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On the Strong Solvability of a Nonlocal Bound-
ary Value Problem for the Laplace Equation in
Weighted Grand Lebesgue Spaces in Rectangle

T. Gasymov, B. Akhmadli*, I. Feyzullayev

Abstract. The paper considers a nonlocal boundary value problem for the Laplace
equation in a rectangular domain within Sobolev spaces generated by the norm of a
weighted grand Lebesgue space. The concept of strong solvability for this problem is
introduced, and its well-posedness (correct solvability) is established. Furthermore, the
basis property of the system of eigen- and associated functions of a related spectral prob-
lem is proved in separable weighted grand Lebesgue spaces; this result is subsequently
employed to justify the problem’s solvability. It should be noted that similar problems in
a semi-infinite strip were previously investigated in the classical setting by E.I. Moiseev
[1], as well as M.E. Lerner and O.A. Repin [2].
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1. Introduction

While the theory of strong and weak solvability for linear elliptic equations in
Sobolev spaces is well-established and thoroughly documented in classical mono-
graphs, many problems arising in mechanics and mathematical physics fall outside
this traditional framework.

Consider the following nonlocal boundary value problem for the Laplace equa-
tion:

Ugg T Uyy =0, 0<z <2, 0<y<h, (1)

u(z,0) =9 (), u(z,h)=1v ), 0<zx<2m, (2)
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ug (0,y) =0, u(0,y)=u(2m,y), 0<y<h. (3)

Such problems have specific peculiarities compared to the ones with local con-
ditions. Earlier, F.I.Frankl [5]; [6, p.453-456] considered the problem with non-
local boundary condition for a mixed type equation. Bitsadze-Samarski problem
[7] for elliptic equations is also nonlocal with supports on a part of the bound-
ary of domain, and these supports are free of other boundary conditions. In
[8], N.L.Ionkin and E.I.Moiseev solved the boundary value problem for multi-
dimensional parabolic equations with nonlocal conditions, whose supports are
the characteristic and the improper parts of the boundary of domain.

We note that the study of the solvability of elliptic equations with respect to
the so-called non-standard function spaces, as well as in weighted grand Sobolev
spaces, encounters certain difficulties compared to the weightless case. Therefore,
the number of studies devoted to this area has been growing in recent years (see,
for example, [3,4, 9-25]), and the development of the corresponding theory is
far from complete. These attempts are also relevant in connection with the
question of the basis properties of eigenfunctions and associated functions of
spectral problems obtained by applying the method of separation of variables
in the corresponding non-standard function spaces. The question of the basis
property of the classical exponential system in weighted Lebesgue spaces was
studied in [26, 27]. In this regard, we note the works [28-34,40-41], in which
similar questions are studied and appropriate research methods are proposed.

2. Auxiliary concepts and facts

We will use standard notations. N will be the set of positive integers, while
a=(a1;az) € ZT x ZT will denote a multi-index, where Z* = N U {0}. Denote

0% = %, where |a| = a1 +as. By | M| we will denote the Lebesgue measure
of the set M;

Let us define our weighted grand Sobolev space. Let, II = (0,27) x (0,h).
Denote by Ly, (II) a Banach space of functions on IT with the mixed norm

h 27 %5
e = sup e[ 1f @yl v(@)dz ) dy,1<p<+oo.
p),u( ) 0 0 0

<e<p—1

Denote by Wg) , (II) a weighted grand Sobolev space generated by the norm

el = 107l -

la|<2
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Now denote by L) (I), where I = (0,27), a grand Lebesgue space generated by

the norm
f = sup f(x p fu >
I ||Lp>,l,(1) s 1( /| )l

Recall that the class of Muckenhoupt weights A, (I) [26, 27] is the class of periodic
functions (i.e., it is considered that the function v(z) is periodically extended to
the entire axis with period 27) satisfying the condition

