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The Basis Property of the System of Exponents in
Weighted Grand Lebesgue Space
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Abstract. The basis property of a perturbed exponential system in weighted grand
Lebesgue spaces satisfying the Muckenhoupt condition is studied. Sufficient conditions
for the basis property of the considered system in the weighted grand Lebesgue space are
found under the assumption that the weight satisfies the Muckenhoupt condition.
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1. Introduction

When solving problems involving mixed (or elliptic) type equations using the
Fourier method, sine and cosine systems of the form

{sin(nt + 5(t)) }pen, {cos(nt + B(t))}nen, (1)

naturally arise (see, for example, [11, 12, 13, 18]). Here, 8 : [0,7] — R is a
real-valued function. To justify the formally constructed solution, it is essential
to examine the fundamental basis properties of these systems in appropriate
functional spaces-typically Lebesgue, Sobolev, or grand Lebesgue spaces (see, for
example, [7, 8]). The basis properties of systems (1) in the space L, (0, 7 ), 1 <
p < 400 , have been studied for a wide class of functions 5 (-) (see [1, 2, 3, 4, 5,
6, 14, 15, 21, 22]). The investigation of the basis properties of system (1) closely
related to those of basis properties of the following exponential system

{ ei(nt+a(t)Signn)} (2)
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where a : [—m, 7] — R. It should be noted that the basis properties of systems
(1) and (2) have been studied in Lebesgue spaces with power-type weights [9, 16,
17, 20, 23].

In this paper, we consider the basis problem for the exponential system (2)
in the general weighted grand Lebesgue space Ly , (—m,7m), 1 <p< +4oo and
establish sufficient conditions for its basis property in terms of the function « (-)
and the weight function v ().

2. Auxiliary facts

In what follows we use the standard notations:

1. N the set of natural numbers Ny = {0} UN | Z = {-N}UN, |
2. R the set of real numbers, C the set of complex numbers,

3.w = {z€C :|z|] <1} the unit ball in the complex plane, v =
{z € C : |z| =1} the unit circle,

4. 6pm Kronecker delta,

i ) 1,n >0,
5. sgnn the sign function: sgnn = { “ln<0.
Let Ly, (=7, m), 1 < p < 400, denote the weighted grand Lebesgue space
of functions measurable on the interval [—, 7], equipped with the norm

1
p—e

Il =, 50 /|f WPcdt| < +oo,

where v: [—-m, 7] — [0,400) is a measurable weight function, periodically ex-
tended to the whole real axis R by v(x + 27) = v(x) for all x € R.

We denote by A,(—m,m),1 < p < +o0, the class of weights, referred to as the
Muckenhoupt class, satisfying

ICS“EW]QH/ “‘“) <|}\/ v )dt>p1 <t

where I is any finite interval, |I| denotes the its length and the supremum is
taken over all finite intervals I C [—m,].
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The space Ly ,(—m,7), endowed with the given norm, is not separable.
Therefore, the basis problem for the system will be considered in the subspace

Np),z/ (—7'(',71') = {f € Lp)(_ﬂ-vﬂ-) : ||f( + 7’) - f(')HLp)’V(—ﬂ',W) - 0,17 - 0} ’

which is induced by the shift operator.
The space associated with the weighted grand Lebesgue space denote by

(Lp)’,,(—ﬂ, 7['))/, p > 1. It is defined by the norm

gl , = sup lIfgllz,, <-+oo,
’ fesp '

where SP) = {f € Ly (=m,m) : |f]l,),, < 1} is unit sphere. According to [24]
(Np)ﬂ,(—w,w))* = (Np),l,(—ﬁ,w))/ , and thus each functional ) € (Np),,,(—w,ﬁ))*

is determined by a unique function g € (Np)’,,(—ﬂ, 77)) via

n(f) = / £ () g@dt.Vf € Ny, (—m,7).

