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Abstract. The aim of this article is to investigate structural properties of discrete Mor-
rey spaces £, (Z) and their weak counterparts wt, x(Z). We establish continuous embed-
ding theorems both within the class of discrete Morrey spaces and within weak discrete
Morrey spaces, providing explicit conditions on the parameters p and A. Furthermore,
based on a local estimate for the discrete Hilbert transform derived in this work, we
prove its strong and weak boundedness on discrete Morrey spaces over Z.
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1. Introduction

Morrey spaces were first introduced by C. B. Morrey in 1938 [23] during his
investigation of the local behavior of solutions to certain elliptic partial differential
equations. Since their introduction, Morrey spaces have played a fundamental
role in harmonic analysis, potential theory, and the theory of partial differential
equations, and they have been extensively studied together with their weak and
generalized variants [1, 6, 7, 8, 9, 10, 11, 15, 16, 20, 21, 22, 24, 25, 26, 29, 30].

In parallel with the development of continuous function spaces, discrete ana-
logues have emerged as essential tools in modern analysis. Discrete function
spaces naturally arise in problems where data are sampled at discrete points,
such as in digital signal processing, numerical analysis, and discrete potential
theory. These spaces preserve many structural features of their continuous coun-
terparts, yet they exhibit distinct analytical phenomena inherent to the discrete
setting.
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The discrete Morrey spaces denoted by /¢, z(Z), play an important role in
discrete harmonic analysis. In particular, weak discrete Morrey spaces w/), x(Z)
arise naturally in the study of operators that fail to be bounded in the strong sense
but satisfy weak-type inequalities, which are indispensable in both theoretical
investigations and applications.

The study of embeddings between Morrey-type spaces is a one of the main
topics in the theory of function spaces. Although sufficient conditions for embed-
dings are often available, obtaining necessary and sufficient conditions is crucial
for a full understanding of their underlying structure.

Another important motivation for the study of discrete Morrey spaces comes
from discrete operator theory. Classical operators such as the Hilbert transform,
fractional integral operators, and maximal operators have been investigated on
these spaces [2, 3, 4, 12, 13, 17, 18, 31, 32, 33, 34].

The aim of this study is to contribute to the systematic development of the
theory of discrete Morrey spaces over Z. We investigate the fundamental struc-
tural properties of the spaces £, x(Z) and w¥, x(Z), including their completeness
and quasi-Banach space structure. Furthermore, we establish continuous em-
bedding theorems both between discrete Morrey spaces and between their weak
counterparts, providing explicit conditions on the parameters p and A. A key
feature of our results is that these conditions are shown to be necessary and
sufficient, thereby ensuring the sharpness of the obtained embeddings. These
findings contribute to a deeper understanding of discrete function spaces and
provide a solid foundation for further investigations of discrete operators in har-
monic analysis. In particular, based on a local estimate for the discrete Hilbert
transform derived in this work, we prove its strong and weak boundedness on
discrete Morrey spaces over Z.

2. Discrete Morrey spaces

Let us begin with some definitions and notations used in this paper. We
write No = NU {0}, —No={...,—-2,-1,0}, Ry = (0,00), and Ry = [0, 00).
For j € Z and R € Ry, define the interval J(j, R) as

J(G,R)={keZ:|j—kl <R}

We denote #.J(j, R) as the cardinality of J(j, R). In fact, in some cases, it
suffices to consider only R = N € Ny. In particular, for any R € Ry, there exists
N € Ny such that N < R < N + 1, which implies

#J(G,N)=#J(j,R) = (j+N)—(j —N)+1=2N +1.
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Let J C Z. We denote by £,(J) the discrete Lebesgue space of all sequences
a = (G )mes with the norm

/
lallyy = (3 lanl?) "

meJ

for 1 <p < o0, and

llallgoe () = sup |am|
meJ

for p = oo.
Meanwhile, the discrete weak Lebesgue space wf,(.J) consists of all sequences
a = (@m)mes equipped with the quasi-norm

ey () = supy (#(m € T = am] > 7).
v

for 1 <p< 0.
It can be easily shown that the inequality

lallwe, () < lalle, (- (1)

is valid for any sequence a = (am)mes € {p(J).
The locally summable sequence space ELOC(Z) is the set of all sequences a =
(@m)mez such that

lallg,(s) < oo for every interval J C Z.
Moreover, wé%,OC(Z) is the set of all sequences a such that
|allwe, 5y < oo for every interval J C Z.

Let 1 < p < oo and A € R. The discrete Morrey space £, x\(Z) is defined as
the set of all sequences a = (am,)mez € Zéoc(Z) satisfying the condition that

;)\
lelle, @ = jezsblvpeNo(#J(j’ N)) 7 llalle,(si.vy) < 00

The following lemma is valid.
Lemma 1. Let 1 < p < oo and A € R. The following properties are valid.
1. If X =0, then €, \(Z) = £y(Z) and ”CLHZPYA(2) = ”CLHZP(2).

