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On Modified Bernstein—Kantorovich Type Opera-
tors on a Varying Symmetric Interval and Their Ap-
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Abstract. In this study, we consider modified Bernstein—Kantorovich-type positive lin-
ear operators defined on a varying symmetric interval. First, we present the basic mo-
ment properties of these operators. Using these properties, we then investigate their
approximation behaviour. By applying the Bohman—Korovkin theorem, we show that
the operators converge uniformly to continuous functions. In addition, we obtain several
approximation estimates via the modulus of continuity, the Lipschitz class, the second-
order modulus of continuity, and Peetre’s K-functional. Moreover, a Voronovskaja-type
asymptotic result is established for these operators. The theoretical results are also
illustrated by graphical examples.
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1. Introduction

A proof of the well-known Weierstrass approximation theorem [19] was given
by Bernstein [2]. The simple and useful sequence of operators used by Bernstein
in this proof is given as follows:

Bi(v,1) = zk: (2)#(1 )Ry (%) . (1.1)

m=0
Bernstein polynomials, which are obtained from the binomial distribution, are
used in many scientific fields because of their simple structure. After Bohman [3]
and Korovkin [14] independently established important theorems with the same
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implication, research on Bernstein polynomials increased significantly. Many gen-
eralizations and modifications of these polynomials have been introduced and
remain active research topics. One such modification was introduced by Kan-
torovich [13] for integrable (measurable) functions:

Bi(v,) = (k+1) zkjo (Z)tmu _ pyhm /fi o) du
"= o (1.2)
= (k+ 1)520 (Z)tm(l —t)’f—m/olv (Zif) du.

Here, t € [0,1] and v € L,[0, 1].

Several studies related to (1.1) and (1.2) can be found in [6-13]. In 2012, Cilo
[14] studied approximation properties of Bernstein polynomials on the symmetric
interval [—1,1]. Related approximation and rate-of-approximation results were
also presented by Cilo, Ural, and Izgi [15]. Later, in 2014, Kahvecibas: [16] studied
Bernstein—Kantorovich-type modifications on the symmetric interval.

k
= > e -1 (1.3)

m=0

where 7, (t) = o (F)(1+ )™ (1), t € [-1,1].

2k
k omtl_q
k+1
Cilot) = FEL 3 r;;n(t)/ ) du. (1.4)
2 m
m=0 k+1
Ural [18] studied the following polynomials in her master’s thesis in 2012:
EoL (k—2)m+k
Ui(v,1) = —— 3 pr(po(E= 2t b (15)
k-2 2 K
where pg ., (t) = 2,c( )t — 5" (5L - t) ,te [}, 52 and k > 3.

Motivated by the above-mentioned studies, we define and investigate the fol-
lowing Bernstein—Kantorovich-type positive linear operator.

2 k (2mHL—1) kL
Dy (v,t) = T D) Z / v(u) du. (1.6)

25 -1) 4

where



o= () ) () (1) e[

For k > 1, let

Then
U I =1-2.2], () I = [-1.1].
E>1 k>1
Throughout the paper, the functions on which D acts are assumed to be
defined on [—2, 2], whereas the approximation properties are investigated for ¢t €
[_17 1]'
Let e (y) = y™ and 0,,(t) = Di((y —t)™,t), m=0,1,2,....

Lemma 1.
Dy (eo(y),t) =1
Di(er(y) ) =t + 2
2 2
Dy (es(y), t) = £2 — % N 2(1:}; 1)t (3k+?;§f+ 1)
Dy, (63(y)7t) =
B (3k — 2)¢3 . 3 (k2 —1)¢2 . (3k+2)(k—|—1)2t+ 3k 4+ 2)(k + 1)’

k? k3 k4 kS

Dy, (ea(y),t) =
y (6K — 11k +6)t*  4(k—2) (K2 —1)3  6(k—1)(k+1)** 12(k+1)*
- k3 + kA + kA + 5

15k2 + 30k + 16)(k + 1)*

(
+
58

Oo(t) = 1
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2 (3k+4)(k+1)?