We now introduce the weighted grand Lebesgue spaces, Hardy classes, and
their grand analogs-grand-Hardy classes- along with several foundational theo-
rems essential for our analysis. In the unit disk, the weighted Hardy classes of
analytic functions f satisfying

0<r<1

sup /‘f (re™) V(t)‘pdt < +o0,

are denoted by H,f,,p > 1(for more details, see [28]) with norm

1/p

g, = s | [1f Gy viPar
’ o<r<1 -

Suppose f(z) is analytic outside the unit disk and has finite order at infinity.
Its Laurent expansion about infinity is

f(z) = Z ar?® = fo(2) + fi(z), 2 = +oo,

k=—o00
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0 m
where fo(z) = 3. az" is the regular part and f1(z) = 3 azz* is the principal
k=—00 k=1
part. If m < 1 then fi(2) =0 . If f (%) € H;,j,p > 1, we say that f (z) belongs
to the class ,,,H, ,,p > 1. For more detailed information about Hardy classes,
refer to works [25-27].
Let H D) P> 1, denote the weighted grand Hardy class of analytic functions
in the dlSC w, deﬁned by the following norm

1fll+ = sup [ f(re®)p), < +oo.
phv  0<r<l1

It is clear that if fv € Ly(—m, ), then any function, f € H];fl,,p > 1, has non-
tangential limit values f+ (eit) almost everywhere on the boundary v as r — 1.
We will denote by ,,, H 3 ,p > 1, the weighted grand Hardy class that satisfies

the condition f €, H__ O<e<p—1:f (%) € Hl's ,- For these classes, the

p—e, v
following continuous inclusions hold:

H;VcH+) CHf_,Vee(0,p—1). (3)

We will denote the restriction of functions from the weighted grand Hardy

class H' to the v as L, . The operator ®, defined by the formula ®, f (1) =
p)v p)v

ft(r), 7 € 7, establishes an isomorphism between the spaces L;r) , and H;) -

Denote by NIS ,, the intersection of spaces N , and LT . Ttis clear that the space

p)v’
N7 is a subspace of LT, . Let us denote this fact as NHY = &7} (N+ )
p)v p)v p)v + p)v

Accordingly, define the operator ®_ f(7) = f~(7) and the space ®_ (me_) y) =m

L;)W. Let us define the space mN;;),u as Np)vyﬂL;)W and accept mNH];)W
ot ( Np_) V) .o mH}:)’V%mL[j)W is an isomorphism between these spaces.

We will need the following theorem about singular operator S.

Theorem 1. (/30]) Suppose that the operator S is bounded on the weighted spaces
Ly,(—m, ) and Ly, ,(—m, ) for someeg € (0,p—1) andv € AyNA,_.,. Then
S is bounded on Ly ,(—m, ), where operator S is Cauchy type singular operator

and defined by - )
" f

o T—t

S(f) =

We will also need the following theorem concerning these spaces.

Theorem 2. ([29]) Suppose there ezists a number ¢ € (0,p — 1) such that
v'teL_. (—m,n). Then the space Ly, (—m,x) is dense in Ny ,(—m, ).

p—e—1
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Additionally, the following theorem on the basis property of the exponential
system in grand Lebesgue spaces holds.

Theorem 3. ([29]) Suppose v (-) is a 27 periodic function and v € A, (—m, 7).
Then the system {ei”t}nez forms a basis in the space Ny ,(—m,7), 1 <p < +oo0.

We will also need the following theorem about the basis property of exponen-

tial systems {e™ }n€Z+ and {e_mt}neN-

Theorem 4. Suppose v € Ay (—m,m) , 1 <p < oo then:
1) The system {ei"t }n€Z+ forms a basis in the space Np)’y(—ﬂ',ﬂ);

2) The system {e*int}neN forms a basis in the space Np_)’y(—ﬂ,w).
Proof. The following continuous inclusions are valid
Lp,u C Np),y C Lp),u C Lp*E,l/ y €€ (O,p - 1)~ (4)

It is known that for Vp € (1, +o0) if v € A}, then the direct sum L,, = L}, @ L,
is valid, where L;,Ly v (L; V) C Ly, is a subspace obtained by restricting the Hardy
class H;fy (,1H};V) onto v. Clearly, the inclusion Ny, C Ly, ,Ve € (0,p—1)

holds. Let us take any function f from the space N;S

{emt} forms a basis in the space Ny, (—m,7) (see Theorem 3) we can write
nez p),
the expansion of f with respect to this system

,(=m,m). Since the system

f= Z cne™. (5)

Since f € L} . (—m,m) the expansion (5) is also valid for Ve € (0,p — 1) in the

p—gv

space Ly_c,(—m,m). From this, it follows that for n < 0 = ¢, = 0. Hence, the
expansion (5) takes the following form

