces with the base TNB- Smarandache curve, where the unit vector of the
generator is taken as one of the other Frenet vectors and their linear combina-
tions. Characteristic properties of type-2 Smarandache-ruled surface according to
the type-2 Bishop frame in E? are introduced in [14]. Al-Dayelwas and Solouma
define and investigate a special kind of ruled surface called-2 Smarandache-ruled
surface related to the type-2 Bishop frame in E3, NC- Smarandacehe-ruled sur-
face and NW- Smarandache-ruled surface according to a curve-alternative moving
frame in E® are examined in reference [15]. Ouarab defined NC- Smarandache-
ruled surface and NW- Smarandache-ruled surface according to the alternative
moving frame; the necessary and sufficient conditions for those special surfaces are
introduced. Frenet-Serret frame is not continuously defined for a C'-continuous
space curve. So, for solving these problems, Coquillart and Mustafa et al.[17, 16]
introduced a new frame (a quasi-frame). A study of ruled surfaces in Minkowski
space reveals intriguing distinctions because of the structure of Minkowski space,
but it also reveals similarities with Euclidean space; the readers can see the refer-
ences [18, 19, 20, 21]. Also, some special ruled surfaces according to the Flc frame
of a given polynomial curve are introduced by Siileyman et al. in reference [22].
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Utilizing the quasi-frame of Smarandache curves in Euclidean 3-space, M. Khal-
ifa Saad and A. Abdel-Baky [4] examine skew ruled surfaces. Additionally, the
Author demonstrates the connection between Serret-Frenet and quasi-frames and
uses the quasi-frame to provide a parametric description of a directional ruled sur-
face. TqNgBg-Smarandache ruled surfaces are particular types of Smarandache
ruled surfaces defined by a quasi-frame. M. Elzawy and A. Aloufi[23] examined
these surfaces’ mean curvature, Gaussian curvature, and first and second fun-
damental forms. The authors provide the necessary and sufficient conditions for
such surfaces to be developable. Additionally, it is determined that these surfaces
must be minimal surfaces. Lastly, these surfaces’ normal and geodesic curvatures
are examined.

In this study, we shall examine the Smarandache-Ruled surface in Euclidean
3-space using the quasi-frame. We define three distinct types of Smarandache-
Ruled surfaces in our article: T; Ny, Ty By, and NyB, Smarandache ruled surfaces
by using a quasi-frame. The first and second fundamental forms, as well as the
Gaussian, mean, and second Gaussian curvatures of these surfaces, are ascer-
tained and examined. We provide the necessary and sufficient conditions for
such a surface to be developable. We also derive the Smarandache-ruled surfaces
distribution parameter. Additionally, conditions that must be met for such sur-
faces to be minimal surfaces are examined. Lastly, for certain curves on these
surfaces, the distinctive features of the ruled surfaces relating to the geodesic and
normal curvatures are determined.

2. Preliminaries

Let a = a(s) be a unit speed curve in Euclidean 3-space E3, o : I — R3, the
orthonormal frame {¢(s),n(s), b(s)} is called the Frenet-Serret Frame of the curve
a, where t(s) is called the unit tangent vector field of «(s), n(s) is the principal
normal vector field of a(s), and b(s) = t(s) x n(s) is the binormal vector field of
a(s). Throughout the paper, o/(s) will denote the derivative of «(s) with respect
to the arc length parameter s, i.e t(s) = o/(s), n(s) = %, b(s) =t(s) x n(s).
In this article x(s) and 7(s) denote the curvature and the torsion of the curve
a(s), and are given by «(s) =|| a”(s) ||,

7(s) = — < ¥/(s),n(s) >. The arc-length derivative of the Frenet-Serret frame is
given by the following formula.
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Since the Frenet-Serret frame is undefined at an inflection point(i.e, curvature=0),
the Frenet-Serret frame is not continuously defined for a C'-continuous space
curve. So, for solving these problems, Coquillart and Mustafa et al. [17, 16]
introduced a New frame (a quasi-frame). For a unit speed curve «(s), the New
frame (quasi-frame) along «(s) is given by

t(s) x ¢
It(s) x ¢ [I°

Where ( is called the projection vector, and Tj(s) is a unit tangent vector
field, Ny(s) is the quasi-normal, and B,(s) is the quasi-binormal. The relation
between the Frenet-Serret frame and the quasi-frame is given by the following
formula [17, 4].

