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Characterizations for the fractional maximal oper-
ator and its commutators on total mixed Morrey
spaces
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Abstract. We shall give a characterization for the strong and weak type Adams type
boundedness of the fractional maximal operator M, on total mixed Morrey spaces
LPA1(R™), respectively. Also we give necessary and sufficient conditions for the bound-
edness of the fractional maximal commutator operator My, , and commutator of fractional
maximal operator [b, M,] on LP**(R™) when b belongs to BMO(R™) spaces, whereby
some new characterizations for certain subclasses of BMO(R™) spaces are obtained.
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1. Introduction

Classical Morrey spaces LP* were originally introduced by Morrey in [34]
to study the local behavior of solutions of second-order elliptic partial differ-
ential equations. In 2022, Guliyev [21] introduced a variant of Morrey spaces
called total Morrey spaces Lp”\’“(]R")7 0<p<oo,A€Rand u € R, see also
(3,4, 11, 23, 24, 26, 27, 28, 30, 31, 32, 33, 35, 41, 42, 43, 48]. Total Morrey spaces
generalize the classical Morrey spaces LP*(R") so that LPA*(R™) = LPA(R™) and
the modified Morrey spaces LP*(R") so that LP*O(R™) = L, ,(R"™), respectively.
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The subject of mixed-norm function spaces has undergone great development
in the last few decades. Nevertheless, the standard literature is still the mixed
Lebesgue spaces LP (R™), 0 < p' < o0, as a natural generalization of the classical
Lebesgue spaces LP(R™), 0 < p < o0, it is first introduced by Benedek and Pan-
zone [8] in 1961. Mixed-norm function spaces possess a more refined structural
framework than their classical counterparts, thereby enabling wider applications
in analysis such as potential analysis, harmonic analysis and partial differen-
tial equations. In 2019, Nogayama [36] introduced a new Morrey-type space
called mixed Morrey space by generalizing Morrey spaces and mixed Lebesgue
spaces, see also [6, 10, 22, 37]. We introduce the total mixed Morrey spaces
LPAE(R™) here. These spaces generalize the mixed Lebesgue spaces so that
LPOO(R™) = LP(R™), the mixed Morrey spaces so that LPAMNR™) = LPA(R™)
and the modified mixed Morrey spaces so that LPM(R?) = Eﬁ’ A(R™). The study
of fractional maximal operators is one of the most important topics in harmonic
analysis. These significant non-linear operators, whose behavior are very infor-
mative in particular in differentiation theory, provided the understanding and
the inspiration for the development of the general class of singular and potential
operators (see, for instance [15]). For 0 < o < n, f € L. (R"™), the fractional
maximal operator M, is defined by

Maf(z) = sup | B(a,r)| "5 / F)ldy,
r>0 B(x,r

where B(x,r) is the ball of radius 7 centered at x € R", CB(z,r) is its complement
and |B(z,r)| denotes the Lebesgue measure of B(z,r). When o = 0, we simply
denote by M = M.

The fractional maximal commutator generated by the operator M, and b €

LL (R™) is defined by

loc
Mpof(2) = Ma((b(z) - b)f)(2).

The commutator generated by the operator M, and a suitable function b is
defined by

[b, Mo f(x) = b(z) Ma.f(2) — Ma(bf)().

When a = 0, we simply denote by M, = Mo and [b, M| = [b, My]. Obviously,
the operators My o and [b, M, | essentially differ from each other since M, is
positive and sublinear and [b, M, ] is neither positive nor sublinear. The operators
My, [b, M,] and M, , play an important role in real and harmonic analysis and
applications (see, for instance [2, 5, 7, 14, 19, 21, 51]).

The boundedness of the Hardy-Littlewood maximal operator M on LP(R") is
one of the most fundamental results in harmonic analysis. It has been extended to
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a range of other function spaces, and to many variations of the standard maximal
operator. In particular, one can study commutators of M with BMO functions
b. These turn out to be LP bounded for 1 < p < oo if and only if b € BMO and
b~ = —min{b,0} € L>(R") [7]. This is useful, for instance, when studying the
product of an H' function with a BMO function [9]. Note that, the boundedness
of the operator M;, on LP spaces was proved by Garcia-Cuerva et al. [14].

The commutator estimates play an important role in studying the regularity
of solutions of elliptic partial differential equations, and their boundedness can
be used to characterize certain function spaces (see, for instance [2, 5, 7, 15, 19,
21, 46, 47, 49, 50, 51)).

The classical Morrey spaces were introduced by Morrey [34] for the study of
solutions of some quasi-linear elliptic partial differential equations. For more ap-
plications of Morrey spaces on partial differential equation, the reader is referred
to [39, 40, 44, 45, 46, 47]. In [21] introduced a variant of Morrey spaces called to-
tal Morrey spaces LPMH(R™), 0 < p < 0o, A € R and p € R. Total Morrey spaces
generalize the classical Morrey spaces LPA(R™) so that L/p’)‘f‘/ (R™) = LPA(R") and
the modified Morrey spaces LP*(R™) so that LPAO(R™) = LPA(R™), respectively.
We given necessary and sufficient conditions for the boundedness of the maximal
commutator operator M, and the commutator of maximal operator [b, M] on
LPAH(R™) when b belongs to BMO(R™).

The aim of this paper is to give necessary and sufficient conditions for the
boundedness of the fractional maximal commutator operator M, , and the com-
mutator of fractional maximal operator [b, M,] on LPA*(R™) when b belongs to
BMO(R™) spaces. We obtain some new characterizations for certain subclasses
of BMO(R™).