+oo
f= g cne™.
n=0

The uniqueness of the expansion is obtained by the minimality of the sys-

tem {eim}nEZ in the space N;SV(—W,W). Thus, any function f from the space
N;;V(—T(',ﬂ') is uniquely expanded into a series with respect to the system
{eim }n ez, and therefore, the system {eint }n ez, forms a basis in the space
N (—m, 7).

p)v

Similarly, it is established the basis property of the system {e*int}n ey i the

space N

) L(=m,m), 1 <p < +oo. The theorem is proved.
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3. The Basis Property of Perturbed Exponential System

Let us consider the following exponential system

{ pi(nt+a(t)signn) }

nGZ7

where «/ (t) is a piecewise Holder function defined on the interval [—m, 7r]. Denote
the discontinuity points of the function « (t) by {tx}p_q: —7 =ty < t1 <2 <
<o« <ty < m and define

hkIa(tk—{—())—Oz(tk—()),k::L...,n,

ho = a(+7) — a(-m),

where hy, represents the jumps of the function « (-) at the points {tx};_-
The following main theorem is valid.

Theorem 5. Suppose v € A, (—m, ) and let the weight function w (t) be defined
by

sin

) tO = -,

_hy
t—1tp | 27
2

wit) =11
k=0

where hg = a (+7) —a(—7n),hy = a(ty +0) —a(ty —0),k=1,...,n, and af-)
is a piecewise Holder function with jumps at the points —m < t1 < to < -+ <
t, < .

If w(t)v(t) € Ap, }21—7’; < 1 for k=1,...,n then the system

{ei<nt+a<t>signn>} 7
neZ

forms a basis in the space Ny (=7, 7), 1<p < +o0.

Proof. For the arbitrary function f € Ny ,(—m,7) , let us consider the fol-
lowing non-homogeneous Riemann problem in the grand-Hardy class N HI'S L X1

P’
e~ pt (e") — et p- (e") = f(t), ae. t € (—m,m). (6)
A solution of the boundary value problem (6) is understood as a pair

(FT,F7) € NHj , x_1 NH,  whose non-tangential boundary values Ft (&)

(inside the unit disk) and F~ (e") (outside the unit disk) satisfy (6) on 7. The
solution of the problem (6) is known to be unique (see [6, 7]) and is given by

Fi(z) = 2(2) /7r f(t) 1 Zdt,z ¢ 7,

2 J_ LT (eft) 1 —e
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where Z (z) is the canonical solution of the following homogeneous boundary
value problem

eia(t) 7+ (e") — e 7= (e") =0, t e (—mm).
The canonical solution (see [7]) is given by:

[ X(2), lel<1,
Z(z)‘{ X2, |2 > 1,

i [T et + 2
X(z)zexp{llﬁ/ a(t)eit_zdt}.

—T

where

Applying the Sokhotski-Plemelj formulas to the Cauchy-type integral for Fj(z)
we obtain

+ eit T s eis .
F () = L2 ( )/_ J(s) .dsE;f(t)—Z+(e’t)S<f>,

27 LT (e8) ets — et zZ+

it 12~ Z=(e") [ f(s e’ _
Fy (6 ) T ot Eeztg (t) - 257 ) /7r Z+((6)is) eis _eitds =

12 (e o
:_QZJF((eitgf(t)_Z (e )S(Zf_>,t€(—7r,7r),

where singular operator S is given by

1 eis

el BR(OF

S(f) = ds.

e'Lt

It is known (see [25]) that

_ e
. t — tk 27
Sin

27 () ~wt =]

k=0

Denote the integral term in the above formula by

K(f) =wS (fw™).

We now show that the Cauchy-type operator is bounded in the space
Npyp(=m,m), 1 <p < +o0.
Suppose that {wr} € A,. Then, by Theorem 1, there exists M > 0 such that

13 4 e p£8_
KW=, s (5 [ Gwre)" -
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_ e [T -1 p—e = o
- <2W/ (|8 (fo 1) v)) > _
= |lwS (f ),y < M| fw™,) 0 =M fly), V€L

Hence, K is bounded in Ny , (-, 77).