Ty(s) = t(s), Ny(s) = By(s) = Ty(s) x Ny(s), (2)

Ty (s) 1 0 0 t(s)
Ny(s) | =0 cosp sing | [ n(s) (3)
By (s) 0 —sing cosp b(s)

Where ¢ is the angle between the principal normal n(s) and the quasi-normal
Ny (see figure 1). {Ty(s), Nq(s), Bq(s)} is the quasi-frame, {t(s),n(s),b(s)} is
the Frenet-Serret frame. If ¢ = 0 the quasi-frame reduces to the Frenet-Serret
frame, and if k3 = 0 the quasi-frame reduces to the Bishop-frame. The variation
equations of the quasi-frame in equation (3) are given by the following formula

Té(s) 0 kl kQ Tq(s)
Né(s) = —k‘l 0 kig Nq(s) (4)
BZI(S) —kz —k)g 0 Bq(s)

The triple k1, ko, and k3 are called the quasi-curvature functions of the curve
a(s) and denoted by

=< T,(s), Ng(5) >= K cos g, (5)
=< T;(s), By(s) >= —ksing, (6)
ks =< Ng(s), By(s) >=7(s) + ¢'(s). (7)

The quasi-frame has many advantages over the Frenet-Serret frame and Bishop
frame. For example, the quasi-frame can be defined along a line (k=0). The quasi
frame is singular whenever 7(s) and ¢ are parallel, in that case the projection
vector ¢ can be chosen as ¢ = (0,0,1), ¢ = (0,1,0) or ¢ = (1,0,0). The parametric
equation of the ruled surface o(s,v) is denoted by

o(s,v) = a(s) +vX(s).
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B
b(s) ()

t(s) = Ty(s)
a(s)

Nq(s)

Figure 1: Relation between Frenet and quasi frames

Where a(s) is a curve and X (s) is a generator vector. Let M be a surface in E®,
given with the parametrization o(s,v), the surface M is regular if o5 x 0, # 0
for all points in M, where o4 and o, are the partial derivatives of o(s,v) with
respect to s and v. The coefficients of the first fundamental form for M are
defined by][1]

E=<o04,0s>, F=<o04,0,>, G=<0,,0,>. (8)

Where <, > is the Euclidean inner product; the unit normal vector field of the
regular surface M is defined by the relation,

Os X Oy

U= 9)

| os x oy ||
The coefficients of the second fundamental form of M are defined by
e =< 035U >, f=<05,U>, g=<o0u,U>. (10)

The Gaussian curvature and the mean curvature of M are given by

_eg—f?
K_iEG—FQ’ and (11)
Eg+ Ge —2Ff
H = 12
2(EG — F?) (12)

The distribution parameter A of the ruled surface o(s,v) = a(s) +vX(s) is given

by

| det(o/(). X(5). X'(5)
I X7(s) |l

(13)
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The second Gaussian curvature Kj; of o(s,v) in E? is defined by replacing the
components of the first fundamental form E, F, and G by the second fundamental
form e, f, and g in Brioschi’s formula, respectively. The second Gaussian curvature
of a surface M is denoted by

1 _%evv + fslv - %gss %65 fs - %ev 10 %ev %gs
1 = — 72 Jv ; 29s € / - ?611 € f
29 f g 29s [ g
(14)

The geodesic curvature, the normal curvature, and the geodesic torsion associated
with the curve «a(s) on the surface o(s,v) can be computed as follows [14]:

kg =< U At(s),t'(s) >, (15)
kn =< o U >, (16)
g =<UNU"¥(s) >. (17)

For a curve a(s) lying on a surface, the following are important definitions,
(I) a(s) is a geodesic if and only if k; = 0.
(IT) «(s) is a asymptotic line if and only if k,, = 0.
(IIT) a(s) is a principal line if and only if 74, = 0.
(IV) A regular surface if flat(developable) if and only if K = 0.
(V) A regular surface is a minimal surface if H = 0.

(VI) A surface is called II-flat if the K = 0.

3. Main Results

In this section, we will define three types of Smarandache-ruled surfaces in
Euclidean 3-space E® according to the quasi-frame {T,, N, B,}.

$ToNa(s,0) = L (Ty(s) + Ny(s)) + vBy(s)
() + By(s)) + vNy(s)
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3.1. T,N,~-Smarandache-Ruled Surface according to quasi frame

In this subsection we will define the T, N,-Smarandache-ruled surface accord-
ing to quasi frame 174Va(s,v). We will compute the first and the second funda-
mental forms of such a surface. We will also introduce the mean curvature and
the Gaussian curvature of 1TaVe (s, v).

Definition 1. For a regular curve o(s) in E® with quasi frame
{T,(s), Ny(s),By(s)}, the TyNy-Smarandache-ruled surface according to quasi

frame is defined as follows:
N0 ,0) = = (Ty(0) + Ny(o) + 0By ). (18)

Theorem 1. Let ¢"eNa(s,v) be T4 Ny-Smarandache-Ruled Surface defined by
equation (18). Then the mean curvature H eNa of 1pTaNa(s v) will be given by

1
2(v2(k2 + k2) + V2vk1 (k2 — k3) + k%)\/(kl — vV/2k3)2 + (k1 + vV/2k2)?
(V202 (kskh, — k1k? — kyky — k1k3) 4+ v(2k3ks — 2k3 ko — kbky + ksk + kok — k5k1)

V2K
2

and the Gaussian curvature KTaNa of 1)TaNa(s, v) will be given by
—k3 (ko + k3)?
(k1 — vV2k3)2 + (k1 + vV/2k2)2) (02 (K3 + k) + V/20k: (ka2 — k3) + k)

Proof. Consider the 1T¢"a(s v) be the T, N,-Smarandache-Ruled Surface ac-
cording to quasi frame {T,(s), Ny(s), B4(s)}, then by using equation(18).