2. If A <0, then €, \(Z) = {8}, where 6 denotes the zero sequence.
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S IfA>1, then by \(Z) = Loo(Z) and |alle, \z) = llalleez)-
4. If 0 < X < 1, then £y \(Z) is nontrivial.
Proof.

1. Let A = 0. Recall that

alle = sup alle i .
lalle, oz jeZWeNOH le,(70i,3)

If a = (am)mez € €,(Z), then Hang(Z) < o0. For any J(j,N) = {j —

N,...,j+ N},
J+N 1p
lallgy gy = (D lanl) " < lallyz)-
m=j—N
Hence,
lalle, oz ZjGZSl]{?GN lalle,7G,n)) < llalle,z)y < oo,
) 0
50 & = (am)mez € Lpo(Z).
Let a = (am)mez € €po(Z), so
lalle, oz) = jeZSl}l\fpeN lalle,(s¢,n)) < o0
) 0

Taking j = 0, we have J(0,N) = {—N,..., N} and
N

aml|? = ||al/b < sup lallb ;v < 00.
m;N‘ ml” = lelle, oy < _sup  lelle, 6.8

Letting N — oo yields

lalle,z) < llallg, o(z) < o0,

hence a € ¢,,(Z).

Since both inclusions hold, we have

lpo(Z) = Lp(Z) and |allg, oz) = llalle,z)-
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2. Let A < 0. Recall that

lalle, \(z) = jeZSl]lVIéNO(#J(j, N)MPlalle, 16,3y

Then —\/p > 0, so (#J(4,N))™MP = 2N +1)"? = 00 as N — oc.
Suppose a = (am)mez € pA(Z) is nonzero. Then there exists mgy € Z such
that |am,| > 0. For N € N,

mot N 1/p 1
lalleyromony = (D0 laml®) " = (laml)> = lam, -

m=mgo—N

So,

lalle, \zy > (#J (Mo, N)) "2 lallg, (1(mo,n)
> |amg | (#J (Mo, N))i)\/p = [@m,| (2N + 1)7)\/p — 00, N — o0,

which contradicts the finiteness of [lall¢, ,(z). Hence no nonzero sequence
belongs to £, x(Z), that is £, \(Z) = {0}, where 6 denotes the zero sequence.

3. Let A > 1. Let a = (am)mez € loo(Z), i-e., [lalls,(z) = SUPmez |am| < oo.
Then for any j € Z and N € Ny,

1

HaHzp(J(j,N)):< . ’am’py

melJ(43,N)
. 1 .
< #IGN) [all?_ )" = TGN lal o ),

SO
F#JIG,N)Mllalle, 6.3y < FIGN)TIPall, )

Since A > 1, (1-X)/p < 0, and thus (#J(j, N))1=N/P = (2N +1)0-M/P < 1
for all N > 0. Hence

lalle, \(z) < llallew(z) < o0,

Therefore, a € ¢, \(Z).

Let a = (am)mez € lpA(Z). For any m € Z, N =0 set J(m,0) = {m} and
#J(m,0) = 1. Then

lalle, (7(m,0)) = laml-
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By definition of the discrete Morrey norm,

A
a = su J(m,N)) rlla m
lalle, \(z) o (#J(m, N)) 7 [lalle, (1 om.vy)

_A
> (#J(m,0)) "% llalle,(1m,0)) = lalle, (1m0 = laml-

So |am| < [lalle, ,(z) for all m € Z. Hence, |(all¢,,z) < llalle, \z) < oo and
a € l(Z).

Since both inclusions hold, we have
Uy \(Z) = loo(Z) and |lallg, ,(z) = llalle.@)-

4. Let 0 < XA < 1. Show that ¢, x(Z) is not trivial.

Consider the sequence a = (a,)mez defined by
o {1, m =0,
™o, m#£o.
The ¢, norm of a = (am)mez over the interval J(j, N) is equal to 0 or 1,
depending on whether 0 € J(j, N) or not:
— If0 € J(j,N) (i.e., |j| < N), then
lalle,r,ny) = laol = 1.
- If0¢ J(j,N) (ie., [j| > N), then
lalle,rj,n)) = 0.
Then for this sequence,

(2N +1)"MP |j| < N,

J(j, N))~P -
(#J (5, N)) " lalle,1¢5,3) {0’ > N,

Hence we obtain that
lalle, \z) = sup (#J(J, N))_)\/pHaHZp(J(j,N)) = sup (2N +1)"VP = 1.
JEZ,NeNg NeNy

Therefore, discrete Morrey spaces are nontrivial for 0 < A < 1:

tp\(Z) # {0}
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Lemma 2. Let1 < p < oo and 0 < X\ < 1. Then (¢, \(Z), |- HZP,A(Z)) is a Banach
space.