Oy(t) = ——

2( ) k; + 3]{74

0,(t) = 3(k — 2)t4+8(k: + D)3 6(k+1)%* 8(k+ 1)3t+(15k2 + 30k + 16)(k + 1)*
R k4 k4 k6 5k8

Lemma 2.

lim k61 (t) = 1
k—o0

lim kbo(t) = —t2 +1

k—o0
lim k%04(t) = 3t* — 6t% + 3.
k—o0

We denote by C[—2,2] the space of all real-valued continuous functions on
[—2, 2], equipped with the supremum norm

[vlloo = sup Ju(y)l.
ye[_sz]

Moreover,

C?[-2,2] = {v e C[-2,2] : v/,v" € C[-2,2]} .

2. Main Results

In this section, we present the local approximation properties of the operator
defined in (1.6).

Lemma 3. Letv € C[-2,2] and t € [-1,1]. Then
[ Die(v,1)] < [|v]|oo-
Proof. By the definition of (1.6) and Lemma 1.1,

2o (amp 1) s
D00 = | gy 3 sk /( oy V0
e & (2l 1) 2
< O [, Rl
: (amg o) k2

[c ol



Theorem 1. Let v € C[—2,2]. Then
lim || Dg(v, ) = vllso,[~1,1) = 0.
k—o0

That is, Di(v,t) converges uniformly to v(t) on [—1,1].

Proof. By the Bohman—Korovkin theorem, it is sufficient to verify the conver-
gence for the test functions

Using Lemma 1.1, we obtain

lim |[Dy(eo, ) = €olloo,[~1,1] = 0,
k—o0

lim | Dy(e1,-) — €1 oo, -1, = 0,
k—o0

and

lim Dy (e2,-) — ealloo,j-1,1 = 0
k—o0

Hence, by the Bohman—Korovkin theorem,

khm HDk(’U, ) - vHoo,[—l,l} =0.
—00

In approximation theory, the rate at which an operator approaches a function
is important. A standard tool for estimating this rate is the modulus of continuity.
The first-order modulus of continuity is defined by

b= sp o) — o)l (2.1)
Y,z € [a,b]
ly—zl<p

The definition and useful properties of wq (v, ) can be found in many sources;
see, for example, [1].

Theorem 2. Letv € C[—2,2] and t € [—1,1]. Then, for the operators defined by
(1.6), we have

Dy, ) — v(t)] < (14 vVI0)wy <v, \}E> k>
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Proof. For v € C[—2,2], the first-order modulus of continuity satisfies

R (R PUCAR N
Since Dy, is a positive linear operator and Di(1,t) = 1, we obtain
|Di(v,t) —o(t)| < Di(|o(y) —v(t)],t)
< (14 2Dl = 1))t )

By the Cauchy—Bunyakovsky—Schwarz inequality,

Dk(|y - t|a t) < \/Dk((y - t)2a t)\/Dk:(la t)'

Since Dy(1,t) = 1, it follows that

Dk(|y - t‘at) < v Dk((y - t)27t)'

From Lemma 1.1,

s N (3k+4)(k+1)2
k 3kt '

Di((y —t)*,t) =
Since t € [—1,1], we have

(3k +4)(k +1)2

Dk((y - t)2’ t) S

3k*
Moreover, for k > 1,
(Bk+4)(k+1)2 _ 10
< —.
3k4 ~— k
Therefore,
10
Di(ly —tl,¢) </~
Consequently,
1 /10
[ Di(v,t) —v(t)] < (1 . k) w1 (v, 11).
Choosing



we obtain

Dew.) — (1)) < (1 4+ v/I0)wn ( ﬁ) |

This completes the proof.

If a function v satisfies the condition

(y) —v(z)| < My — 2,  (0<p<1) (2.2)
then v is said to belong to the Lipschitz class, denoted by Lip,;(u).

Theorem 3. Let v € Lipy;(p) and t € [—1,1]. Then, for the operators (1.6), we
have

10\ 2
Ditw, 1)~ () < M ()
Proof. By using the linearity and positivity of the operator given in (1.6),
together with (2.2), we obtain

[ Di(v,t) = v(t)] < Dy (Joy) —v(t)] 1)

< Dy (Mly — t[#,2) .
By applying the Cauchy—Bunyakovsky—Schwarz inequality and Lemma 1.1,

I3
2

[Du(v,t) = o(®)] < MID, (I(y = 1)°.1))]

2 2 & b
gM[—£+(3k+4)(k+1) §M<1k?>2.

k 3k* |
The second-order modulus of continuity is defined by

wa (v, ) = sup {|v(y + 2u) = 2v(y +u) +o(y)| : Jul < p, y,y +u,y+2u € [-2,2]}.