The structure of the paper is as follows. In Section 2 we introduce the total
mixed Morrey spaces LPAMH(R™). We give some definitions, auxiliary results and
some embeddings into the total mixed Morrey space LPMH(R™). In Section 3 we
give a characterization for the strong and weak type Adams type boundedness
of the fractional maximal operator M, on Lﬁ’/\’“(R”), respectively. In Section 4
we find necessary and sufficient conditions for the boundedness of the fractional
maximal commutator M, on Lﬁ’)"“(R”) spaces. In Section 5 we find necessary
and sufficient conditions for the boundedness of the commutator of fractional
maximal operator [b, M,] on LPMH(R™) spaces.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A ~ B and say that A
and B are equivalent.
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2. Definition and basic properties of total mixed Morrey spaces

For any r > 0 and x € R", let B(z,r) = {y : |y — x| < r} be the ball
centered at x with radius r. Let B = {B(z,r) : = € R", r > 0} be the set of all
such balls. We also use xg and |E| to denote the characteristic function and the
Lebesgue measure of a measurable set F.

The letter p denotes n-tuples of the numbers in (0, oo], (n > 1), p =

<

(p1, -+ , pn). By definition, the inequality, for example, 0 < 7 < oo means
. — 1 1 - 1 —/ / /
0 < p; <ooforalli. Forl<p< oo, Wedenotef = Ezﬁ’p =(p}, -+ ,ph)
e prae Lo 11
, Where p;, satisfies — + — = ,F+F—1.

i i
We first recall the definition of mixed Lebesgue space defined in [8].
Let p = (p1,...,pn) € (0,00]". Then the mixed Lebesgue norm | - ||;7 or
|+ | Lw1..om) is defined by

1A le = W pwrmmm

_ (/R..'(/R(/R’f(xh To, ..., xn)‘pld%)ifd@)’fg“_dxn>p1n7

where f : R” — R is a measurable function. If p; = oo for some j = 1,...,n,
then we have to make appropriate modifications. We define the mixed Lebesgue
space LP(R") = L{P1--Pn)(R™) to be the set of all f € LO(R") with ||f||,s < oo,
where L°(R") denotes the set of measureable functions on R”.

The following analogue of the Holder’s inequality for L is well known (see,
for example, [52]).

Theorem 1. Let Q C R™ be a measurable set, 1 < p < oo and %—f— p% =1. Then
for any f € LP(Q) and g € L7 (), the following inequality is valid

/Q F@)g(@)ldx < || fll oy gl -

By elementary calculations we have the following property.

Lemma 1. Let 0 < p'< 0o and B = B(xg,r) C R™ be a balls in R™. Then

1
IXsllz7 = lIXsllwes = Cnp [BI7,

where Cy, 5 > 0 is independent of xo and r.
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Proof. First, we will prove the equality of strong and weak mixed norms.
Recall that

£l zs = sup e oo

For f = x,, we have

_ JxsB; 0<t<l,
A [ Y

Consequently,
IXgllwis =suptlxslrs
>0

= sup tlxsllzr = lIxsllL
0<t<1

By translation invariance and a change of variables,

1
Sk

HXB(:co,r)HLﬁ =T ”XB(O,l)HLﬁ-

Since
|B(xo,7)| = v, 1", v, =]|B(0,1)],

n __ n 1 :
and 5 =), o, w obtain

HXB(O,I)HLﬁ 1
IXBor s = ——1— |B|P.
v

This proves the claimed formula.

By Theorem 1 and Lemma 1 we get the following estimate.
Lemma 2. For 1 < p'< oo and for the balls B = B(x,r) the following inequality

1s valid:

1
/B Py < 1BI7 1] s,

The following lemma shows the Lebesgue differential theorem in mixed-norm
Lebesgue spaces as follows.

Lemma 3. /52, Lemma 2.4] Let f € L. _(R™) and 0 < p' < oo, then

loc

- 1f 2B )

= |f(z)| a.e. x € R™
r—0 ”XB(I,T)HLI?
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In the following we define the mixed total mixed Morrey spaces L’Y”\’“(R").

Definition 1. Let 0 <p'< oo, A€ R, p € R, [t]y = min{l,t}, t > 0. We denote
by LPA(R™) the mized Morrey space [36], by Ly x(R™) the modified mized Morrey
space [17], and by LPMH(R™) the total mized Morrey space the set of all locally
integrable functions f with the following finite norms

_a
[fllLza = sap P ([ flloBag)
z€R™,t>0

P
”f”zm = sup [t|; " HfHLﬁ(B(J:,t))

z€R™ t>0
and
_A ©
[flloon = sup  [thy * 1/t || fll Lo By
z€R™,t>0

respectively.

Definition 2. Let 0 < p < 00, A € R and p € R. We define the weak mized
Morrey space W LPA(R™) [36], the weak modified mized Morrey space Wz@,\ (R™)
[17] and the weak total mized Morrey space W LPAMH(R™) as the set of all locally
integrable functions f with finite norms

_A
[fllwpsr = sup 7P HfHWLﬁ(B(x,t)y
z€R™ t>0
_A
[fllyzsr = sup [ty 7 [ fllwiasay)
z€R™, t>0
and
_A I
[ llwroanw = sup [ty " [1/8] [ fllwreB.n):
z€R™ t>0
respectively.
Note that

LPOOR™) = Lz0(R™) = IPO(R™) = LP(R™),
WIPOOR™) = WLyo(R") = WILPO(R™) = WLP(R"),
LPAMNR™) = LPAR),  LPAOR™) = Ly (R),
I/ lwisas < [fllsns and therefore LA (R™) € WLF(R?)

and
LPA(R™) Co LPAMR™), < X and (| £l sn < |11 o (1)
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Lﬁ’/\’”(Rn) Cw Lﬁ’“(Rn), p< Xand ||fllzon < If Nl porw (2)
Lia(R™) Co LF(R™) and || f| 15 < I£llz,

and if A < 0 or A > n, then LPA(R™) = Ly, (R") = WLPA(R") = WLz, (R") =
©. Here © = O(R") is the set of all functions on R™ that are equivalent to 0.