1\ P71
sup / dt> < / v P 1> < 400,
s (i g,

where the supremum is taken over all intervals J C I and |J| is a length of the
interval J. These spaces are nonseparable and therefore the method of biorthogo-
nal expansion (essentially the spectral method) is not applicable for studying the
solvability of differential equations with respect to these spaces. In this regard we
select the subspace Ny ,(IT) C Ly, (IT) (separable) based on the shift operator
Ts:
oy Jul@+dry), (z+d:y)ell
T ={ G e

So let us assume

Npy o, () = S W (1) = Y (| T5(0%u) = 0%ully, |y = 0,6 =0

o <2

2.1. Statement of the problem

For a well-posed statement of the considered boundary value problem, it is
first necessary to define the trace operator corresponding to the weighted grand
Sobolev space Nz?)w (IT) on the domain IT = (0, 27) x (0,h) C R2. The boundary
is denoted by 0II = Ip|J I}, UTo U 2, where Ip = {(z;0) : 0 <z < 2w}, I}, =
{(z;h):0<x<2r}, Ty = {(0;y) : 0 <y <h}and I'yr = {(27y) : 0 <y < h}.
In the framework of grand spaces, for 1 < p < +oo the embedding L), (I) C
Ly (I) holds for any small € > 0. Under he assumption that the weight satisfies

the Muckenhoupt condition, the continuous embedding Ng) L) © WEI) is

. . 2
valid. Consequently, for every function u € N , (IT) the traces u|y and ug|yp

are well-defined as functions in Lq (011; do) with respect to the Lebesgue measure
on the boundary.
Consider the following nonlocal problem:

Au=0, (x;y)€ell, (4)
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ully = () . uln, =v¢ (), ulr,=ulr,, , uzlr, =0, (5)
By the solution of this problem, we mean a function u € N;)_V (IT), which satisfies
the equality (4) a.e. in II and whose traces satisfy the relations (5) on the

boundary JII. Taking into account the above, we arrive at the following definition
of strong solvability of problem (4)-(5).

Definition 1. A function u € Np2) , (II) is called a strong solution of the problem
(4)-(5) if the equality (4) is satisfied for a.e. (x;y) € II and its trace u|am satisfies

the relations (5).

2.2. Some facts from basis theory

Let us present some well-known concepts and facts from basis theory. Let
X be a Banach space. A system {u,}, .y C X is called a basis if any element
f € X is uniquely represented as a series

0
f :zzz:cnun
n=1

convergent in the norm X. A system {u,},.ny C X is called complete in X
if Sp{un} = X and minimal in X if u, ¢ Sp{ug};,. It is known that each
basis of the space X is a complete and minimal system in X, the converse is
not true in general. The system {z,}, .y C X is complete in X <= ¢ € X*
Az, ) = o(x,) =0, Vne N = ¢ =0. The system {u,}, .y is minimal
in X if and only if there exists a biorthogonal system i.e. there exists a system
{On}tnen C X* such that (uy,Vr) = U (un) = Opk, where d,, is the Kronecker
symbol.

Basis criterion. The system {un}, .y C X is a basis of the space X if and
only if the following conditions are satisfied:

1) {un},cn is complete and minimal in X;

2) The projectors

n
Pof =) (f, k),
k=1
where {1 },cn is a biorthogonal system, are uniformly bounded.
Definition 2. A system {u,},cn C X is called a basis with brackets in X if there

exists a sequence of integers 0 = ng < ny < ng < ..., such that each element
f € X is uniquely represented as a series

Nk+1

F=Y > cu,

k=0 i=ng+1
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convergent in the norm X.

Basis criterion with brackets. The system {un}, .y C X is a basis with
brackets of the space X if and only if the following conditions are satisfied:

L. {un} ey is complete and minimal in X;

2. The projectors

ng
P f =) (f 90w,
i=1
where {0y}, cn is a biorthogonal system, are uniformly bounded.

Proposition 1. [28] Let the system {un},cn form a basis with brackets in
X and be uniformly minimal, and let the sequence {nj41 — nk}kGN be bounded.
Then the system {un},c nforms an usually basis in X.

