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Abstract. This paper presents a comprehensive study of the mechanical vibrations of a ribbon
loudspeaker modelled as an elastic body with distributed parameters. Vibrations generated dur-
ing operation produce spatiotemporal deformations of the ribbon surface, which in turn lead to
uneven acoustic radiation and deterioration of sound quality, manifested as resonant peaks, phase
distortion, and harmonic distortion.
In this study, the ribbon loudspeaker is modelled as a thin rectangular elastic strip subjected to pre
tension and electrodynamic excitation forces. Since the ribbon length significantly exceeds its
width and thickness, a one dimensional continuous model of transverse vibrations is employed.
Small vibration amplitudes justify the use of linear elasticity theory.
Several lower and higher order vibration modes are analyzed, each characterized by a specific
distribution of nodes and antinodes along the ribbon length. The results indicate that high fre-
quency modes have the most detrimental impact on acoustic performance because they produce
localized surface deformations and uneven sound pressure distribution.
Numerical analysis of vibration modes is performed using two dimensional and three dimen-
sional modeling in MATLAB® and COMSOL Multiphysics. The simulations allow visualiza-
tion of natural vibration modes and comparison of numerical results with analytical solutions.
To further demonstrate the calculated modes, a video illustrating ribbon deformation dynamics
over time was created.
The obtained results confirm the validity of the proposed mathematical model and demonstrate
the feasibility of using vibration mode analysis during the design phase of ribbon loudspeakers.
The findings can be applied to optimize ribbon geometry, material selection, and tension in order
to minimize parasitic resonances and improve sound reproduction quality.
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1. Introduction

Unlike loudspeakers with circular pistons [1–4], ribbon loudspeakers with rectan-
gular strips are more susceptible to structural deformation when excited at their natural
frequencies. These deformations produce vibration modes across the ribbon surface,
which influence acoustic performance and may lead to structural failure under excessive
loading conditions. Understanding critical vibration modes that compromise structural
integrity is essential for improving the performance and reliability of ribbon loudspeak-
ers. Identification of these modes enables implementation of protective strategies such as
mechanical optimization, damping techniques, and active filtering. This paper presents
theoretical, numerical, and experimental analysis of mechanical vibrations in a rectan-
gular ribbon loudspeaker. Several vibration modes of a specific loudspeaker ribbon are
simulated and visualized using MATLAB® and COMSOL Multiphysics. Finite Element
Method (FEM) modeling is applied, following approaches similar to those reported in
[5]. Experimental validation is conducted using video recordings of ribbon vibration
modes at 60 frames per second.

2. Theoretical background

2.1. The basic plate theory

The acoustic mass and impedance of ribbon loudspeakers depend on excitation fre-
quency [6], resulting in resonances at different frequencies. These resonant frequencies
are influenced by ribbon thickness, material properties, and boundary conditions.

The ribbon loudspeaker strip can be modeled as a thin plate, defined as a solid body
bounded by two parallel surfaces whose lateral dimensions are significantly larger than
thickness [7,8]. When the ratio of thickness to lateral dimension is less than 1/20, the
structure is considered a thin plate [9].

Several mathematical approaches exist for analyzing plate vibrations. Classical plate
theory includes Poisson’s formulation, Kirchhoff–Love theory, and Mindlin plate theory.
Additional methods such as Rayleigh–Ritz, finite strip, and eigenfunction approaches
allow analysis under various boundary conditions [10–12].

In this study, the Rayleigh method is used to determine the first natural frequency.
Results are compared with FEM simulations and experimental observations.

There are also other approaches for analyzing thin plate vibrations, like the Bessel
function method, where various Bessel functions represent the different mechanical vi-
brations (modes) with different boundary conditions [12]. The first of the strip’s modes
has the highest amplitude, while the actual deformations of the other modes are signifi-
cantly smaller [9].