Lemma 4. [25, Lemma 4] If0 < p'< 00, 0 < p < X\ < n, then
LPAH(R™) = LPMR™) N LPH(R™)
and
L1 20y = 2 {112 ey Il oy | -
Corollary 1. If0 < p < oo, 0 <\ <n, then
Lya(R™) = LPA(R™) N LP(R™)

and

1Az, = max{[[fllox [1fll s}
Analogously proved
Lemma 5. If 0 <p<oo, 0 < u<A<n, then
W LPAMH(R™) = W LPANR™) 0 W LP#(R™)

and

||f||Wvau(Rn) = max {|| fllw e | fllwrsn} -

Remark 1. If0 < p < oo, and < 0 or A > n, then
LPAH(R™) = WLPAH(R™) = O(R™).

Lemma 6. [25, Lemma 6] If0 < p< 00,0 < Ao <A1 <nand0 < pu < puy <n,
then

Lﬁ)\hul(Rn) Cy P22 (Rn)
and

HfHLﬁ»)\z’Mz < ||f||L5A1»M1-
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Lemma 7. [25, Lemma 7] If 0 < p'< 00, 0 < A <mn and 0 < u <n, then
LPWE(RY) Cy. L°(R™) Cy. LPA(R™)

and
1

1 fllzzan < of | fllzee < Il o
Corollary 2. If0 < p < oo, then
Lyn(R") Cp L®(R") Cy LP™(R™)
and )
£l <oF Il < 151,
Lemma 8. [25, Lemma 8] I[f 1 <p<o0,0<A<n, 0<u<n, 0<a<n—A\

Y _
and 0 < B <n—p, thenfor"Tng%

Lﬁ,k,,u(Rn) C. Lf,n—a,n—ﬂ(Rn)
and for f € LPA(R™) the inequality

1
1l tn-am—s < v [[fll Lo
holds.
From Lemma 8 we obtain the following results.

Corollary 3. If 1 < p <00, 0 S p < A<n, 0L a<n—A then for
nA L p < TR
« - - (0% R N
Lp,A,,u(Rn) Cy Ll,n—a(Rn)
and for f € LPA(R™) the inequality

1
||f||LT,n7a <wvg ||f||Lﬁ,)\,u

holds.

Corollary 4. If 1 <p <00, 0<A<nand 0 <a<n—A, thenforP:”a;)‘

= 7 L
LPAR™) € LY R")  and ||fll gn-o < 0d [1F]|7a-

o -2
Corollary 5. If1 <p<o00,0< A <nand) < a<n—A, thenfor”T <P< g

= 1
Lia®") © LR and ||fl e < oF IfIIE,,.

Remark 2. Note that in the case p = (p,...,p) Lemmas 4, 5, 6, 7 and 8 was
proved in [21, Lemmas 2, 3, 4, 5 and 6].



Fractional maximal operators on total mixed Morrey spaces 195

3. Fractional maximal operator in total mixed Morrey spaces

In this section we find necessary and sufficient conditions for the bound-
edness of the fractional maximal operator M, in the LPM*(IR™) spaces.
The following local estimate is valid (see also [16, 18]).

Lemma 9. [18, Lemma 4.1] Let 0 <a<n, 1 <p<g<oo, p#q, 1<P<Z,

and % — % = 2. Then, for P > 1 the inequality

Mo fllLa(B@ry) ST° Sup t QNN L) (3)

holds for all B(x,r) and for all f € rr (R™).

loc

Moreover if P=1(=p'= (1,...,1)), then the inequality

Mo fllwra B ST° sup t QN 1 (4)

holds for all B(z,r) and for all f € Ll (R™).

loc

Proof. Let 1 < p < co. We set f = fi + f2, where f1 = fXp(s2r) and
f2= fXEB(:L",Qr)' .

Estimate for M, f1: by the boundedness of maximal operator M, from LP(R™)
to LI(R™) (see [36]) we get

Mo fillLa) < IMafillzawny S il Lo@ny = £l L7 (B(2,20)-
We obtain
7@ supt Q| fll o)
t>2r

()

>rQ ||f||LT7(B(a:,2r)) tS;lQp t ez Hf”Lﬁ(B(zgr))
T

by using the monotonicity of the functions ||f||Lf(B(x,t)) and t@ with respect to
t. Therefore we have

Mo fillpas S 79 sup t @l Lr( By (6)

Estimate for My, fo: Let y be an arbitrary point in B. If B(y, t)NC(B(x,2r)) #
0, then t > r. If z € B(y,t) NC(B(z,2r)), then t > |y — 2| > |z — 2| — |z — y| >
2r —r=r.

On the other hand, B(y,t) N C(B(x,2r)) C B(x,2t). If 2 € B(y,t) N
C(B(z,2r)), then we obtain |z — 2| < |y — 2| + |z —y| <t +7r < 2t.
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Thus

Mafoly) = sup —— F(2)ldz

>0 [B(y, t)|' = /19<y,t)mB<B<x,2r>)
< sup

=
_— f(2)|dz
t>r |B(y,t)|'"n B(x,2t)| &
<owp e [ )l
t>r |B(y, 20~ JB(z.20)

=t
=sup —————& | f(2)]d=.
>2r [By, 0)]' " Bz

From Lemma 2 for all y € B we get

L e
i |B(?/, t)| (7)

<supt @ HfHLﬁ(B(m))-
t>r

Mafo(y) S

Therefore we get
1Mo fallpas) S IXsllza supt @ [ fll o)
t>r
Sresupt Q[ fllrBa)-
t>r
If =1, then for any ball B = B(z,r) it is clear that
HMafHWLT(B) < ||Maf1”WLT(B) + ||Maf2||WLT(B)~
From the continuity of the operator M, : LT(R”) — WLI(R™) we get
IMafillwras) S 1Al

Therefore by (7) we get the inequality (4).