Applying the Fourier method to solution of the problem (4)-(5) leads to the
following spectral problem
u' (x) 4+ Mu(z) =0,z €I, (6)
u(0) = u (27),u (0) = 0.

The eigenvalues of problem (5) are \,, = n?, n € Z*, and corresponding eigen
functions are ug, (z) = cosnz, n € Z*. Each eigenfunction ug, (z), n € N,
has one associated function ug,—1 () = xsinnx, n € N. Consider the collection
of root functions

uo () = 1, u2y (x) = cosnz ,ug,—1 () = zsinnz, n € N, (7)

and also set

Yo (x) = % 2m — ), V9, (z) = % (2m — x) cos nz,

1
Von—1 (z) = s sinnz, n € N. (8)

Note that these systems are biorthogonal conjugate, which can be verified directly.
To obtain our main result, we will significantly use the following theorem.

Theorem 1. Let v e A, (I), 1 <p < +oo, andv(x) =v(2r —x), v € I. Then
system (7) forms a basis in Ny, (I).
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Proof. To prove this, we first show the uniform boundedness of the spectral
projections Py, n € Z,. Proceeding analogously to [35] and using the represen-
tation for the Green’s function, we reduce the estimation of the projections Pay,
to the estimation of integrals of the following types

27
1 (f) () = /0 T e 1, () =

r+E€
_ [T @) _ [T 1@
[ mtoretenn= [ 5 lede
2m
i =[O e e fo.2n], £ @) € Ny (1),

To estimate the norm of the operator I (f), we represent it in the form

0 _
R = [ e

—2r L= f
Let us extend the function f(—¢&) to the interval [—2m, 27|, setting f(—¢) =
0, £ € [0,2x]. Then we obtain

27 —
ne = [ e

—2r L 6
Therefore, taking into account the boundedness of the Hilbert transform in the
weighted Grand Lebesgue space Ly)., (—27,2m) (see [39]) we have

1 (D lIn,) < 1 (Pl (—2m2m) < ClF (), (2mom) =
= Clf (=)lIn, —2m0) = CllF I, )

Therefore, taking into account the boundedness of the Hilbert transform in
the weighted Grand Lebesgue space L,).,,(—2p, 2p) (see [39]) we have

|11 (f)HNp)W(I) < |1 (f)”Np);U(—Qw,ZW) < C”f(—‘)HNp)w(—mr,%r) =

= ClIf (=)lln,,, 2wy = CllFlln,,

The boundedness of the operators I; (f) for j = 2,3,4 is proved similarly,
by replacing the variable £ = 27 — (, and taking into account the condition
v(z) = v (2m — x). Therefore, we obtain the uniform boundedness of the system
of projections { Py}, 7. which, according to the basis criterion with brackets,
means that system (7) is a basis with brackets in IV,,).,, (). Moreover, the norms of
the functions from (7) and (8), are uniformly bounded in Np.,,(I). and (Np).,(I).”
respectively. Then, applying Proposition 1, we obtain that system (7) forms an
usually basis for the space N,).,(1).
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3. Main results

The main result of the work is the following theorem.

Theorem 2. Let the weight function v(x) belong to the class A, (I),1 < p < 400,
v(z) = v(2m — ) and the boundary functions ¢(x) and ¥ (x) belong to the space

NS)_V(I) and satisfy the conditions

! /

@ (0) =@ (2m) = ¢ (0) = ¥(0) = (27) = ¢ (0) = 0.

Then problem (1)-(3) has a unique solution in Nz) 5

valid the following estimate

(IT) and moreover it is

lellz < e (lellaz o +ellxz ).
where ¢ > 0 is a constant independent of p and 1.

Proof. First of all,we note that the uniqueness of the solution follows from
the results of [4]. Therefore,we proceed directly to the proof of the existence of a
solution.Suppose u (z,y) € Ng).y (IT) is a solution of the problem (4)-(5). Consider

Un (y) = (u(-,y),9n (), ie.