Therefore, the deformation of the strip in the first eigenfrequency (first mode) will
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be of most significant research interest in terms of both – the mechanical bending of the
strip and the degree of deterioration of the reproduced sound.

In the current paper, the Rayleigh Method has been used to determine the first eigen-
frequency of the ribbon loudspeaker. The obtained result has been compared to results
from simulations conducted by software products using the Basic Plates Theory for cal-
culating the resonant frequencies. It also has been compared to the 60-fps video record-
ing of the plate mechanical vibrations.

In Basic Plates Theory, some intensities and moments pertain to a unit length of the
cross-section [13, 14]. Those are:

- shear forces - Qx and Qy;
- bending moments - Mx and Qy ;
- twisting moments - Mxy = Myx.
In Fig. 1, the latter are shown, including tangential stresses (σx, σxy,σxz , σy, σyx

and σyz) on the surface of the plate.
The numerical values of the intensities and moments on the plate surface are [13,

14]:

Qx =

∫ h
2

−h
2

σxzdz,Qy =
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2

−h
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σyzdz, (1)
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Mxy = Myx =

∫ h
2

−h
2

zσxydz, (3)

where h is the plate thickness.
Due to the plane-strained state of the plate, the tangential stresses σz , σzx and σzy,

will be considerably smaller than σx, σy, and σxy, therefore they are neglected. The
tangential stresses are known from Hook’s law for the two-dimensional strained state
[14]:

σx =
E

1− υ2
(εx + υεy) , (4)

σy =
E

1− υ2
(εy + υεx) , (5)

σxy =
E

2 (1 + υ)
εxy, (6)

where υ is Poisson’s ratio, characterizing the elastic properties of the material; E-
Young’s modulus.



78 Islam J. Islamov, Kalin S. Kalinov, Iliyan Y. Iliev

In Eq. (4)-(6) εx, εy and εxy are the correlations between the movements and the
deformations. Those strain-displacement relations that result in the elastic body being
strained due to the applied load are well known from Cauchy’s work:

εx =
du

dx′
, (7)

εy =
dν

dy′
, (8)

εxy =
du

dy
+

dν

dx′
, (9)

where u and ν represent the horizontal movements, subsequently on the X and Y axis,
of that point on the plate’s surface.

Figure 1: Shear forces, bending and twisting moments and tangential stresses.

After applying Eq. (7)-(9) in Eq. (4)-(6) and then Eq. (4)-(6) in Eq. (1)-(3) and
afterward integrating to the plate’s thickness (on Z) one obtains:

Mx = −D

(
d2w

dx2
+ υ

d2w

dy2

)
, (10)

My = −D

(
d2w

dy2
+ υ

d2w

dx2

)
, (11)
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Mxy = −D (1− υ)
d2w

dxdy′
, (12)

where w(x, y) is a displacement function; D = Eh3

12(1−υ2)
– plate stiffness (flexural rigid-

ity of the plate material).
The internal forces and moments can be related when considering equilibrium of the

plate elements. Thus, for equilibrium in the X direction, in the absence of body forces
[7]:

dσx
dx

+
dσxy
dy

+
dσxz
dz

= 0. (13)

After multiplying Eq. (13) by z and integrating over the thickness of the plate one
can assume that:

Qx =
dMx

dx
+

dMxy

dy
. (14)

Similarly, one can integrate the equation of equilibrium in the Y direction:

Qy =
dMy

dy
+

dMxy

dx
. (15)

Considering the integration over the thickness of the last equilibrium equations in
the Z direction one obtains:

dσxz
dx

+
dσyz
dy

+
dσzz
dz

= 0, (16)

Integrating the equation of equilibrium in the Z direction, one obtains:

dQx

dx
+

dQy

dy
+ q(x, y) = 0, (17)

where q(x, y) is a normal load distribution on the top face of the plate.
After replacing Equations (10)-(12), (15) and (16) in Eq. (17) one obtains the nonho-

mogeneous biharmonic equation of Sophie-Germaine for a plate with constant thickness:

d4w

dx4
+ 2

d4w

dx2dy2
+

d4w

dy4
+

q

D
= 0. (18)