HTqu —

+ V2(k1koks — k3) + (k3 + k3)]

KTaNe —

N, ,—k1 k1 ke k3
s = (W —vko)Ty + (\ﬁ — vk3)Ng + (E + \E)B(b
v = By,
1
SNy N = (k= 0v/2h3) Ty + (k1 + vV/2k2) Ny,

V2
” @bEQNq X vaqu ” - ;ﬁ\/(kl — U\/§k3)2 + (]{51 + ’U\/ikig)z.

The unit normal of 1T4Ve (s, v) is given by

UTaNg _ N qpy e (k1 — vV2ks) Ty + (k1 4 vv/2k2) N,
= TN, TNy - .
” ¢S X 1/}11 ” \/(kl — ’U\/éks) —+ (kl + U\/ikQ)
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The components of the first fundamental form of the T, N,-Smarandache ruled
surface 17e™a(s,v) according to the quasi-frame will be given by the following
relation:

ENe = (024 )+ I8) + VEho(hs — ko) + hoks + I,

1
FlaNa — f(k‘g + /63),

V2
GTaNa =1,
The second derivatives quNq, Z{}Nq nd ¢T”N”
TN K} k2 k% koks k% ki
ss L= [——= — vk, — — + vk3k — |1+ |———= — vkak1 + —
=5k g kb - TR Mt g mvkeki+ O
koks k:% k1ko 9 ksk1 5 Kb ks

—vky — — — —=|N, + |[———= — vk — —vk; + —= + —=|B,,
3 \/E \/5] q [ \/§ 2 \/i 3 \/§ \/5] q

Ty N,
51()1 = *kQTq - kSNq7
Tqu =0.

The components of the second fundamental form of the T /NV,-Smarandache
ruled surface 74Ve(s v) according to the quasi-frame will be given by the
following relations:

oTaNa _ v*y1(s) + v72(s) + 73(s)

:ul(svv) 7
TNy _ — k1 (ko + ks)
Nl(svv)
gTqu — 0

Where

,ul(s,v) = \/(kl — v\@k3)2 + (kl + U\/§k2)2,
M (s) = V2(kskh — k1k3 — kik3 — Kyko),
Yo(s) = 2k3ks — 2k ko — kbk1 + ksk! + kok! — Kky,

Fiky klk?’ V23 — 2k koks.
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The Gaussian curvature and the mean curvature of T, N,-Smarandache ruled
surface y7aNa(s,v) be

—k? (kg + k3)*

((k1 — vV/2k3)2 + (k1 + vv/2k2)2) (v2(k3 + k2) + V2vky (kg — k3) + IE%);
19

KTqu =

1
22 (kF + k) + v/2oka (ks — ks) + K2\ (k1 — vv/2ks)? + (ky + v/Zhs)?
(V20 (ksky — k1k3 — kiko — k1k3) + v(2k2 ks — 2k3ky — khky + ksk + kok) — ksk1)

2k
+ V2(k1koks — k3) + ‘/;1(1% + k2)]

HTqu —

Corollary 1. The second Gaussian curvature of Ty Ny-Smarandache-Ruled Sur-
face is

o Tala _ 1 (}eTqu B Tqu) n fuTqu ( TyNg leTqu>
1T (TN 2 g sv (fTaNg)3\'® 2"
where
v, _ ik + k)
N1(5>U)
T,N, _ k1(k2 + k3) 10
113(s,v)
TN, 1 Y /
s ZP[Ml(—kl(kQ + k3) = Ky (k2 + k3)) + k1 (ka + ks) s
1
1
quNa :E[M%mlv(—kl(kg +KG) — K (ko + K3) + K (ka + k3)iise) + 201 i1
1
(pa (ki (K + k3) + k(B2 + k3)) — ki (k2 + k3)pas)]
1
eni ™ ZE[—%MUUQ + (2y1p01 — Y2 10)V + Yol — V3H410]
1
Tqu 1

el ZE[(—%MWM% + 291 p1 3, )02 A (=Y pow s — Ay 1ot} 4 27203 i1 )V
1

+271 8} — V3 p1euft] — 272405 B + 2735 1]

Corollary 2. T; N,-Smarandache-Ruled Surface is developable if and only if ki1 =
0 or ko = —ks.
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Proof. Let ¢TaNa be a Ty N4-Smarandache-Ruled Surface; then the Gaussian
curvature is given by equation (19). The Gaussian curvature equal zero if k2 (kg +
k3)? = 0i.e when k; = 0 or kg = —k3.