(2.3)
Peetre’s second-order K-functional is defined by
Ky(v,6) =  inf — Sljw” .
o(.8) = it {0 =l + 8"}

It is well known that there exists a constant M > 0 such that

Ky (v,8) < Mws(v,V9).
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Theorem 4. Letv € C[—2,2],t € [-1,1], and k > 2. Then there ezists a positive
constant M, independent of v and k, such that

Dy, £) — v(t)] < 8Mew (v, \}E> + 2 <v, ;) .

Proof. Let w € C%[—2,2]. By Taylor’s formula,

w(y) = w(t) + (y — hw'(t) + / (g — uy () du (2.5)

We define the auxiliary linear operator

Di(w,t) = D(w,t) +w(t) —w (Dg(e1,1)) . (2.5")
From Lemma 1.1,
k+1
Dy(ey,t) =t + 2
Set
k+1
ak — 7
Thus,
Dk(el,t) =t+ag.
Moreover,
Di(1,t) =1
and

Di(y —t,t) = Dy — t,t) — ar = 0.
Applying D}, to Taylor’s formula (2.5), we obtain

Ditwnt) —w(t) = i ([ 0= wpu ) duse).

Using the definition of D}, this can be written as

D (w, 1) — w(t) = Dy ( /t (g — W’ (u) du, t) - /t T+ ap — e (u) du.

Hence,




Since y )
J =@ < 5= 07
and
t+ag a2
/t (1 + ok — ) (u) du| < .,
we get
* [[w”[loo 2 2
IDi(w,t) = w(t)] < P51 {Di((y — 1), 1) + o}
By Lemma 1.1,
2 (Bk+4)(k+1)2
Di((y —t)*,t) = —— :
Therefore,
" [w'lloe { t*  GBk+4)(k+1)?  (k+1)°
D - < ——
Di(w,t) - wit)] < 1 d - st
< " lloo (B +1)*(3k +7)
- 2 3k4 '
For k > 2,
(k+U%%+ﬁ)<§
6k4 K
and consequently
. 8
|Dii(w, 1) = w(t)] < + [0 oo (2.6)

Now, from the definition of Df,
Dy (v,t) —v(t) = Di(v,t) — v(t) + v(t + ag) — v(t).
Thus, for any w € C?[-2,2],
IDi(v,) = v(t)] < |Di(v = w,8) = (v — w) )
+ [Di(w,t) —w()] + [o(t + ax) — v(t)]-
Furthermore,
Dij(0 — w,t) — (v — w)(t) = D — w, £) — (v — w)(t +a),
and hence, by Lemma 2.1,
[Di(v —w,t) — (v —w)(t)] < [Dp(v —w,t)[ + (v — w)(t + ar)|

< 2[o = wlloo-
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Also, since
_k+1

ap —

we have
2 1
lo(t + ag) —v(t)| < wy (v, k) < 2wy (U, k) .
Using (2.6), we therefore obtain

8 1
IDu(0,t) = o] < 200~ wlle + e+ 201 (0, ).

Since g 1
210 =l + 0"l <8 (1 = e + 7l )

we obtain
1, , 1
1Di(v,8) = v(®)] <8 { lv = wlloo + w0 | + 201 { v, )

Taking the infimum over all w € C?[~2,2], we get

1 1
|Di(v,t) —v(t)] < 8K, <v, k:) + 2wy (v, k:) .
Finally, using the standard relation
KQ(’U, (5) < MCUQ('U, \/5),

with § = 1/k, we conclude that

Dy, t) — v(t)] < 8Muw (v, \}E> + 2 <v, ;) .

This completes the proof.

Theorem 5. Let v € C?[—2,2] and t € [-1,1]. Then

Tim k {Dy(o.8) — v} = v/(0) + (1 - 82,

Proof. Let v € C?*[—2,2] and fix t € [-1,1]. By Taylor’s formula with the
Peano remainder, we have

v(y) =v(t) + (y —)'(t) + %(y —1)%"(t) + (y — £)*0(y, 1), (2.12)
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where

o(y) = o(t) = (y = (1) = 3y~ (1)
0(y,t) = (y —t)? A

0, y=t.