UO(Z/) = % 027ru(x,y) (271— - SL‘) dz,

Uan (y) = 5= f027r u(x,y) (27 — x) cosnz dz, 9)

Uon—1(y) = % Ozﬂu (x,y)sinnz de , n € N.

It is absolutely clear that for a.e. € I the relation

+d wl(z
w(z, y—l—5)—u(x,y):/y 0 (at’t)dt, Vy e (0.h) (10)
Yy

holds.Since % € L; (IT), applying Theorem 1.1.1 of [36,p.13], from (11) we obtain
that the functions U, (y) are twice differentiable and can be differentiated under
the integral sign. Since the function u (z,y) satisfies the equation (4), multiplying
it by sinnx (by (27 — z)cosnz ) and integrating over I, we obtain the following
relations for Us,—1 (y) (respectively, for Us, (v)):

. U(/)/ (y) =0, (/S (07 h)
Upp 1 (y) — n*Uzp—1 (y) = 0, y € (0,h) (11)
U (y) = n?Usn (y) = —2nUszn—1(y), y € (0,h).
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Applying the Newton-Leibniz formula and taking into the account the first
boundary condition (5), we obtain

3 3
ug(x) == u(x,§) :u(x,())—l—/o (%g;’y)dy:gp(xﬂ—/o ({Mg’y)dﬁ,a.e.xel.

Consequently,

£
|u<x,f>—w<x>|s/0

Hence, it immediately follows that

ou (z,y)
0y

‘ dy,a.e. x € I.

3u Ou (z,y)
el = [ 0@ - 0@ dr< [ / ] dyde. (12)
We have [II¢| — 0 as & = +0. Then from (12) it follows that
ug () = ¢ (), &= +0, (13)

in the norm of the space L (I).
Similarly, taking into account the second boundary condition (5), we have

u (x h ou (x
u(a:,&):u(x,h)—/g 0 éyy) dy = (x) — /5 Wdy,a.e.mel.

/Iu(x,g) |dx<//

As [II\II¢] = 0 when £ — h — 0, from (14) it follows that

ug () = v (), £€=>h-0, (15)

in the norm of the space L; (I).

On the other hand, it is clear that U, (y) € W2 (0, h). Hence it immediately
follows that there exist the limits

Hence,

dy dzx. (14)

au:ﬂy'

1 N lim U, (y) = Uy (h), 7+,
Jim Un (y) = Un (0) i U (y) =Un(h), Vne

By (13) and (15), from the last two relations it immediately follows that

Ui (0) =, U,(h)=1v,, VnezZt, (16)
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where
00 = 52z gﬂw()(Qﬂ-—w)dx,
902n 1= ﬂg fo ¢ (x) sinnz dx, (17)
fo ¢ (z) (2m — x) cosnz dx,n € N;;

2

Yo = 5 Jo ¥(x) (2m — x) dr,
¢2n 1= 73 fOQPw )sinnx dx, (18)
1/;2”: Qﬂ@b( ) (2m — z) cosnx dz,n € N.

Solution of the problem (9), (16) in the case of odd indices is

sinhn y sinhn (h — y)

P2n—1

Usn—1 (y) = Yon-1——— , VYn€eN, (19)

sinhn h sinhn h

and the solution of the problem (9), (16) in the case of even indices is

U[) (y) — /lzZ)O — ¥0

2
Y+ o, (20)
Un () = Yopsinh nh + hipe,_1coshnh — hypoy—1  sinhny M_
Y= sinhnh sinh nh ¥ sinhnh
cosh ny coshn (h —y)
<¢2n 1" 5 sinh nh ©on 1W ,Vn € N. (21)

Consider the function

w(@,y) =Uo(y) + Y Un(y) un () =Uo (y) +
n=1

+ Z (Ugg (y) coskx + Usp—1 (y) asinkz ), (x,y) €I, (22)

where the coefficients Up (y) , Uz (-) , Usk—1(-) , & € N, are defined by

(19)-(21). Let’s show that the function u (z,y) belongs to NpZ),V (IT). Denote by