Corollary 3. T, N,-Smarandache-Ruled Surface is a minimal surface if and only
if the quasi curvatures satisfy the following differential equation

V202 (kskhy — kik3 — khko — k1k3) + v(2k2 ks — 2k ko — khky + sk} + kok) — kski1)

V2K
2

+ V2(kikoks — k3) + (k3 4+ k3) = 0.

Corollary 4. The geodesic curvature, and the normal curvature for the TyNg4-
Smarandache curve is given by

—ko(k1 + vv/2ks)
VU = vVZhs)2(ky + v/Zhs)?

kg =

_ E3V2u(ks — ko) + vk{V/2(ks + ko) — 2K — 2ok — k(K + K3))

Fin
V2 (k1 — 03232 (k1 + 0v/2hy)?

Corollary 5. The distribution parameter for the T,N, Smarandache ruled sur-
face is given by
\TaNg _ —ki(ke + k3)

CV2VER RS

3.2. N,B,-Smarandache-Ruled Surface according to quasi frame

In this subsection, we will introduce the NgBg-Smarandache-ruled surface
according to quasi frame {T,(s), Ny(s), By(s)}, the first and second fundamental
form of ¢NeBa(s v) will be obtained. Also, the mean curvature and the Gaussian
curvature of NeBa (s, v) will be obtained.

Definition 2. For a regular curve o = afs) in E3 with quasi frame
{T,(s), Ny(s), Bq(s)}, the NyBgy-Smarandache-Ruled Surface according to quasi
frame YNaBa(s v) will be given by

YNeBa(s,0) = —=(Ny(s) + Bq(s)) + vTy(s). (20)

Sl
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Theorem 2. Let yVPa(s,v) be N,B,-Smarandache-Ruled Surface defined by
equation (20). Then the mean curvature HNeBa of yNaBa(s v) will be introduced
by the following equation

1
202 (k? + kZ) + vv/Bhs(ky — k1) + K3\ (ks + VEoka)? + (ks — VEoky)?
[V2u2 (—khky — k2ks — kaks + kok!) + v(k) ks — 2kok3 — kokh + 2k1k2 — kykj + kbks)

V2k3
2

HNqu =

+ V2(krkoks — k3) + (k2 4+ k2)).

and the Gaussian curvature KNeBa of opNaBa(s v) will be introduced by the fol-
lowing equation

—k3 (k1 + ko)?

NyBy _
. (k3 + V20k2)? + (k3 — V20k1)2) (02 (k] + K3) + 0V/2ks (ks — k1) + k3)

Proof. Consider the ¢"eB1(s,v) be the N,B,-Smarandache-Ruled Surface,
then by using equation(20).

NyB, ,— k1 ko —ks k3

s =(—=— —=)1; + (—= + vk1)Ny, + (—= + vk2) By,
(\/i \/i) q (ﬂ 1) q (\/i 2) q

gibi T,

1
NaBa o %%:Vﬂ%+ﬁMmm+wyw%mwﬁ

| B e | = \}i\/u@) - V/2uks)? + (ks — v/2uk)?.

The unit normal of NeBa(s,v) is given by

{7NaBq éVqu X 1/}1])\[qu _ <k3 + \/ika)Nq + (k3 — \/i?)kl)Bq
Nqu NQB’Z )
o™ o™ (s + VEuko)? + (s — VEuky)?
The components of the first fundamental form of N,B,-Smarandache ruled
surface ¢NeBa (s, v) according to quasi frame

1
EM%:4#+§xﬁ+%@+m¢%g@—kﬁ+h@+w;

FNqu — 7(]{;1 + k2)7

~1
V2
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GNaBa = 1.
The second derivatives quNq, g;‘}Nq and quNq
N,B, Ky Ky kiks o koks 9 ki ks
st L =——= — =4 — —vk] — —= —vk5|T, + |——= — vkoks — —=
TR g Rl g kel =
koki1 k3 kY k3 kika k3
+ vky — —= — —=|Ng + + vkl — =% +vkiky — —= — —=]|By,
VRy \/i \/5] q [\@ 2 ﬂ VR1R3 — \@ \/5] q
équq = kqu + k2Bqa
phife — o,

The components of the second fundamental form of N,B,-Smarandache ruled
surface ¢VePa(s,v) according to quasi frame

NaBy _ v?Bi(s) + vPa + B3

:u2(87 U) ’
v, _ Kbt k)
B /1'2(87 ’U)
gNeBa — ¢,

Where,

Bi(s) = V2(koky — khky — kTks — k2ks),

Ba(s) = Kiks — kokh — ikl + khks — 2kok3 + 2k1k3,
k3

B3(s) =
\f

The Gaussian curvature KNeBe and the mean curvature HNeBa of NyBy-
Smarandache ruled surface according to quasi frame,

pas,v) = (ks +VE0ka)? + (ks — V20k) )2,
Vi
1

—V2(kikoks + k3) — —= (k] + £3).

