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Multi-sublinear rough maximal operator on
product total Morrey-Guliyev spaces

S.G. Hasanov

Abstract. In this paper, we study the boundedness of the multi-sublinear maximal
operator Mg ,, with rough kernels Q € L*(S"~!), 1 < s < 0o on product total Morrey-
Guliyev spaces LPM#(R™). We obtain the boundedness of the operators Mg ,, from
product total Morrey-Guliyev spaces LP1-A1:#1 (R™) x . . . x LPm-Am:Hm (R™) to total Morrey-
Guliyev spaces LPAH(R™).
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1. Introduction

The classical Morrey spaces, introduced by Morrey [25] in 1938, have been
studied intensively by various authors and together with weighted Lebesgue
spaces play an important role in the theory of partial differential equations. They
appeared to be quite useful in the study of local behavior of the solutions of
elliptic differential equations and describe local regularity more precisely than
Lebesgue spaces. See, for example, [7, 8, 9] for details. The boundedness of frac-
tional integral operators on the classical Morrey spaces was studied by Adams
[3], Chiarenza and Frasca [6], see also [9, 29]. In [6], by establishing a pointwise
estimate of fractional integrals in terms of the Hardy-Littlewood maximal func-
tion, they showed the boundedness of fractional integral operators on the Morrey
spaces, see also [29)].

The total Morrey-Guliyev spaces LPM*(R™), introduced by Guliyev [11], ex-
tend the Morrey space LP*(R™) by including the second parameter p, which can
be seen as the intermediate spaces between Lebesgue spaces and Morrey spaces.
The norm in these spaces is defined by a combination of the norms of LP*(R"™)
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and LP*(R™), which allows a wider range of behavior. Let 0 < p < oo, A € R,
p € R, [t]1 = min{1,t}, t > 0. The total Morrey-Guliyev spaces LP"M*(R") are
the set of all locally integrable functions f with the finite (quasi-)norm

_2A /3
Ifllpon = sup  [tly * [L/t] [fll o (B
zeR™ t>0

where B(x,t) denotes the ball centered at z with radius ¢t > 0. Here the norm in
the case 1 < ) is equal to the maximum of the norms of LP*(R") and LP*(R™).
Total Morrey-Guliyev spaces can be viewed as generalizations of both classical
and modified Morrey spaces. In particular, the case where A = u corresponds to
classical Morrey space, and the case where u = 0 corresponds to modified Morrey
space Ly \(R™), see [5, 10, 12, 13, 14, 15, 16, 17, 21, 22, 31, 32, 33].

Let 1 < s < oo, € L*(S™~1) be a homogeneous function of degree zero
on R™". The multi-sublinear maximal operator Mg ,, with rough kernels 1 is
defined by

Mon(F)@) =sup— [ (@) T ito - )la7

r>0 T B(¥.r)

If m =1, then Mg = Mg is the maximal operator with rough kernel 2. When
m = 1 and ) = 1, then M = My is the classical Hardy-Littlewood maximal
operator.

In this work, we prove the boundedness of the multi-sublinear maximal
operator with rough kernels Mg ,, from product total Morrey-Guliyev space
LPYALEL(RY) X .., x LPmoAmobm(RY) to LPA(R™), if p > s/, 1 < py, ..., pm < 00,
1/p=1/p1+...+1/py, and from the space LPLAHI(R™) x ... x LPmoAmtm (R™)
to the weak space LPAM(R™), if p = s/, 1 < p1,...,pm < 00 and 1/p =
1/p1 + ... 4+ 1/p, and at least one exponent p;, 1 < ¢ < m equals one, see
[1, 2, 4, 19, 23, 24, 27, 28, 30].

Throughout this paper, we assume the letter C' always remains to denote a
positive constant that may vary at each occurrence but is independent of the
essential variables.