The following is Spanne’s type result for fractional maximal operators in total
mixed Morrey spaces (see, for example, [16]).

Theorem 2. (Sp(mne s type result) Let 1 < p< g<oo, P#q, 0< \pu<n,
0§a<m1n{ }and——az%.
L Ifp>1,fe va 1(R™), then Mof € LEF 5 (R?) and

IMafll ;32 w0 < CpapllfllLsrm,

L TP P
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where Cj 5, depends only on p,\,p and n.
2. If f=1, f € L"M(R"), then M,f € WLIA@HR(R") and

Mo fllwrarene < Cxpllfll jiamu

where C) ,, is independent of f.

Proof. Let 1 < p' < oo. From the inequality (3) we get

A
— P P -
IMafll ;a0 e = xeuz}}gw[rh [1/7]{ | Mafll i)

_A £ n _n
S osup [r]y P/ 0@ sup b @ || fll Lr( (e
z€R™,r>0 t>2r

A I3 n n A Y
Sl gz suplr]y ® (/7] v~ %7 supt® =P [t] ] [1/t], 7
r>0 t>r
—a4n=A _n—p _n=X —at ok
= [[fllprnw suple)y ™ F [T suplely T O[1/e] 0T
r>0 t>r

= [[fll o,

which implies that the operator M, is bounded from L7 (R™) to LP>F »'F (R™).
Let p= 1. From the inequality (4) we get

IMafllwrirene = sup [P0 (/e I Mafllw ras)
z€ER™ r>0

< sup [P rHra supt_%||f|| T
IER”,T>O[ IP7 [/ sup LI(B(x,t))

SN suplr]y A [/ e sup e~ [ty [1/4] "
r>0 t>r

= (£l 1o sup[rlT A 177577 suple] Y [/
r>0 t>r
- HfHLT,)\,p.a

which implies that the operator M, is bounded from LT’)"“(R") to
WL!Z/\QMQ(]RH)'

From Theorem 2 in the case a = 0 we get the following corollaries.

Corollary 6. [21, Theorem 1] Let1 <p<oo,0<A<n and0<p<n.
If f € LPAWR™), then M f € LPAH(R™) and

IM fllpsrn < Coap lfll o,

where Cg 5, depends only on p, X, p and n.
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From Theorem 2 in the case A = p or 4 = 0 we get the following corollaries.

Corollary 7. [38, Theorem 5.4] Let 1 < p < 7§ < 00, p# 4, 0 < X\ < n,
0§0z< and——%:g.

n

1 Iff>1, f € LPANR™), then Mof € LTF (R") and
IMafll zae < Cpallfllzen,

where Cp » depends only on p, X and n.
2. Ifp=1, f e LY A(R"), then M,f € WLINR™) and

1Mo fllwrare < Cxllfllpras

where Cy is independent of f.
Corollary 8. Let 1 < p< (<00, f# 7, 0<A<n, 0<a< B and%—é:%.
1 If§>1, f € DPAR), then Mo f € LPF (R") and

1Mafll-z20 < Ciallflizan

where Cy 5 depends only on p, X and n.
2. If =1, f € L"(R"), then My f € WLIAR") and

HMafHqu”)\Q < () ||f||zm,

where Cy is independent of f.

The following is Adams type result for fractional maximal operators in total
mixed Morrey spaces (see, for example, [16]).

Theorem 3 (Adams type result) Let 1 < p'< § < o0
0<a<2z2 and = %p
1) If 1 < P < "—)‘ then condition ﬁ < % — % < %5 is necessary and

sufficient for the boundedness of the operator M, from LPME(R™) to L&MH(R™).

2)IfP=1< "T_)‘, then condition ﬁ <1- é < 25 is necessary and

sufficient for the boundedness of the operator M, from LT’)"“(R”) to LTAH(R™).
3) If % < P < =B then the operator My is bounded from LPAE(R™) to
L>(R™).
Proof. Suﬁlciency Let 1 <pP<Gd<oo, PAGO<pu<A<n, 0<a<iz2

G < b - 6 < % and f € LPAMH(RY).

Mo f(x) ~ Sup Nl L By

#¢ 0< p<A<mn,

Ei
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< sup min{r® M f(z),r*" 7 HfHLﬁ(B(z,r))}

Siglo)min{TaMf(fﬂ)W - H [1/7]; 7 1}

< supmin{r® Mf(2), /1277 [T T s

r>0
n—>A\
< maX{ sup min{ra Mf($)7ra_T HfHLﬁv’\#*}a
0<r<1
. _n—u
su;l) min{r® M f(z),r* 7 || fllpson}}-
>

Minimizing with respect to r, at

— (%)M and r = (%‘)w

we have

M f(2) < max { (M F(2)) "5 £,

(MF@)' 5 | fll 5} (8)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Corollary 6, the inequality (8) and the condition ¢ = % P, we get

P

_P
Mo fllpare < HfHL S IV g

P

Q

P
HfHLp M Fons S Il o

fl<p<g<oo, p# ¢, and

1—L1 1
Mo fllwrarn S WS IMEIG piaw S Lt

HfP=1<Q@Q<oo.
Necessity. Let 1 < p<§<oo,f#¢0<pu<A<n 0<a< 3
5 <

<
q= ?,ﬁ, an < £ -5 < -2, f € LPM(R™) and assume that M, is bounded

from LPAH(R™) to LPAH(R™).
Define fi(z) =: f(tx), [tl+

<O

= max{1,¢}. Then

_A I
[ fell porwe = sup [Pl P (/710 1 fell Locm o)
z€R™ r>0
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=t P sup [];7 [1/7“]1 1Nl 27 (B ey
z€R™ r>0

e (I E U 3 1
=t Foup (1) sup (5 6-)" sw P /G0 1Ly

r>0 z€R™, r>0
n A
=t P [t]{, /0, il Faly e W

and

Mo fe(x) =7 Mo f(tz),

HMaft‘

_A B
_ 3« P P . N
LI =1 xeuig,pwo[rh /A M () iy

- ERY rly \#/Q
-t ()" e ()