—k3 (k1 + ko)?

NyBy _
. (k3 + v20ks)? + (k3 — V20k1)2) (V2(kF + K3) + 0v/2k3 (k2 — k1) + k3)

1
202 (k + kZ) + 0v/Bhs (ks — k1) + K3\ (ks + VEoka)? + (ks — VEoky)?
[V2u? (—khky — k2ks — kaks + kok!) + v(k) ks — 2kok3 — kokh + 2k1k3 — kykj + kbks)

HNqu —
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V2ks

+V2(krkoks — k3) + 5

(kf + k3)].

Corollary 6. The second Gaussian curvature of NyBg-Smarandache-Ruled Sur-
face is

K NaBy _ 1 1 NB, ,N.B, AL N,B, 1 N,B,
11 - (quBq)2(§€Uv — Jsv )"‘W( s —5611 )
where
quBq — M
p2(s, v)
B  —k3(k1 + ko) oy
v - 2
/’LQ(S7U)
Nqu 1 / / /
s :?[H%S(h + kb)) + poks(ki + ko)) — ks(ki + k2) pos]
2
N¢By 1 2 / / ! ’ ’
sv :E[Mz(ﬂav(]%(kl + k5) + k5(k1 + k2)) — ks(k1 + k2)pose) — 2papion (poks (ki + k5)
2

+ poky (k1 4 ko) — k3 (k1 + ka)puas)]

NyB, 1
eyt :E[_BIN%JUQ + (251M2 - 62'u2v)v + 62#2 o 53,“21)]
2

NyB, 1
vy ! :E[(*ﬁu@wug + 281 pia i, )v* + (—Bapiavoity — 481 vt + 22413, 2)v
2

+2B8113 — Batiovulis — 2821520 + 28315, 2]

Corollary 7. N,B,-Smarandache-Ruled Surface is developable if and only if k3 =
0 or ki = —ko.

Proof. The proof is clear.

Corollary 8. N,B,-Smarandache-Ruled Surface is minimal surface if and only
if the quasi curvatures satisfy the following differential equation

V2uR (—khky — k2ks — k3ks + kok!) 4 v(Ki ks — 2koks + 2k k3 — kikh — kokh + kbks)

2k
+V2(kikaks — k3) + */; 2 (k} + K3) = 0.
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Corollary 9. The geodesic curvature, and the normal curvature for the NyBg-
Smarandache curve is given by

_ (ks — vkiv/3) — ka(ks + vkav/2)

\/(ks + vk2v/2)2 + (k3 — vk1V/2)?
 VBhyo(kE — Ky) — ok (K + KL) — 2k koks — 2k3 — k3ks — k2ks
ﬁ\/(kﬁ?} + vk2v/2)? + (k3 — vk1v/2)? '

Corollary 10. The distribution parameter for the NyB, Smarandache ruled sur-
face is given by

kg

9

kn

\NaBg _ k3 (k1 + k2)

V2K k2
3.3. T,B,~Smarandache-Ruled Surface according to quasi frame

In this subsection, we will introduce the T, B,-Smarandache-ruled surface ac-
cording to quasi frame {Tj(s), Ny(s), B4(s)}, the first and second fundamental
form of ¢pTeB4(s,v) will be obtained. Also, the mean curvature and the Gaussian
curvature of ¢7eB4(s v) will be given.

Definition 3. For a regular curve o = afs) in E3 with quasi frame
{Ty(s), Nq(s), By(s)}, the T,By-Smarandache-Ruled Surface according to quasi
frame ¢TaBa(s,v) will be defined as follows

1
5 (Tuls) + Byls)) + oNy(s) 1)

Theorem 3. Let 1)TeBa(s,v) be T, By-Smarandache-Ruled Surface defined by
equation (21). Then the mean curvature H aBa of 1pTaBa(s,v) will be introduced

by

'(Z}Tqu (S, U) —

HTqu — 1

2(v2(k? + k3)) + V2vka(ky + k3) + kg)\/(k2 +V20k3)2 + (k2 + V2vk1)?
(V202 (ki ks 4 k3ko + k2ko — ksk1) 4 v(Ky ko + 2k3ks + khks 4+ 2k3k — kiko
2k

2

— Khk1) + V2(KS + kikoks) — (KT + k3)],

and the Gaussian curvature KTaBa of 1yTaBa (s v) will be introduced by the follow-
mng equation

—k2 (k1 — ks3)?
((k2 + v/20k3)2 + (kg + v20k1)2) (v2(k? + k3) + V2vka (k1 + k3) + k3)

KTqu —
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Proof. Consider the ¢TeB4 (s, v) be the T,B,-Smarandache-Ruled Surface ac-
cording to quasi frame, then by using equation(21).

k1 ks N ko

T,B —ks
s = (W —vk1)Ty + (E - E) gt (E + vk3) By,
quq — Nq»
1
TaBa o yplaBa = ﬁ[(—kg — V20k3) T, + (—ka — V20k1) By,
1
|| %Tqu X quq H = \/E\/(]@ + \@’Uk‘g)Q + (k‘g + \/51)]{31)2.