Since v € C?[—2,2], we have

zl/lg}f 0(y,t) =0. (2.13)

For each fixed t € [—1,1], the function y — 6(y,t) is continuous on [—2,2] \ {t}.
Since
11J1_>mt 0(y,t) =0(t,t) =0,

it extends continuously to [—2,2] and is therefore bounded.
Applying the positive linear operator Dy to both sides of (2.12), we obtain

Dy (v,t) — v(t) = v'(t) Dy(y — t,t)

U Dty — 0.0

+ Dy ((y — £)*0(y,1),t) .

+

Multiplying both sides by k, we get

R{Di(v,1) — v(t)} = /() kDy(y — 1)

30 kDl — 17,1

+kDy, ((y — )%0(y, 1), t) .

_l’_

By Lemma 1.2,
lim kDy(y —t,t) = lim k6,(t) =1
k—o0 k—o0

and
lim kDy((y —t)%,t) = lim kfy(t) =1 — t2.
k—o0 k—o0

Therefore, it remains only to prove that

lim kDy ((y — t)*0(y, t), t) =0.
k—o00
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By the Cauchy—Bunyakovsky—Schwarz inequality,

‘ka ((y - t)QQ(ya t)? t)| < k\/Dk((y - t)47 t)\/Dk:(QQ(ya t)? t)

= \/kQDk((y - t)4> t) \/Dk(02(yv t)a t)'

For fixed t € [—1, 1], the function
gi(y) = 0%(y.t)
belongs to C[—2,2] and satisfies
gi(t) = 62(t,t) = 0.
Hence, by Theorem 2.1,

lim Dy (6°(y,t),t) = 62(t,t) = 0.

k—o0

On the other hand, by Lemma 1.2,
lim E2Dy((y —t)*,t) = lim k%0,4(t) = 3t* — 6t> + 3.
k—o0 k—o0

Since
3t — 612 +3 =3(1 )2
and t € [—1,1], we have
0<3(1—-t%)2<3.

Therefore,
{kQDk((y - t)4a t)}k21

is bounded for sufficiently large k.
Consequently,
lim kDy ((y — t)*0(y, 1), t) =0.

k—o0

Combining the above limits, we conclude that

lim k{Dy(v.1) — o(t)} = o'(8) + 2 (1 — 12y,

k—o00 2

This completes the proof.



Example 1. Let

2(t) =t
Then
Jt)y =43, () =12t
Therefore,
/ 2"(t) 2 3 2 2
2'(t) + 5 (1—1t%) =4t> +6t°(1 — t°),
that 1is,

Z(t) + —-- %) = 4t + 6t — 6t*.

Thus, the example is consistent with the Voronovskaja-type formula.

Graphical results.

1. Graphs of the function h(t) = Si;ﬁ’;t) and the operator Dj,.

Black: h, blue: Dqg, red: Doy, brown: Dyg.

Figure 1: Graphs of h and the operator Dj.

13
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2. Graphical comparison of the operators C; and Dy.

Black: h, red: 3, blue: Dsg.

0.5 -

Figure 2: Graphical comparison of the operators C; and Dj,.

In addition to the graphical illustrations, numerical approximation errors of
the operators Dy, and C} are presented in Tables 1 and 2. The numerical results
show that the approximation errors decrease as k increases. For the numerical
comparison, we consider the test function

sin(27t)

h(t) = ———=.
®) 1+ t2

Tables 1 and 2 report the absolute approximation errors of Dy and C} at t = —0.75

and t = 0.25, respectively.
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Table 1: Approximation errors of Dy, and C} for t = —0.75.

k[ [Da(h,t) = h(®)] _[Cy(h, 1) — h(1)]
10 0.5069284020 0.4010766989
102 0.0522179807 0.0439459046
103 0.0048768383 0.0042174279
104 0.0004838083 0.0004196138
105 | 0.0000483417  0.0000419398
108 0.0000048323 0.0000041923
107 | 0.0000004889  0.0000004250
108 0.0000001019 0.0000000912
Table 2: Approximation errors of Dy, and Cj, for t = 0.25.
k[ [Da(h,t) = h(®)] [Cy(h,8) — h(d)]
10 0.8534796555 0.8018392411
102 0.1702562149 0.1593759762
103 0.0183409602 0.0173799679
104 0.0018479437 0.0017536221
10° 0.0001849336 0.0001755198
106 0.0000184962 0.0000175550
107 0.0000018523 0.0000017583
108 0.0000001235 0.0000017583

References

[1] Altomare, F., & Campiti, M. (1994). Korovkin-type approximation theory

2]

3]

4]

15]

and its applications. Walter de Gruyter.