Uq,3 (2, y) the sum of the series obtained by the formal differentiation of the series
(22), i.e

Ua g (2,y) = +§: D), (23)
where a,3 € Z*,a+ 3 =0,1,2, and
d®uy, (x) d°U, (y)
= (c) 2 m\7 (8) _ 2 ¥n\J)
Up,0 ($, y) U (fL‘, y) y Up, (SU) dz® ) Un (y) dyﬁ .
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Let’s first consider the series
oo
z,y) = Z Usk—1 (y) xsinkzx.

Differentiating this series formally term-by-term, we have

2 o] .
%yu?l - Z U'sk—1 (y) asinkz = Z k*Uspp_1 (y) xsinkz,
k=1 P

8u1 Zng 1 smk‘m+Zk‘ng 1 (y) xcoskex,
k=1

62U1 )
o2 =2 Z kUQkfl(y)cos kz =592 k2Usk—1 (y) zsin kzx.
k=1

Denote

= Zk2UQk_1 (y) xsinkz .

Let’s show that the function w (z,y) belongs to L., (II).

27 2
1 "
Pop_1 = / ) sinkx dz, oy | = =— Y (z)sink z du.
™ Jo

From (17), integrating by parts, we obtain

1 21
Pak—1 = —2/ ¢ (x) dcoskx =
T k 0

:_# <<p(27r)—@(0)_/0%@,(:6)(308]% dx) =

1 2 / ]‘ 2 " : ]‘ 1
= 77214:/0 O'(x)coskx de = 7T2k2/0 O (x)sinkx de = 72 P2h-1-

Similarly, from (18) we have

Yop—1 = 22 ¢2k 1

Thus,

> [, sinhky sinh k (h — y) .
= _— kx .
; (%k_lsinhk T R e
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It is known that if v € A, (I) , 1 < p < 400, then 3 a > 1:v € L, (1)
(see, e.g., [37, p. 395]). Let ¢ € (0,p—1) be an arbitrary number. We have
the following continuous embeddings: L,(I) C Lp—<(I) C Li(I). Let us suppose

that 8 = 2= — B' =1- p %. Then from Holder’s inequality we obtain

21 2 1 21 % 21 BL/
/ 1P vda :/ 1P viv? du < (/ |f|p1/da:> (/ udm) =
0 0 0 0

€

2 p%g 2w % 2w p—c’
= (5/ ]f\p_sudac> < (/ |f|p_€1/dzv> (/ I/d$> gp—
0 0 0
2T %
< [Tisrvar)”
0

where ¢ > 0 is a constant which is independent of f and €. This immediately
gives

3=
-

IN

”fHLp),V(I) < C”fHLp,V(I)vvf € Lp)y (7).

Applying Holder’s inequality again, we obtain

([ i) = ([ o) ([

1

27 P
o[ wepra) ",
0

where ¢ = (277)é (consequently, ¢ does not depend on w (z,y)) and p; = pa/.
Consider the following separate cases regarding p.

I. First, let us assume p > 2. Then we have p; = pa’ > 2. Applying the
classical Hausdorff-Young theorem (see, e.g., [38, p.154]) to the function w (x,y),
from inequality we have

lw (@, 9)L, , < (/O%I (z,y)|Pv (z )da;);

© 2T %
<Y |Un (/ |[ugk—1 (ﬂf)pldx)
k=1 0

= hky n  sinhk (h —y)
< k2 _ < sin it ST e
_01; |Uar, l(y)’_clkz 1/’% 1Slnhk‘h+(p2k 1™ gnhk h >

IN

IN
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<035 (e B i )
=1

P21 " inhk h
Hence, first integrating with respect to y € (0,h) and then applying Holder’s
inequality for any S € (1,00), we obtain

(Wb [ S|
||wHL 1., (IT) 12 Sinhk‘h/o Slnhkydy+sinhkh /0 sinhk(h—y) dy | <

vl
< inh ky dy <
c1 Z sinh kh /0 IR EY CY =

coshk h —
12 ksinh kh (

|+ fea]) <

1 1 1
00 o 00 5 o 5
" 1 \7 B B
< CQZ (‘%k 1‘ +802k—1> <ca (Z k5/> ( © ) + ( )
k=1 n=1 n=1

Now, assuming /3 > 2 and applying classical Hausdorff-Young inequality (see, e.g.
[38, p.154]) we have

oy < 0 (194 10 ) )

where § € [2; +00] is some number with % + b’i =1.