The unit normal of ¢?«P4(s, v) is given by

yTaBa — S 101 gy 1P  (—ko — V20k3) Ty + (—ka — V2vk1) By

- T4 B T4 B -
| s x 4y | \/(kg + \/ivkig)Q + (ko + \/57)]{31)2

The components of the first fundamental form of T, B;-Smarandache ruled surface
ypTaBa(s,v) according to quasi frame,

1
Eﬂﬂu:@2+§xﬁﬁ+%)+vﬁwawl+hﬁ+k§—km&

1
Flaba = \ﬁ(kl — k3),

GTaBa = 1.
The second derivatives wg;qu, STng and szSBq by the following equation
—kt k?  kik k2 kik K4
TaBa :(\/52 —v '1—7%+—\1@3 —%—kzkgv)Tqu(——\l/; —vk%+71§
Ky koks 9 k3 kiks k3 kb ,
— —= — —— —Vk3)N, + (——= — vk1ke + — — —= + —= + vk3) By,
\@ \@ 3) q ( ﬁ 1h2 \/i \/§ \@ 3) q
Tqu —
TeBs — kT, + k3B,

The components of the second fundamental form of T,B,-Smarandache ruled
surface 17aP4(s,v) according to quasi frame,

1y, _ V(5) + () + 3s(s)
/~L3(Sv U)

)
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1o, Ralh = k)
p3(s;v)
gTqu = O‘
Where
ps(s,v) = \/(kQ +V20k3)? + (k2 + V2v0k1)?,
81(s) = V2(kiks + k3ky + kiko — Kikr),
(S) = ,1 ) + 2]{/’2]{33 + ]’C2k3 + 2]{:2]{;1 k3k2 - kékl’
k
d3(s) = V2(k3 — kikoks) + \;(k;? +K3).

The Gaussian curvature KZeBs and the mean curvature HZeBa of T,By-
Smarandache ruled surface 17eB4(s, v),

—k3(ky — ks)®
((kg + \/§vk3)2 + (]{72 + \/i’ukl)Q)(?ﬁ(k% + k%) + \/ivkg(kl + kg) + k%),

KTqu —

1

HTdBq —

2(v2(k? + k2)) + 20k (k1 + k3) + kg)\/(k:g +V2vk3)2 + (k2 + V/20k1)?
[V2v2(k k3 + k3ky 4 k2ko — khk1) + v(k ko + 2k3ks + khks + 2k3k) — Khko

\fk2

— kbk1) + V2(k3 + kikoks) — (k2 4+ k3)].

Corollary 11. The second Gaussian curvature of TgBg-Smarandache-Ruled Sur-
face is

TyBq

T,B 1 1 7B TyB v LB LB
it = g et I+ g (U = e )
where
FTaBa ka(ky — ks)

p3(s,v)
T,B, _—kg(kl — k3)M3v
v - 2

13(s,v)

1
S :E[ﬂz(k‘é(kl — k3) + ka(K) — K53)) — paska(k1 — ks)]
3
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1
TaBq :E[ug(ugv(ké(kl — k3) + ka(k| — k3)) — pzsoka(ky — k3)) — 2pu3p30 (psky (k1 — k3)
3

+ pska(Ky — k3) — psska (k1 — k3)))]

T,B 1
ey’ :?[_51,1131)1)2 + (261113 — S2p130)v + dop13 — I3430)
3
TyBy _i Y 2 5 2 2 Y 2 5 2 5 2
evt = [(=01 3003 + 201133, )0” + (—02p300 3 — 4013015 + 20243, 113)V

M3
+201 13 — S3 3003 — 2021131130 + 203115, 13-

Corollary 12. T,B,-Smarandache-Ruled Surface is developable if and only if
k‘Q:O 07‘]{31:/{?3.

Proof. The proof is clear.

Corollary 13. T, B;-Smarandache-Ruled Surface is minimal surface if and only
if the quasi curvatures satisfy the following differential equation

V202 (K ks 4 k3ky + kiko — kyk1) + v(k ko + 2k3ks + kbks + 2k3ky — kiko — kbk1)

V2k2
2

+ V2(k3 + kikoks) — (k2 + k2) = 0.

Corollary 14. The geodesic curvature, and the normal curvature for the T,B,-
Smarandache curve is given by

_ —k1 (ko + vk1V/2)
\/(kg + V2vk3)? + (k2 + V20k1)?

20k (K3 — kb)) 4+ V20ks (k3 + kb) — 2kikoks + 2k3 + ko(K$ + k3)
\/5\/(1@ + V2vk3)? + (k2 + V20k1)?

Corollary 15. The distribution parameter for the T,B, Smarandache ruled sur-
face is given by

kn

\TuBq _ Ra(ky—ks)
V2K + k2
3

Example 1. Consider the unit speed heliz curve a(s) = (gsins

,%coss, %s).