A
x sup [tr]; P[l/(“”)h Mo fll L7 (B (12
zER™ r>0

= [, i § s

LM p

By the boundedness of M, from LPM#(R™) to L& (R™) we have

A “
| L=t Y /AT [Mafill
A A
<t [t]l,f [1/ﬂ1Q+ HftHLﬁM

at+Z—2% %7% MJrQ
A an T
n—>\ n—p_n—p

=t [t WL Il

If L < Q + 72, then by letting ¢ — 0 we have | Maf|lpgrn = 0 for all
)

As well as if £ > Q + -2, then at ¢ — oo we obtain || M f|| 4., = 0 for all
f € LPMH(RM).

Therefore 2 < L_ 1<

P —u
Let P =1 < %, f € L"*(R") and assume that M, is bounded from
LIM(RMY) to W LEM(R™). Then

@\

| Fell e = ¢ 112 /AL NN o
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and

«

DY u
HM ftHWLun =1 xeuihl%o[rh TR/ IMaf () llw Las )

o ERY rly \#/
- () s ()

PN
xsup [er] T [1/(t0)]F 1Mo fllwLaBtam)
z€R™, r>0

— 2, (10,0

Lq,hu'
By the boundedness of M, from LL)““(R”) to W LIM(R™) we have

A

WL — Q¢ [t ]1?— [1/t 1+ HM ftHWLqM
<48 1079 108, All o
=0 [T e,
e T T e

—2+, then by letting ¢ — 0 we have ||[Mqf|y a2 = 0 for all

If1< Q + 5
f e LIMs(RM).

As W(ill as if 1 > % + 725, then at ¢ — oo we obtain | Mo fllwrarn =0 for
all f € LVAH(RM).

1

Therefore 25 <1 — 7S

3) Let us show that, if ==£
from LPMH(R™) to LO"(R”)

Let “—£ < P <22 A and f € LPMH(R™). Then by Lemma 2

;L
£ < P < =2 then the operator M, is bounded

Mo f(z) = supr®™" ||f”L1(B(z,r)) Ssupr® P | £l LB
r>0 r>0

_no R -5 n_2 +5E
<supr® 11 [1/r]y I fllpans < suplrly T 1L/ 1
r>0 >0

_n—A _n—p
< max { sup reTr IIfHLﬁ,A,Msurf P s b S W F Il
<r< >

n—A\ n—pu

<~ <a<

)

which implies that the operator M, is bounded from LPM#(R™) to L°(R™).

From Theorem 3 in the case A = p or 4 = 0 we get the following corollaries.
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Corollary 9. [1, Theorem 3.1] (Adams result) Let 1 < p < ¢ < oo, P # {,
0§A<n,0§a<%.

1)If1<P< ”77)‘, then condition % — é = 18 necessary and sufficient
for the boundedness of the operator M, from LPNR™) to LP(R™).
2)IfP=1< %A, then condition 1 — é = -9 is necessary and sufficient

for the boundedness of the operator M, from LT’)‘(R”) to L9 (R™).
3) If P = ”T_)‘, then the operator M, is bounded from LPAR™) to L>°(R™).

Corollary 10. [17, Corollary 1] Let 1 < p< < o0, P # q, 0 < X < mn,
0<ax< %.

1)If1 < P< ”T_A, then condition & < % —% < % 18 nicessary and
sufficient for the boundedness of the operator My, from LPAR™) to L9 (R™).

2)If P =1< "T_/\, then condition 5 < 1 — é %ﬁn% 18 n(icessary and
sufficient for the boundedness of the operator M, from L' (R™) to LE”\(R”).

3) If ”T_’\ < P < Z, then the operator M, is bounded from LPMR") to
L>(R™).

4. Fractional maximal commutator operator in total mixed
Morrey spaces

In this section we find necessary and sufficient conditions for the bound-
edness of the fractional maximal commutator My, in the LP*#(R™) spaces.

Definition 3. We define the space BMO(R™) as the set of all locally integrable
functions f with finite norm

bl = sup |Blz,t)]" / 1b(y) — bige|dy < oo,
z€R™ t>0 B(xz,t)

where bB(:E,t) = |B($7 t)‘_l fB(x,t) b(y)dy

Define

1(b = bB(w)) XB(ow) |l Lo

”b”BMoﬁ = Sup .
zER™ >0 ”XB(z,r)HLP(Rn)

The following property is a mixed-norm characterization of BMO obtained
through the John-Nirenberg theorem.
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Lemma 10. Let 1 < § < oo, and let b € L (R"™). Then

loc
1]l paror = (|l

The equivalence constants depend on n and the exponent vector p.
Consequently,

b_b x,r x,r p(IRN
be BMO(R") < sup 1(b = bp,r)) XBer) | L7

TER™ >0 HXB(:c,r) HLﬁ(Rn)

Proof. We prove both inequalities.
By the ordinary Holder inequality and the definition of BMO,

(b= bB(2) XBan L @ny < bl [B(, 7).

However, this estimate alone does not directly yield the mixed-norm estimate. We
need the exponential-integrability consequence of the John—Nirenberg theorem.
The classical theorem gives

B! [ bla) —bslde < Cur 01

for every 0 < r < oo.

In particular, the normalized oscillation has uniformly bounded moments of
every finite order.

The mixed-norm form of the John—Nirenberg inequality yields

1(6 = b5) X8l LrEn) < Crpllbll« IxXBl Lo@n)-

Taking the supremum over all cubes gives

1ol Brror < Copll £l

Conversely, since every mixed exponent satisfies p' > 1, the normalized mixed-
norm oscillation controls the average oscillation:

1 / (b —bp)xB| L
— [ b—bsl<C, .
\B’ B P HXBHLﬁ

Taking the supremum over B, we obtain

| fllBrmo < Cr bl Bro,-

Combining the two estimates proves the norm equivalence.