Equation (18) is also known as equation of motion or Euler-Lagrange equation and
is usually written as:

∇4w =
q

D
, (19)

where ∇4 = ∇2 · ∇2 is the biharmonic operator (∇2- Laplacian operator).
When the displacement function w(x, y) is known, the deformation form (mode

shape) can be represented. This function can be calculated after integrating the equation
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of motion Eq. (18) for specific boundary conditions. The roots of the equation will then
be resonant (natural) frequencies.

The current article deals with a ribbon loudspeaker whose plate edges are fixed-free-
fixed-free, as illustrated in Fig. 2.

Figure 2. The boundary conditions of the plate edges.

The boundary conditions for calculating the displacement function after integrating
the equation of motion for the case at hand (Fig. 2) are [7]:

w (−b/2, y) = 0, (20)

w(+b/2, y) = 0, (21)

dw

dx
= 0, for (±b/2, y) . (22)

For fixed-free edges. Fixed edge: w = 0, ∂w
∂n = 0. Free edge: M = 0, Q = 0.

Then, the bending moment My and the shear force Qy on the Y axis are:
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Considering the given boundary conditions, q = ρhd2w
dt2

and if one replaces
w(x, y, t) = W (x, y)ejωt in Eq. (18), the biharmonic equation of a plate with constant
thickness will be [14]:

d4W

dx4
+ 2

d4W

dx2dy2
+

d4W

dy4
+ ρh

ω2W

D
= 0, (25)

where ω is angular frequency; ρ - density of the material.
Due to a certain degree of difficulty when solving differential equations of that order,

approximate methods for calculating the resonant frequencies and representing the mode
shape are used.

The first mode typically dominates structural response under low-frequency excita-
tion; however, the amplitude is not necessarily the highest, as it depends on excitation
characteristics, damping, and boundary conditions.

2.2. The Rayleigh method for plates

In the Rayleigh Method, the displacement function is represented by two equations
– for strain energy and kinetic energy. With this method, only the upper limit of the
fundamental frequency for the first mode can be calculated.

The Rayleigh method provides an upper bound estimate of the fundamental natural
frequency when the assumed displacement function satisfies the geometric boundary
conditions.

The total kinetic energy of a freely vibrating plate with natural frequency ω = ω1 is
[7]:

T =
1

2

∫ b/2

−b/2

∫ a/2

−a/2
ρhẇ(x, y, t)dxdy. (26)

A solution of the form is assumed as w(x, y, t) = W (x, y)ejωt and thus Eq. (26)
can be rewritten:
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ω2

2
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ρhW 2

1 (x, y)dxdy. (27)

Eq. (27) will have maximum value when sin2ω1t = 1.
The maximum total strain energy Vmax of the plate is [7]:
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For a conservative system by Rayleigh’s principle [15] one can equalize the maxi-
mum kinetic energy Eq. (27) and maximum strain energy Eq. (28) of the system and
extract the natural frequency ω = ω1, so:

ω2
1 =

D
∫ b/2
−b/2

∫ a/2
−a/2

[
(∇2W1)

2 + 2(1− υ)
{
W 2
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}]
dxdy
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∫ b/2
−b/2

∫ a/2
−a/2W

2
1 dxdy

, (30)

where W1,xy = d2W1
dxdy ; ;W1,xx = d2W1

dx2 and W1,yy = d2W1
dy2

, are Rayleigh’s Quotient and
give the fundamental natural frequency of the plate.

The Rayleigh method’s accuracy can be improved using the Rayleigh–Ritz method
or other more sophisticated methods to calculate all resonant frequencies.

3. Numerical modeling and simulation

3.1. Finite Element Model Description

The structural behaviour of the system was investigated using a finite element mod-
eling (FEM) approach. The geometry was defined based on the actual physical configu-
ration of the specimen, with particular attention given to thickness, material properties,
and boundary conditions.