It is known (see, e.g..[26]) that if v € A, (I) ,1 < p < +oo, then 3¢ : 1 <
g<p—e<p=veA;(I). Let us suppose that, r= p—s and g € Ly, (I). Then
1 < r < pe and we have

, B
_d a'r
(/1/ a dx) =
I

1

(/1 ]g’dx) (/ \g\wqu—qu)’l" < (/1 g7 v dx)q

1 q—1
1
= (/|9’pl/ d:v)p</1/_q—1 dx) ’
1 1

4 1
Taking into account that % = —L- | the relation v~ a1 € Ly (I) follows from
v € Ay (I). Then from previous inequality we directly obtain

3

HQHLT([) < CHQHLPE I (28)
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Then, the last inequality means and where ¢ > 0 is a constant independent
of g. Also note that the continuous embedding Ly (I) C Lq (I) is true for every
€ (1,7). Let us choose 3 big enough to satisfy the condition

1<p <r= HQHLB,(I) < gl

is satisfied. Then from (27), (28) we obtain

lwllz,, ,am < ¢ (HWHLP)W(I) T HQ"//HLM,V(I))

II. Now let p € (1,2). Therefore, choosing a > 1 close enough to 1, we can
provide that p; = po/ > 2 (this is possible, because o/ — +o00 as a — 1+ 0).
With this, further+ considerations are carried out similar to the previous case.
Other series from (24)-(26), and, consequently, all series from (22) are estimated
in a similar way. So, as a result, we obtain

lellws an < e (Nelws o + 1¥lhws )

where ¢ > 0 is a constant independent of ¢ and 1. The fulfillment of equation
(4) by u(-,-) can be verified directly. Let’s verify the fulfillment of boundary
conditions. Denote the trace operators on I'g,I'ar, Ip and I, by 6y, 02,, Ty and
Th, respectively. Let’s show that Tou = ¢. It is clear that, Tou € Lq (I) and

¢ € Ly (I). From the boundedness of the operator Tj € [WPQ) (I1) ; Lyy (1) |

sV

Vp>1, it follows that if u,, — v in W; (IT), then wpm /1 — u/1 in Ly (1).

)’V
Now, let’s consider the following functions:

m

m (z,y) = Uy (y)—l—z (Uan, (y) cosnx + Uap—1 (y) zsinnz ), (z;y) € II, m € N.
n=1
We have
Totim =t (2,0) = Uy (0) + Y _ (Uzn (0) cosnz + Uz—1 (0) & sinna ) =
n=1
1

2m ™1 2r
:2]?2/ @(T)(QTF—T)CZT+Z7T2/ o (t) (2 — 1) cosnt drcosnx +
0 n=1 0
2w
¢ (1) sinnt drsinnx .

+7
772 0
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It is clear that,Tyu,, — Tou. On the other hand the basicity of the system (7)
for Ny, (I) implies Touy, — ¢, m — o0, in Ly, (I). Consequently, Tou = ¢, a.e.
on [.

Absolutely similar we can show that Tju,, — ¥, m — 00, in Ly, (I). Conse-
quently, Thu = 1, a.e. on I.

Consider the operators € and 6. It is clear that Ogu,, = Ou,,, Ym € N.
Obviously, Opu,, — Oou and Oz u,, = O2,u = Opu = Ozru. Thus, the boundary
conditions (5) are fulfilled.

The theorem is proved.
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