2. Preliminaries

Let R™ be the n-dimensional Euclidean space, and let (R™)™ = R" x...xR"
be the m-fold product space (m € N). For z € R™ and r > 0, we denote
by B(z,r) the open ball centered at z of radius r, and by GB(az,r) denote its
complement. Let |B(x,r)| be the Lebesgue measure of the ball B(z,r). Also for
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T = (X1,...,2m) € R™ and r > 0, we denote by B(?, r) the open ball centered
at @ of radius r, and B(@,r) We denote by ? the m-tuple (f1, f2,-.-, fm),
7 = (ylv"‘7ym) and d? = dyldyn

Definition 1. Let 0 < p < oo, A € R, p € R, [t]; = min{l,t}, t > 0. We denote
by LPMR™) the classical Morrey space, by LP*(R™) the modified Morrey space
[10], and by LPMH(R™) the total Morrey-Guliyev space [11] the set of all classes
of locally integrable functions f with the finite norms

A
[fllzesr = sup ¢ # [[fllLo(B(ait))s
z€R™, t>0
_a
[fllzon = sup [ty 7 [ fllr Bty
z€R™ t>0

_A B
I llpoe = sup  [tly * [L/t]F [fll o By
z€R™ t>0

respectively.

Definition 2. Let 0 < p < o0, A € R and p € R. We define the weak Morrey
space W LPA(R™), the weak modified Morrey space W LPAR™) [10] and the weak
total Morrey-Guliyev space W LPAH(R™) [11] as the set of all locally integrable
functions f with finite norms

_2
[fllwrer = sup  t 2 | fllwir(Bt);
z€R™, >0
_2
[fllwzen = sup [th I fllwreB.t)
z€R™ t>0
2 I3
I llweeaw = sup [ty * [1/27 [[fllwre B,
z€R™, t>0
respectively.
Note that

LPOORY) = IPOR™) = LPO(R™) = LP(R™),

wLPOOR™) = WIPO(R") = WLPO(R™) = WLP(R"),
LPARY) = IPARY),  LPM(R™) = LPA(R),
£l zoon < Ifllzeaw and therefore LPAH C W LPAH(R™Y)

and
LPAR™) € LPAR™) and ||l oo < 1l oo
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LPAMR™) C LPH(R") and || fl|zes < | f ]l por
LPAR™) € LP(R™) and || fllze < | flizpa

and if A < 0 or A > n, then LPA(R") = LPA(R™) = WLPAR™) = WLPA(R") =
©, where © = O(R") is the set of all functions equivalent to 0 on R™.

Lemma 1. [11] If0<p <00, 0<A<n and 0 < pu < n, then for 1 <p < oo,
LPAE(R™) is a Banach space and for 0 < p < 1, LPM(R™) 4s a quasi-Banach
space.

Lemma 2. [11, 13/ If0<p < o0, 0 <A <n and 0 < pu<n, then
LPAH(R™) = LPAR™) N LPA(R™)
and
£ Nl zoxn gy = max {[| ([ oo, [ fllLen} -
Corollary 1. If0 <p < oo, 0 < X <n, then
LPAR™) = LPA(R™) N LP(R™)
and
£l zpr = max{[[fll Lo, [[fllr} -
Lemma 3. [11, 13/ I[f0<p <00, 0<A<n and 0 < u <mn, then
WLPAH(R™) = W LPAR™) N W LPH(R™)
and
Hf”WLI’W#(R") = max {|| fllw e | fllwrent.

Remark 1. If0<p <oo, and A< 0 orA>n or u <0 or u>mn, then

LPAMH(R™) = WLPM(R™) = O(R™).

3. Boundedness of multi-sublinear maximal operator Mg, on
product total Morrey-Guliyev spaces

In this part, we investigate the boundedness of multi-sublinear maximal op-
erator Mg ,, on product total Morrey-Guliyev spaces.

The boundedness of Hardy-Littlewood maximal operator on the total Morrey-
Guliyev spaces was studied by author [11]. Their results can be summarized as
follows.