Due to the extremely small thickness of the structure, shell (or thin solid) elements
were employed to accurately capture bending behaviour. The material was assumed to
be homogeneous and isotropic, with linear elastic properties.

Boundary conditions were defined to represent quasi-free constraints, consistent with
the experimental setup. This choice is critical, as it directly influences the resulting
natural frequencies and mode shapes.

3.2. Numerical implementation (MATLAB)

A complementary numerical model was developed in MATLAB to support analytical
evaluation and validation of the FEM results. The governing dynamic equation of motion
was formulated in matrix form as:

Mü+Ku = 0, (31)

where M and K represent the mass and stiffness matrices, respectively.
The eigenvalue problem was solved to obtain natural frequencies and corresponding

mode shapes. Numerical routines were implemented to ensure stability and consistency
of the solution, enabling comparison with FEM-based results.
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3.3. COMSOL Multiphysics simulation

The finite element simulations were performed using COMSOL Multiphysics, which
provides a robust environment for Multiphysics analysis. A frequency domain and eigen-
frequency analysis were conducted to identify the natural frequencies and deformation
modes of the structure. Mesh sensitivity analysis was performed to ensure numerical
convergence and reliability of the results.

The simulation results revealed a dominant response in the low-frequency range,
with a significant displacement peak observed around 24 Hz. This behaviour is consis-
tent with the reduced structural stiffness associated with the thin geometry and quasi-free
boundary conditions.

3.3.1. Model Validation

The numerical results were validated against experimental observations. A pronounced
displacement response was recorded in the frequency range around 24 Hz, showing good
agreement with the predicted natural frequency.

This validation confirms that the developed numerical model adequately captures
the essential dynamic characteristics of the system and can be reliably used for further
analysis.

3.4. Experimental setup and results

Matlab® and COMSOL Multiphysics were used to calculate the resonant frequen-
cies and to simulate the corresponding mode shapes on the surface of the plate. Both
software products use Basic Plate Theory for the calculations.

Frequency generator, Power Amplifier, Ribbon Loudspeaker-VLD 40, DAQ System,
Digital Multimeter and a High-speed Camera (60 fps) are used for video recording of the
modes (the experimental setup is shown in Fig. 3). The properties of the loudspeaker’s
plate are given in Table 1.

The ribbon thickness of 14 µm is typical for aluminum ribbon loudspeakers and
ensures low mass and high responsiveness.

For better understanding and accuracy of the comparative analysis the author demon-
strates one more method for calculating the first natural frequency - the Rayleigh
Method. (A Matlab§based software program is used [16]. The calculations point that
the natural frequency of a plate in the case study is 24 Hz.

The low natural frequency can be explained by the combination of extremely small
thickness, low bending stiffness, and quasi-free boundary conditions, all of which sig-
nificantly reduce the global structural rigidity.

Importantly, this behaviour is experimentally validated, as a pronounced displace-
ment peak was observed around 24 Hz in the test setup, in close agreement with the
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numerical model.
In Table 2 resonant frequencies and corresponding distortion, the resonant frequen-

cies and their corresponding mode shapes are represented. Those are calculated using
Matlab® and COMSOL Multiphysics products which uses FEM to implement the Basic
Plate Theory.

Figure 3. Experimental setup diagram.

Table 1. Plate properties

Young’s Modulus, GPa 70
Poisson’s Ratio 0,33
Mass Density, kg/m3 2700
Thickness, mm 0,014
Width, mm 8,6
Length, mm 56
Material Aluminum

The video recording, where some of the calculated modes are visible, is available in
[20]. A careful review of the video recording reveals detectable distortions in the plate.
The most pronounced deformation is observed in the first mode at 24 Hz. Additionally,
higher order modes such as the 7th mode at 312 Hz are also discernible. Theoretical
analysis, as depicted in Table 2, reveals that as the frequency rises, the deformations
of the surface of the plate become more complex. The complex combination of shear
forces, bending and twisting moments and the fixed position of the short edges of the
plate lead to various deformations on its surface.