T, = (zcoss, ——sins, =),

) 5} )
Ny = (—sins, —coss,0),
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4

B, = (gcoss, — g sins, _5)

Where ¢ = (0,0,1) and the quasi curvatures are as follows
3 4

k1 =% ko =0, ks = —E

The TyN,-Smarandache-Ruled Surface (see figure 2) is given by
1 4dv 1 v 4 v
TalNg $,v) = (—=(=coss—sins)+—coss, —(——-sins—coss) ——sins, —=——).

The first fundamental form of TyN, is obtained

16 122 17
16 12v2 17

ETqu —
25 25 U125
FTqu :ﬂ
5
GTaNa =1

The second fundamentals of TyN, are obtained

TuNy _ —(48v2v% + T2v + 51V/2)

25v/3202 + 24+/2v + 18
12

51/3202 4 24v/2v + 18
ToNqg —(

quNq —

9
The Gaussian curvature KTaNa and the mean curvature HTaNa of T4Ny-
Smarandache ruled surface are
TN, _ —144
25(3202 + 24v/2v + 18)(1602 + 12v/2v 4 9)
_ —48v20? — 20 — 3V/2
(3202 + 24/2v + 18)2

The T,B,-Smarandache-Ruled Surface (see figure 3) is given by

HTqu

7
¢TqBQ(3, v) = (—=coss — vsins, ———=sins — VCOSS, —=).

5V2 5V2 5V2
The first fundamental of T,B, are obtained
49

ETqu — 2 _
v 50
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Figure 2: T, N4-Smarandache-Ruled Surface

T
5v/2

GTaBa =1

FTq Bq —

The second fundamentals of Ty B, are obtained

elaBa =0
quBq =0
gTqu :0

The Gaussian curvature KTeBe and the mean curvature HTeBa of T,B,-

Smarandache ruled surface are

KTaPs =0,
HTqu :Q
493"

Since HTaBa =0, the T, Bg-Smarandache ruled surface is a minimal surface.
The NyBg-Smarandache-Ruled Surface (see figure 4) is given by
(4 . )+3v 1 ( 4 . ) 3v . 3 +4v>
—C088—8INSs)+—c08s, — (—=8ins—coss) ——sins, ———=—+—).
5 5v2 5

1
V2'5 5 V2 5
The first fundamental of NyB, are obtained

quBq (377)) = (

9 122 41
ENqu —_ 2 - _
55" T 725 YT x50
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Figure 3: T, B4-Smarandache-Ruled Surface
FNqu :i\/g
10
GNaPa =1

And the second fundamental of NyB, are obtained

NaBa _ 361202 + 96v — 46+/2

25/ 1802 + 24+/2v + 32
quBq _ _12
51/1802 + 24+/2v + 32
quBq :0

The Gaussian curvature KNeBe and the mean curvature H™Ps of N,B,-
Smarandache ruled surface are

KNqu =

—144
25(18v2 + 24v/2v + 32)(902 + 121/2v + 16)’
NPy 367207 + 96v — 82V/2

(1802 + 24/2v + 32)2

4. Conclusion

In our article, we introduced the definition of Smarandache-Ruled Surface
according to a new frame called the quasi frame. T; Ny, NyBy, and T, B, Smaran-
dache ruled surfaces are investigated and studied according to the quasi frame
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Figure 4: N,By-Smarandache-Ruled Surface

in Euclidean 3-space. The Gaussian curvature, mean curvature, and the second
Gaussian curvature for these surfaces are calculated according to the quasi frame
in E3. Also, the necessary and sufficient conditions for such surfaces to be devel-
opable surfaces are studied. Some other important geometric properties for these
surfaces are introduced. Also, some examples are given.

Acknowledgments

The authors sincerely thank the editor and anonymous reviewers for their
helpful comments and suggestions.

References

[1] do Carmo, M. P. (1976). Differential geometry of curves and surfaces. Insti-
tuto Nacional de Matematica Pura e Aplicada (IMPA).

[2] Eren, K., Ayvaci, K. H., &Senyurt, S. (2023). On ruled surfaces constructed
by the evolution of a polynomial space curve. Journal of Science and Arts,
23(1), 77-90. https://doi.org/10.46939/J.Sci.Arts-23.1-a06

[3] Sentiirk, G. Y., & Yiice, S. (2015). Characteristic properties of ruled surfaces
with Darboux frame in E3. Kuwait Journal of Science, 42(2), 14-33.



[4]

[10]

[11]

[12]

[13]

[14]

199

Saad, M. K., & Abdel-Baky, R. A. (2020). On ruled surfaces according to
quasi-frame in Euclidean 3-space. Australian Journal of Mathematical Anal-
ysis and Applications, 17(1), Article 11, 1-16.