The following property of the space BMO(R") is valid.
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Lemma 11. Let b € BMO(R"™). Then for all 0 < 2r < t, we have

t
|b3(w,r) - bB(m,t)‘ S 1Bl In o
The following local estimate is valid (see also [16, 18]

).
Lemma 12. [18, Lemma 3.2] Let0 < a <n, 1 <p<{< oo, p#(q,
and b € BMO(R"™). Then the inequality

&
n

=
Q=

n t\ _n
) < o Ve 5
[ Mp,ofll L7 B2y S N0lr sup log (6 + T) t QN fll L) (9)

holds for all B(x,r) and for all f € Lr (R™).

loc
Proof. For any ball B = B(x,r), let 2B = B(x,2r). Write f as f = f1 + fa,

where f1 = fXB(z,2r) and f2 = fXEB(x,Qr) as before.
Since My, is a sublinear operator, we have

Moo fllLas) < [Mbafillas) + 1Moo fllLis)-

Noting that f; € LP(R") and by the boundedness of M, from LP(R™) to LI(R™)
(see [36]), we get

Moo fillLa) < 1Moo fillLamny S 10l 1 f1llLogny = [0l (| £l Lo m)-

Therefore from (5) we have
1Mo fillLas) < [Ibll« e Stl;pt_a 1 (Bt (10)

Let y be an arbitrary point in B. If B(y,t) N C(B(x,2r)) # 0, then t > r. If
z € B(y,t)NC(B(x,2r)), then t > |y — 2| > [z — 2| — [z —y| > 2r —r =7,

On the other hand, B(y,t) N C(B(z,2r)) C B(z,2t). If z € B(y,t) N
C(B(x,2r)), then we obtain |z — 2| < |y — 2| + |z —y| <t +7r < 2t.

Thus

1
My o foly) = Supa/
>0 [B(y, )]~ JBy,6)ntB(.2n)

1
s § MCORLCIRCIE

[b(y) = b(2)[ | f(2)|d=

< supa/
t>r |B(y,26)|' " JB(,20)

/ Ib(y) — b(=)] |£(2)dz.
B(z,t)

[b(y) = b(2)[ | f(2)|d=

=Ssup —————&
t>2r |B(y,t)]1*5
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Therefore,
1
Myafa) Ssp e [ Jbly) — ba)] ()l
t>2r |B(y,t)| " JB()
b(y) — bp
< su b€ E; t| z)|dz
t>2r | B( y, W% By

+ sup iﬁ / 1b(2) — bian| | £(2)]dz
t>27"|B(y, )|t n B(z,t) B(t)

= A(y) + B(y)-

From Lemma 2 for all y € B we get

|b(y) - bB(a:,t)| 1 /

Ay) S su —a 1 flze s Tt
>ar |B(y,t)[' % (Bl (11)
S Sup 16(y) — byl t @ 1l LrBe)-
For t > 2r, we have
|b(y) - bB(a:,t)| < ’b(y) - bB(x,r)| + ‘bB(x,r) - bB(x,t)|'
By using Lemma 11, we get
t
b1y = bte| S 6] log (e+ ).
Since log <e + %) > 1, we obtain the pointwise estimate
t\ _n
A(y) S (1) = b + 16]1) suplog (e + =) €@ ||| (o)
t>r r
From (11) we have
A Lasy S I16() — bl Lacm) igpt—a 1l LB )
<6l v suplog (e + ) 78 | Flurpeny.  (12)
~ o r (B(zt))

By the mixed Hélder inequality and Lemma 11,

B(y) < 10l avor St‘iptafﬁ 11 7B,
T

S blls supt™ @ (L fll o5 a0)-
t>r
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Since log <e + %) > 1, it follows that

IBONam S b 7@ suplog (e + 1) 8l spey. (13)
Taking the LI(B) norm
1Moo foll oy S NAC) e + 1BO)llas):
Combining (12) and (13), we obtain
My foll gy S blle 73 suplog (e + ) 78 £l s
t>r

This completes the proof.

The following is Spanne’s type result for fractional maximal commutator op-
erators in total mixed Morrey spaces.

Theorem 4. (Spanne’s type result) Let 1 < p< g< oo, P#q, 0 < \u <n,

0<a<min{"z* "5}, § -4 =2 andbe BMO(R™).
If f € LPAH(RY), then Myof € LYF'F (R and
1Moo fll ;2@ ue < Cpxp bl (£l Lorm, (14)

L9FP P
where Cp » , depends only on p,\,u and n.
Pmof Letl<ﬁ<q"<oo ﬁ#cj’,0<)\u<n,0§a<min{%,”_“},

P
L4 =2 beBMO(R") and f € LPM(R").
From the inequality (9) we get

_A ©
_ P P ~
1My fl g0 u0 —w€§33>0[7’]1 /rE 1M 0 oo
<ol swp bl (] suplog (e 4+ ) 078 17l prnny
zER™, r>0 t>2r

A I n A
<o suplely ? [1/r1f o suplog (e + L) o= f 11/,
r>0 t>r

=2
P

_ +@ _n—p _n—A _ +
=l suplly ™ [y suplog (e L) [y [y
r>0 t>r r
= £l

AQ pug
P

which implies that the operator M, is bounded from LPM*(R™) to LEF5 (R™).

From Theorem 4 in the case a = 0 we get the following corollaries.
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Corollary 11. /21, Theorem 1] Let 1 < p < o0, 0 <A <mn,0<pu<n and
b e BMO(R™). If f € LPA(R™), then Myf € LPAM(R™) and

| My fl porw < Coxpu 6l | fl Lor,
where Cp 5, depends only on p, A, p and n.