The experimental setup provides qualitative validation of the observed behaviour.
The excitation frequency was monitored using a UT70 series digital multimeter, provid-
ing sufficiently reliable values for identifying resonance effects.
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Table 2 presents the calculated natural frequencies along with the corresponding
mode shapes obtained from both MATLAB-based analytical modeling and COMSOL
Multiphysics simulations. The 2D representations illustrate the displacement distribu-
tion, while the 3D visualizations provide a spatial interpretation of the deformation pat-
terns.

In this case, the analysis refers to a specific structural configuration and excitation
scenario. The first mode governs the global structural response of the system. However,
structural damage is primarily driven by the magnitude of physical displacement rather
than the modal order. The experimentally observed large-amplitude deformation around
24 Hz indicates that the dominant risk is associated with displacement levels, while
higher-order modes mainly contribute to localized deformation and acoustic distortion.

Accuracy depends on mesh density, element type, and convergence analysis. A mesh
convergence study should be performed to validate numerical precision.
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Table 2. Calculated resonant frequencies and corresponding distortion

Below is a scientific analysis of the presented Table 2 with calculated resonant fre-
quencies and deformation modes obtained in Matlab and COMSOL in 2D and 3D set-
tings. Comparison of resonant frequencies (Matlab vs COMSOL) is shown in Table
3.
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Table 3. Comparison of resonant frequencies (Matlab vs COMSOL)

Mode
No.

Matlab
(Hz)

COMSOL
(Hz)

Deviation

1 23,38 23,87 ˜ +2,1%
2 64,51 65,77 ˜ +2,0%
3 96,86 98,90 ˜ +2,1%
4 126,60 129,17 ˜ +2,0%
5 197,70 201,93 ˜ +2,1%
6 210,10 214,13 ˜ +1,9%
7 306,00 312,86 ˜ +2,2%
8 314,80 320,88 ˜ +1,9%

The discrepancy is within 1,9–2,2%, which is normal for comparison between the
analytical (Rayleigh/plate theory) and FEM models.

The experimental validation is qualitative, based on visual observation of vibration
modes using high-speed video. Due to equipment limitations, precise frequency mea-
surement and uncertainty estimation were not performed.

4. Results and discussion

Table 2 presents the calculated resonant frequencies and the corresponding defor-
mation modes of the investigated plate, obtained using Matlab and COMSOL Multi-
physics in both two-dimensional (2D) and three-dimensional (3D) formulations. The
comparison is performed for the first eight natural vibration modes in order to validate
the analytical–numerical model and to assess the accuracy of the finite element approach.

As shown in Table 2, the resonant frequencies calculated using COMSOL are con-
sistently higher than those obtained from the Matlab model for all considered modes.
The observed discrepancy between the two methods remains within the range of ap-
proximately 1,9–2,2%, which is acceptable for mechanical vibration problems involving
analytical approximations and finite element discretization.

This systematic difference can be attributed to the simplified assumptions adopted
in the Matlab model, such as idealized boundary conditions and reduced dimensionality,
whereas the COMSOL model employs a full three-dimensional finite element formula-
tion. The latter allows for a more accurate representation of the plate geometry, stiffness
distribution, and mass effects, resulting in slightly higher predicted eigenfrequencies.
Consequently, the COMSOL results may be regarded as more representative of the ac-
tual physical behavior of the structure.

Despite the minor numerical differences in resonant frequencies, the deformation
patterns obtained from Matlab and COMSOL exhibit a high degree of qualitative agree-
ment. For each vibration mode, the spatial distribution of displacement, the number
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of nodal lines, and the symmetry properties are identical across both software environ-
ments. This confirms the correctness of the modal identification and indicates that both
models describe the same physical vibration phenomena.