Bernstein, S. N. (1912/1913). Démonstration du théoréme de Weierstrass
fondée sur le calcul des probabilités. Communications of the Kharkov Math-
ematical Society, 13, 1-2.

Bohman, H. (1952). On approximation of continuous and analytic functions.
Arkiv for Matematik, 2(1), 43-56.

Cai, Q. B., Lian, B., & Zhou, G. (2018). Approximation properties of \-

Bernstein operators. Journal of Inequalities and Applications, 2018, 1-11.

Cetin, N. (2023). On complex modified Bernstein—Stancu operators. Mathe-
matical Foundations of Computing, 6(1), 63-77.



16
[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

A. Izgi, D. Karahan Dinsever

Cilo, A. (2012). [-1,1] araliginda Bernstein polinomlarinin yaklasim ozellikleri
ve yaklagim hiz [Master’s thesis, Harran University].

Cilo, A., Ural, A., & Izgi, A. (2012). Properties of approximation and rate of
approximation of Bernstein polynomials in the interval [—1, 1]. In Proceedings
of the XXV Ulusal Matematik Sempozyumu (September 5-8, 2012). Nigde
University.

Deo, N., & Pratap, R. (2020). a-Bernstein—Kantorovich operators. Afrika
Matematika, 31(3-4), 609-618.

DeVore, R. A., & Lorentz, G. G. (1993). Constructive approximation.
Springer.

Farouki, R. T., & Rajan, V. T. (1987). On the numerical condition of poly-
nomials in Bernstein form. Computer Aided Geometric Design, 4, 191-216.

Gadjiev, A., & Ghorbanalizadeh, A. (2010). Approximation properties of a
new type of Bernstein—Stancu polynomials of one and two variables. Applied
Mathematics and Computation, 216(3), 890-901.

Kahvecibagi, 1. (2014). Approzimation properties of Bernstein—Kantorovich
operators on the interval [—1,1] [Master’s thesis, Harran University].

Kantorovich, L. V. (1930). Sur certains développements suivant les
polynomes de la forme de S. Bernstein I, II. Doklady Akademii Nauk SSSR,
595-600, 563-568.

Korovkin, P. P. (1953). On convergence of linear positive operators in the
space of continuous functions. Doklady Akademii Nauk SSSR, 90, 961-964.

Lorentz, G. G. (1986). Bernstein polynomials. Chelsea Publishing Company.

Mohiuddine, S. A., Acar, T., & Alotaibi, A. (2017). Construction of a new
family of Bernstein—Kantorovich operators. Mathematical Methods in the Ap-
plied Sciences, 40, T749-7759.

Sucu, S., & Ibikli, E. (2013). Approximation by means of Kantorovich—
Stancu-type operators. Numerical Functional Analysis and Optimization,
34(5), B57-575.

Ural, A. (2012). Bernstein polinomlar ve bazi modifikasyonlarnan yaklasim-
lariman grafik ve nimerik tablolar ile karsilagtirlmalary [Master’s thesis, Har-
ran University|.



17

[19] Weierstrass, K. (1885). Uber die analytische Darstellbarkeit sogenannter
willkiirlicher Functionen einer reellen Veradnderlichen. Sitzungsberichte der
Koniglich Preuflischen Akademie der Wissenschaften zu Berlin, 1885(11).

Aydin Izgi

Harran University, Faculty of Arts and Sciences, Department of Mathematics, Sanlhurfa,
Tlirkiye

E-mail: aydinizgi@Qyahoo.com

Déne Karahan Dinsever

Harran University, Faculty of Arts and Sciences, Department of Mathematics, Sanlhwurfa,
Tiirkiye

E-mail: dkarahan@harran.edu.tr

Received 06 March 2026
Accepted 20 October 2026