Now, let us show that the inclusion F}" € N;) (=7, ) (Ff € N;S V(—T(‘,?T))

is valid. By Theorem 2 we have L, ,(—m,7) = Ny, (=7, 7). Then for every
[ € Ny, (—m,7) there exists a sequence {f,} € Ly, (—m, ), such that f, — f
asn — oo in Ly ,(—m, 7). The boundedness of operator K (-), implies K (f,) —
K(f)asn — ooin Ly ,(—m, 7). From this, we deduce that K(f) € Ny, (—m, 7).

Thus, f € Ny, (=7, m) and K(f) € Ny ,(—m,7) imply Ffr e Npy (=, 7).

D),V (_7T7 ﬂ-) .

Since the space Nt (—m, ) is the intersection of Ny ,(—,7) and IPL (=, 7),
p),v p)v
it follows that I}~ € N;; (=7, ).
Similarly, one shows F|" € N, (=, ).
Since v € A, (—m,m), Theorem 4 ensures that the functions F* (") and

F~ (") admit the expansmns

F+ (6it) — Z W;:_ (F+) 6int’ — Z W — —ZTLt
n=0
where
1 . 1 ™ .
+ = + —int — -\ — = — int
Wi (FH) = 2W/ F* (1) eminta, Wiy (F7) 27T/_WF (1) it dt.

We now show that W, € (NH,,)" for all Vn € Z,, and W,; € (NH,,,)" for all
Vn e N
Indeed

1 p—e—1

= o (/ OF adt> - (/_W\V_l(t)\pf;ldg T < oo

Due to v € Ay(—m, ) the last parenthesis is bounded and and hence {W,F} C
(N;)V( ™ 7[‘)) .

Consider now the minimality of the system {ei(”t+°‘(t)51g"“)}
space Np) ,(—m,m). We have

Wi =g [ rema <

nez N the

e S (B e t>zw Dem=gm.
n=0
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By Ty (T-) We denote the linear operators that map the function f(-) to
FH(:)(F~(-)) : F* = Ty f where F'* are the solutions of the problem (6). Then

we have
1

- + —int _
%/ F* (c) et

Wi (F7 ("))

1 g 1
= / (Tef)e ™t = o / f(Tre ™) dt,n € Zy,
W, (F~ (")) = _ L F— ') e*tdt =
" 2
1 ikt 1 * 1kt
=5 (T HeMdt = f T dt,k € N.
T ™

It follows that
Ty : Npy (=7, 7) — N;)W(—W,W);T, : Np)Vl,(—T(',ﬂ')—)mNI;V(—W,TF).

Thus
T (N5 (o)) = (N (= m) 5T () (mm) ) = (N (=)

Here, 77 and T™ denote the adjoint to the 7'y and T operators, correspond-
ingly. It is clear that the following relations are satisfied

Tj;e_int € (Np)7,,(—7r,7r))*,Vn € Z,, T e e (Np)7,,(—7r,7r))*,Vk € N.
Let us denote V5 = Tt WE. Thus, we have
n

Wi (FF) = Wi (Tef) = TEWE(f) = ViE(f).

For the expression (6), taking the expansion of f () into account, we obtain

t) _ e—z‘oz(t) Z Vn—i- (f) eint + eia(t) Z Vn_ (f) e~int
n=0 n=1

Clearly, here

Z VJr 1nt
- ezt) _ io: an<f)efint.
n=1
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And now in the Riemann problem (6) instead of the function f (¢) take f(t) =
e~ ekt \where k € Z, is a fixed integer. Then the solution of (6) takes the
following form

V [ 7la(t)eiat] 2",

° (8)
V [ —ia(t) wzt] 5T

£M8ﬁM8

On the other hand, the following pair of functions are also solutions of (6):

Fr(z)=2", |2| <1,
{ F(2)=0, |2| > 1. 9)

By comparing the solutions (8) and (9) and using the uniqueness of the solution,
we conclude A A

Vn+ [e—zoc(t)ezkt] — 5nk
V, [emie®eikt] = 0,Yn € N,Vk € Z.

n

Similarly, if we take f(t) = e’ we obtain

n

V.- [em(t)e*ikt] = 0px, Vk,n € N.

Vi [ele®e=kt]) = 0,Vk € N,Vn € Z4,

From these relations, it follows that the system {Vn+, Vniﬂ}n ez, is biorthog-
onal to the system (2) and consequently, the system (2) is a minimal
in Ny, (=7, 7).

The theorem proved.
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