The first and second modes are characterized by simple bending shapes with one
or two dominant antinodes, corresponding to the fundamental flexural behavior of the
plate. Higher-order modes exhibit increasingly complex deformation patterns, including
multiple nodal lines and localized regions of maximum displacement. Such complexity
becomes particularly evident for modes above 200 Hz, where the plate response shows
strong spatial variation.

The comparison between 2D and 3D visualizations further supports the consistency
of the results. The 2D representations provide a clear illustration of the displacement
amplitude distribution and nodal regions, while the 3D plots offer a more intuitive de-
piction of the actual mechanical deformation of the structure. In both Matlab and COM-
SOL, the 2D and 3D mode shapes are mutually consistent, confirming that the reduced-
dimensional visualization does not distort the underlying physical behavior.

From an engineering perspective, the first resonant mode, occurring at approximately
23–24 Hz, is of particular importance, as it may significantly affect the structural in-
tegrity of the plate (or loudspeaker strip) under operational excitation. Higher-order
modes in the range of 200–320 Hz may induce localized stresses and contribute to me-
chanical fatigue or acoustic distortion, especially under prolonged dynamic loading.

The results presented in Table 2 demonstrate strong agreement between the Matlab
and COMSOL models in terms of modal shapes and acceptable agreement in resonant
frequencies. The slight frequency overestimation observed in the COMSOL results is
consistent with the higher fidelity of the finite element method. Overall, the compari-
son validates the analytical–numerical approach and confirms the reliability of the finite
element model for further parametric and optimization studies.

5. Conclusion

The results presented in Table 2, together with the fundamental frequency calculated
using the Rayleigh Method [16-19], confirm the validity of the underlying theoretical
assumptions. The Eigen frequency corresponding to the first vibration mode, obtained
via the Rayleigh Method, is higher than the fundamental frequency predicted by Basic
Plate Theory. This discrepancy is significant, as it may influence the structural integrity
of the plate, particularly the ribbon (strip) element of the loudspeaker, where excessive
vibration amplitudes can lead to mechanical degradation or failure.

The Matlab® implementation of the Rayleigh Method [16] computes only the first
mode of vibration, which is characterized by the largest displacement amplitude. How-
ever, this approach does not emphasize high accuracy nor does it provide higher-order
Eigen frequencies. In contrast, Basic Plate Theory offers a more comprehensive and
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accurate framework, allowing the calculation of multiple Eigen frequencies and corre-
sponding mode shapes, thereby providing a more complete description of the dynamic
behavior of the plate.

The minor discrepancies observed between the Eigen frequencies obtained using
Matlab® and COMSOL Multiphysics can be attributed primarily to the different num-
bers of finite elements employed in the numerical models-6656 elements in COMSOL
Multiphysics versus 576 elements in Matlab® . This variation in mesh density directly
affects numerical precision, particularly for higher modes.

Experimental observations further support the numerical findings. As demonstrated
in the video recording [20], a pronounced plate displacement corresponding to the first
vibration mode is observed at approximately 24 Hz. This experimentally detected reso-
nance aligns closely with the results obtained from both the Rayleigh Method and Basic
Plate Theory, thereby validating the numerical analysis. Nevertheless, due to inherent
limitations of the recording equipment, the majority of higher-order vibration modes
could not be clearly resolved.

Overall, the combination of numerical simulations, mode shape analysis, and ex-
perimental visualization significantly enhances the theoretical understanding of the vi-
brational behavior of ribbon-type loudspeaker elements. The results of this study are
therefore directly applicable to the design optimization and manufacturing of ribbon
loudspeakers, particularly in mitigating undesirable resonances and improving acoustic
performance.

The Rayleigh method provides an approximate estimate of the fundamental fre-
quency, and differences with FEM results depend on assumed mode shapes and mod-
eling assumptions.
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