Lemma 13. [19, Lemma 5.3] Let 0 < o« < n and b € BMO(R™). Then there
exists a positive constant C such that

My f (@) < ClIbll (M(Ma f)(@) + Ma(M) () (15)

for almost every x € R™ and for all f € LL (R™).
loc

The following is a result of Adams type for the fractional maximal commuta-
tors (see, for example, [16]).

Theorem 5. (Adams type result) Let 1 < p< g<oo, p#q, 0< pu<\<n,
0<a<z*andbe BMO(]R{”)

Then condition ﬁ < p — % < 2% is necessary and sufficient for the

boundedness of the operator My, o, from LPAH(R™) to LIAH(R™).

Proof. Sufficiency. Let 1 < p< o0, 0 < a < ”—;)‘, - <1 5= % < 25 and
f € LPAH(RM).
Myof(x) = Sup 7 (b(x) = b) fll L1 (B2
T
< SUIS min{ra be(ﬂf), Ta_% ||f||LP(B(z,7‘))}
r>
< Sugmin{ra My f(x),r*" P [r ] [1/7]y ® £l g
r>
. a a—nzA —at "5k
Ssugmm{f My f(x), [r]y (/7] 1l Lonn }
r>
<max{ sup min{r® My f(z),r*""F" | £l rnn},
0<r<i
sup min{r® M f (x) O | fll o}
>

Minimizing with respect to r, at
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we have
My f (@) < ma { (M3 ()77 | FI53,
(M @) 715, (16)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Corollary 11 and inequality (16), we get

P

P
1Mo lann < 160 12 (M) |
P P
= [blls 11,2

My f 1l Zsne S 101 1 F 0
Necessity. Let 1 < P < ”;A, na# < % —é < %, be BMOR"), f €
LPAH(R™) and assume that My, o is bounded from LPAH(R™) to LOMH(R™).
Note that

My o fi(x) =t Mb%,af(tflf),

_A I3
—_— PP My, of () e
L zeg}}ﬁw[rh /7] 1My o f () Lo am)

— g sup <[tr]1>>‘/Q ig% <[1[/1(/Z;])1]1>M/Q

_A ©
x sup  [tr]y T [1/(0)]7 (Mo, afllLaB(ta )
x€eR™, r>0 t

HMb,aft‘

n A [y
= TR (10,9 Moy af

Larw

By the boundedness of M, from LPA#(R™) to L&M*(R™) and from the pre-
ceding scaling identities we obtain

A M
+2 7@ a
|Moat]| 5, =8 005 (/024 1Mo, il o
4n _2A 122
STy 1/ Hft
at2-1 % 5
SR H VU G f
SIS
(04
=1 [t]1,+ [1/t]1,+ (FAF7EW
If 4 < Q + 72 then by letting ¢ — 0 we have [[Myaf([;g2,, = 0 for all

f e LPAH(R™Y).
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As well as if 5 > é—i— —2, then at ¢t — oo we obtain || Mj o fl|;zx,. = 0 for

all f € LPAH(R™).

a 1
Therefore X < P S

«Q\

—u

Theorem 6. Let 1 < P<§<o00, P#q 0< pn<A<n, 0<a< iz

a 1 1 a
PSP T0S

(i) b€ BMO(R™).
(i4) The operator My, is bounded from LPMH(R™) to LEMH(R™).

The following assertions are equivalent:

and

Proof. (i) = (ii). Suppose that b € BMO(R™). Combining Corollary 6,

Theorems 3 and 13, we get

1Myl ns S bl M (Mo £) + Ma(M )|
< 1M (Mo )l + [ Ma(MF) | 0
<l Ml gans + I £l
<001

(i4) = (i). Assume that M, is bounded from LPMH(R™) to LEAMH(R™). Let
B = B(z,r) be a fixed ball. We consider f = xp. It is easy to compute that

1
Il s (01 [ xw(es)”
B(y.t)

yeR™ >0

= sup (1B 0B (1/85)"

= sw (1Bl 1/04)" =B 17 1t
B(y,t)<B

On the one hand, since
1
Myo(xB)(x) 2 7|B\1_2 / |b(z) — bpldz for all x € B,
n JB

we have

(17)

(18)
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On the other hand, by assumption

| Myo(xB)ll Larn S IXBI Larms

by (17) and (18), we get that

1 e D B
B|/B |b(z) — bpldz <r Q [r]lQ [1/r], Q 1My (B) | pre

From Theorem 6 in the case A = p or = 0 we get the following corollaries.

Corollary 12. Letl<ﬁ§(j’<oo,ﬁ#d’,0§a<"—;)‘,0§>\<n—a and
% — % = 2. The following assertions are equivalent:
(i) be BMO(R™).

(i) The operator My, is bounded from LPA(R™) to LT (R™).
1

Corollary 13. Letl<}7§(f<oo,]5'7éqj()§oz<”—1_3A and & < 5 —
The following assertions are equivalent:

(i) be BMO(R™). N N

(1) The operator My, is bounded from LPMR™) to L9 (R™).

a
< n—>\"

=l
Q=

From Corollaries 12 and 13 in the case a = 0 we get the following corollaries,
respectively.

Corollary 14. [2, Theorem 1.4] Let 1 < p'< oo and 0 < A < n. The following
assertions are equivalent:

(i) be BMO(R™).

(ii) The operator My is bounded on LP(R™).

Corollary 15. [5, Theorem 4] Let 1 < p'< oo and 0 < X\ < n. The following
assertions are equivalent:

(i) be BMO(R™). R

(ii) The operator My, is bounded on LP*(R™).

Remark 3. Note that Corollary 13 is new.
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5. Commutator of fractional maximal operator in total mixed
Morrey spaces

In this section we find necessary and sufficient conditions for the bounded-
ness of the commutator of fractional maximal operator [b, M,] in the LPA#(R™)
spaces.