Abdel-Baky, R. A., & Hnazra, S. (2019). Normal ruled surface of a surface
along a curve in Euclidean 3-space E3. International Journal of Analysis and
Applications, 17(4), 559-577. https://doi.org/10.28924/2291-8639-17-2019-
559

Pal, B., & Kumar, S. (2022). Ruled like surfaces in three-dimensional Eu-
clidean space. Annales Mathematicae et Informaticae. Advance online pub-
lication. https://doi.org/10.33039/ami.2022.12.011

Ali, A. T., Abdel-Aziz, H. S., & Sorour, A. H. (2013). Ruled
surfaces generated by some special curves in FEuclidean 3-space.
Journal of the Egyptian Mathematical Society, 21(3), 285-294.
https://doi.org/10.1016/j.joems.2013.02.004

Lee, T.-U., & Xie, Y. M. (2021). From ruled surfaces to elastic-ruled sur-
faces: New possibilities for creating architectural forms. Journal of the In-
ternational Association for Shell and Spatial Structures, 62(4), 271-281.
https://doi.org/10.20898/j.iass.2021.014-2

Velimirovié¢, L., Cvetkovié¢, M., Najdanovié¢, M., & Velimirovié¢, N. (2009).
Ruled surfaces in architecture. International Journal on Information Tech-
nologies & Security, (4).

Ouarab, S. (2021). Smarandache ruled surfaces according to Frenet—Serret
frame of a regular curve in E3. Abstract and Applied Analysis, 2021, Article
5526536. https://doi.org/10.1155/2021 /5526536

Ouarab, S. (2021). Smarandache ruled surfaces according to Dar-
boux frame in E3. Journal of Mathematics, 2021, Article 9912624.
https://doi.org/10.1155,/2021/9912624

Senyurt, S., Canlh, D., & Ayvac, K. H. (2021). Smarandache
ruled surfaces according to Bishop frame in E® [Preprint]. arXiv.
https://doi.org/10.48550/arXiv.2112.05530

Senyurt, S., Canl, D., & Can, E. (2022). Some special Smarandache ruled
surfaces by Frenet frame in E3-1. Turkish Journal of Science, 7(1), 31-42.

Al-Dayel, I., & Solouma, E. M. (2021). Characteristic properties of
type-2 Smarandache ruled surfaces according to the type-2 Bishop



200

23]

Mervat Elzawy, Amjad Aloufi

frame in E3. Advances in Mathematical Physics, 2021, Article 8575443.
https: //doi.org/10.1155/2021 /8575443

Ouarab, S. (2021). NC-Smarandache ruled surface and NW-Smarandache
ruled surface according to alternative moving frame in E3. Journal of Math-
ematics, 2021, Article 9951434. https://doi.org/10.1155/2021/9951434

Coquillart, S. (1987). Computing offsets of B-spline curves. Computer-Aided
Design, 19(6), 305-3009.

Dede, M., Ekici, C., & Tozak, H. (2015). Directional tubu-
lar surfaces. International Journal of Algebra, 9(12), 527-535.
https://doi.org/10.12988/ija.2015.51274

Sun, C., Yao, K., & Pei, D. (2023). Special non-lightlike ruled sur-
faces in Minkowski 3-space. AIMS Mathematics, 8(11), 26600—26613.
https://doi.org/10.3934 /math.20231360

Li, Y., Eren, K., & Ersoy, S. (2023). On simultaneous characterizations
of partner-ruled surfaces in Minkowski 3-space. AIMS Mathematics, 8(9),
22256-22273. https://doi.org/10.3934/math.20231135

Almoneef, A. A., & Abdel-Baky, R. A. (2023). Timelike ruled
surfaces with stationary Disteli-axis. Symmetry, 15(5), Article 998.
https://doi.org/10.3390/sym15050998

Aydin, M. E., & Erdur Kara, A. (2024). Ruled singular mini-
mal surfaces. Journal of Geometry and Physics, 195, Article 105055.
https://doi.org/10.1016/j.geomphys.2023.105055

Senyurt, S., Ayvaci, K. H., & Canli, D. (2023). Special Smarandache ruled
surfaces according to Flc frame in E3. Applications and Applied Mathemat-
ics, 18(1), Article 16, 1-18. https://doi.org/10.54974 /fcmathsci.1142404

Elzawy, M., & Aloufi, A. (2024). Some special Smarandache-ruled surfaces
according to quasi-frame in Euclidean 3-space. Applied Mathematics € In-
formation Sciences, 18(4), 685-699. https://doi.org/10.18576/amis/180401

Mervat Elzawy

Department of Mathematics, College of Science, Taibah University, KSA FE-mail:
mrzawy@taibahu.edu.sa

Department of Mathematics, Faculty of Science, Tanta University, Egypt E-mail:
mervatelzawy@science.tanta.edu.eg



201

Amjad Aloufi
Department of Mathematics, College of Science, Taibah University, KSA
E-mail: t97778154@hg.moe.gov.sa

Received 05 December 2025
Accepted 03 June 2026