Theorem 1. [11] 1. If f € LY *(R"), 0 < A < n and 0 < pu < n, then
Mf € WL (R™) and

IM fllwpras < Coaplflirm, (1)

where Cy ), 1s independent of f.
2. If f € LPM(R"), 1 < p <00, 0 <A <nand0 < u < n, then
Mf € LPM(R™) and

M fll o < Coxpu [ fl[porns (2)

where Cp \ ,, depends only on p,\,u and n.

Lemma 4. [18] Let 1 < s < oo, Q € L*(S™ 1) be a homogeneous function
of degree zero on R™™ p be the harmonic mean of p1,...,Ppm > 1 and f €

LI (R") x ... x LL (R™). Then there exists a constant C' > 0 such that for any
x € R”
7 Slpj 2 :
Mof(z) < Co [ [M (57 )@)] ™, (3)
j=1

where Cy = (mn)fi 1921 1, (smn—1y-

When m > 2 and Q € L5(S™ 1) | we find out Mgq ., also have the same
properties by providing the following multi-version of the Theorem 1.

Theorem 2. Let 1 < s < 00,Q € L*(S™ 1) be a homogeneous function of degree
zero on R™"  p be the harmonic mean of p1,...,pm > 1 and

for 0<Xj<n

| >
I

.

1]z

IS

j‘ for 0 < pj <n. (4)

SHRS
Il
)=

=

F|

1

<
Il

(i) If p > s, then the operator Mgq, y, is bounded from product total Morrey-
Guliyev space LPVAHL(R™) x ... x LPmAmobm(R™) to total Morrey-Guliyev
space LPM(R™). Moreover, there exists a positive constant C such that the
following inequality is valid for all f € LPLAHI(R?) x ... x LPmAm:bm (R™)

m
[Momfllpon < CH HfjHij,A]-,;Lj.

J=1
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(it) If p = &', then the operator Mg, is bounded from product total Morrey-
Guliyev space LPYAH(R™) x ... x LPmAmbm (R™) to weak total Morrey-
Guliyev space WLPMH(R™).  Moreover, there exists a positive constant C

such that the following inequality is valid for all f € LPYAUHL(R™) x ... x
me ,>\7n sHm (Rn)

m
HMQ,meWLp»W <C H ||fj||ij7Aij‘j'
j=1

Proof.

(i) If p > &', by (3) and the Holder’s inequality, we get

(e [ o sray)’

soojli( 5 [T 6] ).

[ty

Taking the p-th root of both sides and applying Theorem 1 with p/s’ > 1
s/p

cP5
and |f;| 7 € LAt (R™), we get

Mol = sw (i 0/ [
B(

1
Mo, f(y) dy)”
z€R™, t>0 t)

z,

L
s

7
Ps
;‘/lv/\jaﬂ'j

oo [T )
j=1

/
s'pj

<cIl|s"
j=1

which is the desired inequality.

L
s

m
7
LA ¢ 1_[1 151l g g0
J:

(ii) If p= ¢, for any 7 > 0, let g = 7, &, = 1 and £1,€2,...,6m-1 > 0 be
arbitrary which will be chosen later. From the pointwise estimate (3), we
get

{y € B(x,t) : [Mamf(y)| > 7}



!
Spj P

Q{%B“ R =

Let us now take €1, €9, ...,&m_1 > 0 such that

S Doy P |
= s’/p- , ] :1,2,...,777,.
gj=1 TP Fill s

5//Pj

Then, applying Theorem 1 with p/s’ = 1 and the fact ‘fj}pj € LYY (R7),
we get

‘{y € B(x,t) : Momf(y)| > T}‘

gCiHyeB(az,t)iM(ffj)(y)>( ij_1 _w)p]}‘
gilth, ™ [/t "

< ci[t}if 1/ ( Wi,[_l/ 0 )ijffmew
2 ;

:cg[tm/tru(%_ ) U s

_ og[ﬂf 14" [(ei) 1ill g ]

:Ci[fl/t " anjnm )

=l /A (- Hrmnm s )

Hence, we obtain the following inequality

HMQ,meWLMw

—supr sup ([T (/404 [ {y € Bla.t) s [Mo.amf(y)] > 7}
>0 zeR™t>0

N———
S =

m
< CTT I posrms

Jj=1
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This is the conclusion (ii) of Theorem 2.