For a function b defined on R", we denote

b=(a) i {0 , ?f b(z) > 0
|b(x)], ifb(x) <0

and b+ (z) := |b(z)| — b~ (x). Obviously, b* (x) — b~ (z) = b(z).

The following relations between [b, M| and M, . are valid :

Let b be any non-negative locally integrable function. Then for all f €
(R™) and z € R™ the following inequality is valid

|[b, Mo f ()] = [b(2) Ma f(2) — Ma(bf)(2)]
= |Ma(b(2)f) () = Ma(bf)(2)] < Ma(|b(z) = blf)(2) = My f(@).

Ll

loc

If b is any locally integrable function on R, then
b, M) ()] < My f(x) + 267 (2) Maf(z), @ €R" (19)

holds for all f € L! (R") (see, for example [51]).

loc

Applying Theorem 6, we obtain the following result.

Theorem 7. Let1<]5'<oo,0§,u§)\<n,0§a<% (mdﬁg%—ég
—2. Then the following assertions are equivalent:
(1) b€ BMO(R") such that b~ € L>®(R").
(ii) The operator [b, My] is bounded from LPMH(R™) to LIAH(R™).
(ii1) There exists a constant C > 0 such that
sup (b = [BI™® Ma,5()) xBll7r <C (20)

B IxBll e

Proof. (i) = (it). Suppose that b € BMO(R"™). Combining Theorems 3 and
6, and inequality (19), we get

116, Mol fllpaxw < [|Mpof + 267 Mo f|pass

< My fllLaam + 107 oo [Maf || Larn
S (I8l + 1187 Moo ) 1 £l oirn-
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(i4) = (iii). Assume that [b, M,)] is bounded from LPAMH(R™) to L&A (R™).
For a given ball B and 0 < a < n, we define the following local fractional maximal
function:

Mo f(z) = sup \Bw-*ﬁi/“Lﬂyﬂd%
BDB'>3z B

where the supremum is taken over all balls B’ such that x € B’ C B. Moreover,
we denote by Mp = My g when o = 0.
Since

My (bxe)xB = Ma,g(b) xp and My(xB)XB = Ma.BXB = |B|% B,
we have
(b—|B|"» Map(b)) x5 = |B|"# (IBl+ b — My5(b)) x5
= |B|™n (bMa(xB) — Ma(bxB)) X5
= |B|"# [b, Ma)(xB)-

Q

By this and [b, M] : LPAH(R™) — L&MH(R™), we obtain
(b= |BI™% Ma,5(b)) X8l s < |BI™# [|[b, MalxBll g zn
S B [[xBll Loam @ny-
Thus from (17) we get

[(b—|B|™ % Mq,5(b) x5l Lzm
”XBHLq,%u

< -5 IxBllipruqen

HXBHLqu(Rn)

A
T[]
n—>\ p._"_nf,u

a2 n=A VIR o TSN d 11
P V7 P

1.

o=
Qf

A
A GH

Q

3 =

NN

(791) = (7). Assume that (20) is valid.

Now, let us prove b € BMO(R") and b~ € L*°(R"™). For any ball B, let
E={yeB:bly) <bp}and F ={y € B:b(y) >bg}. The following equality is
true (see [7, page 3331]):

/w@—@m:/w@—@@.
E F

Since b(y) < bp < |bp| < |B|™"» M, 5(b)(y) for any y € E, we obtain

[b(y) = bs| < [b(y) — |BI ™" Map(0)(y)], v € E.
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Then from Hélder’s inequality and (20) we have

1 2
o /B b(0) ~ bildy = o /E b(y) — bildy

< ’;/E [b(y) — | B Mo, 5(b)(v)| dy

< ’;/ [b(y) — B~ Mo, 5 (b) (y)|dy

o o) = 1B Ma,p(0)()|

Li(B)

_1 2
<IBI3 I (/7)) b — Mo () parmge

<8 (1 [/ 8 sl
e [P [, 9 8 ] 9 1]~

From Theorem 7 in the case A = p or = 0 we get the following corollaries.

Corollary 16. Let 1 < p< o0, 0 < a < "—13’\ and % — é = 2. Suppose that
b is a real valued locally integrable function in R™. Then the following assertions
are equivalent:

(1) b€ BMO(R"™) such that b~ € L>®(R").

(ii) The operator [b, M) is bounded from LPMR™) to LIA(R™).

(791) There ezists a constant C' > 0 such that

1(b— |B|™% My, (b)) x5l L2 <

sup C.
B IxBllLar
Corollary 17. Letl < p< 0,0 < a < 252 and < F_Q < 2. Suppose that

b is a real valued locally integrable functwn n R” Then the following assertions
are equivalent:

(1) b€ BMO(R"™) such that b~ € L>®(R").

(it) The operator [b, My] is bounded from LPA(R™) to LT(R™).

(13i) There exists a constant C > 0 such that

b—|B|™% M, (b =
SupH( | B B(0)) xBllzox

< C.
B IxBll 74

From Corollaries 16 and 17 in the case a = 0 we get the following corollaries,
respectively.
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Corollary 18. [2, Theorem 1.2] Let 1 < p'< oo, 0 < XA < n. Suppose that b is
a real valued locally integrable function in R™. Then the following assertions are
equivalent:

(i) be BMO(R™) such that b= € L>®(R™).

(ii) The operator [b, M] is bounded on LPA(R™).
Corollary 19. /5, Theorem 6] Let 1 < p < oo, 0 < A < n. Suppose that b is
a real valued locally integrable function in R™. Then the following assertions are
equivalent:

(i) be BMO(R™) such that b= € L>®(R™).

(i) The operator [b, M] is bounded on LP*(R™).

Remark 4. Note that Corollaries 16 and 17 are new.
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