In the case A = p, \j = pj, 7 =1,...,n from Theorem 2 we get the following
corollary

Corollary 2. [18] Let 1 < s < 00, Q € L*(S™ 1) be a homogeneous function of

degree zero on R™" p be the harmonic mean of p1,...,pm > 1 and
A e
—:Z—J for 0 <)\ <n. (5)
P

(i) If p > &, then the operator Mg, is bounded from product total Morrey-
Guliyev space LP+A (R™) x ... x LPmAm (R™) to total Morrey-Guliyev space
LPAR™). Moreover, there exists a positive constant C such that the follow-
ing inequality is valid for all f& LPVM(R™) x ... x LPmAn(R™)

m
1Mamflzor < CTT Il s -
j=1

(it) If p = s, then the operator Mgy, is bounded from product total Morrey-
Guliyev space LPVM(R™) x ... x LPmAm (R™) to weak total Morrey-Guliyev
space WLP”\(]R”). Moreover, there exists a positive constant C' such that
the following inequality is valid for all f€ LPVM(R™) x ... x LPmAn(R™)

m
1Mo mflwrer < C TN s
j=1

In the case p = pu; = 0, j = 1,...,n from Theorem 2 we get the following
corollary

Corollary 3. [18] Let 1 < s < 00, Q € L*(S™ 1) be a homogeneous function of
degree zero on R™" p be the harmonic mean of p1,...,pm > 1 and satisfy (5).

(i) If p > s', then the operator Mg, m, is bounded from product modified Morrey
space LPPA1(R™) x ... x LPmAm(R™) to modified Morrey space LPM(R™).
Moreover, there exists a positive constant C such that the following inequal-
ity is valid for all f€ LPYAM(R™) x ... x LPmAm(R™)

m
HMQ,meEp,A <C H HfjHij’)‘J"

Jj=1
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(it) If p = §', then the operator Mgy, is bounded from product modified Mor-
ey space LpiM (R™) x ... x LPmAm (R™) to weak modified Morrey space
W LPA(R™). Moreover, there erxists a positive constant C such that the fol-
lowing inequality is valid for all f € zpl”\l(]R") X ... X LPmAm (R™)

m
Ml zon < CTT ISl zrs-

Jj=1

In the case s = oo, Q € L>®(S™ 1) be a homogeneous function of degree zero
on R™ from Theorem 2 we get the following corollary

Corollary 4. [20, Theorem 2.2] Let p be the harmonic mean of p1,...,pm > 1
and

A " )\j 1% “ Mg
—:Zf for OS)\j<n,—:Zf for 0 < p; <n. (6)
P = P S

(i) If p > 1, then the operator M is bounded from product total Morrey space
LPVALEL(R?) x . x LPmoAmokm (R to total Morrey space LPAH(R™). More-
over, there exists a positive constant C such that the following inequality is
valid for all f € LPrAUHL(R?) x . x LPmAmsbm (R™)

m
||Mf”LP7>\,H < CH ||fjHij,)\j,uj,

j=1

(ii) If p =1, then the operator M is bounded from product total Morrey space
LPUALEL(R?Y) ., x LPmoAmskm (R™) to weak total Morrey space W LPAH(R™).
Moreover, there exists a positive constant C such that the following inequal-
ity is valid for all f € LPVAURL(R™) x .. x LPm-Amopm (RT)

m
IM Fllw oo < CTT w5

=1
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