Proof. Clearly |lall, ,(z) = 0 for every a = (am)mez € lpA(Z). If |lalle, \z) =
0, then for every j € Z, and N € Ny we have ||al|s,(s(;,n)) = 0, so every coordinate
of a is zero; hence a = 0, and conversely, if a = (am)mez = 0, then [[all¢, ,(z) = 0.

For scalar a € R,

laalle, \(z) = sup #J (G, N)MPllaalle, .3
JEZ,NENy
=la| sup (#J(j, N))_/\/p||a|\ep(J(j,N))| = alllalle, ,(z)-
JEZ,NENg
Let a,b € ¢, \(Z). By Minkowski’s inequality,

_A
la +0ll, \z) = (F#J(G N)) "7 lla+bllg, 16,3y

A 1

= sup (#J(jaN))_p< Z ]am—i-bm\p);

JEZ,N€eNg meJ(j,N)
_a » ‘ _A 5
< s |(FIGN) TN Jawl?) H (BIGN) T D bl)
JEZ,N€ENo meJ(j,N) meJ(,N)

= su a . + b )
s (el + 1006, 06)

< sup lallg, vy +  sup bllesoin
o l6,(JG,N)) P lep(7GG,))

= llalle, \@) + 1blle, A (2)-

Thus | - [[g, ,(z) is & norm.
Let us show that £,(Z) is a Banach space. Let (a(™),en be a Cauchy
sequence in £, z(Z). Then for every € > 0 there exists N. such that for all

n,m > N,

Csup (I, N) M — a0 < e
JEZ,NENy

For any interval J(j, N), we obtain
la® = 0™, < FIGN)YPe  forall nm>Nee  (2)
In particular, taking N =0, k € Z (so J(k,0) = {k}) we obtain

1
e > [la™ —a™|, 0y = ( > ™ — az(m)|p> 7= al —al™].
1€ (k)
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Hence we conclude that for each fixed k € Z the scalar sequence (a,gn))n is
Cauchy in R and hence converges in R. Define a = (aj)rez by
ar = lim a,g") .
n—oo

We now show a € ¢, (Z) and a(™ — a in the Morrey norm. By (2) we obtain
that

1 1
||a(n) - aH@p(J(j,N)) _ < Z |a](<;n) o ak|P) P n%gnoo ( Z |a’(€”) _ CL]E:m)|p) P

keJ(j,N) keJ(j,N)
= lim fa® —al™ |y, 5,3 < #TGN)MPe.

Multiplying by (#J(j, N))~*? and taking the supremum over j € Z and N € N
yields
sup  (#J(j, N) P [[at™ = allg, 55y < e
JEZ,NENg

Hence [|a(™ — allg, \(z) < € for all n > N, which proves a™ — a in £, (7).

Finally, since [lally, ,(z) < lla — a(n)||gpy>\(z) + Ha(")H@pyA(Z) and the right-hand
side is finite for sufficiently large n, we conclude a € €, \(Z).

Therefore every Cauchy sequence converges in £, y(Z), and the space is com-
plete (Banach).

Remark 1. Lemma 2 was proved in [12]. For the sake of completeness, we
include the proof in our setting.

Theorem 1. Let 1 < p; <py <o and 0 < A, o < 1. Then

1—)\1§1—)\2 (3)

p1 D2

18 a necessary and sufficient condition for
bpus (2) = by (Z) with aly, . z) < llall, . (4)
for any a € ly, x,(Z) to hold.

Proof. Sufficiency. Assume (3) holds and set

B 1-—X\
b1 D2

1—)\2<0

(07
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Let a = (am)mez € lpy 2, (Z). Define f(t) = tP1/P2 for t > 0. Since 0 < p1/ps < 1,
the function f is concave. Fix j € Z and N € Ny. Applying Jensen’s inequality
to the finite average of the numbers {|a,,|P2 : m € J(j, N)} with equal weights
1/#J(j, N) yields

L P2 1 P2
m Z f(aml )§f<m Z || )

meJG,N) D) ETGN)
That is,
1 1 p1/p2
. Z lagm [Pt < (——x Z | P2 ]
#J(j, N) meTGN) (#J(% N) meTGN) )

Taking the 1/p; power of both sides gives
(#J (4, N))il/pluanﬁpl(‘](j,N)) < (#J(J, N))il/pZHGHEPQ(J(]',N))'
Multiply both sides by (#.J(j, N))1=21)/P1 to obtain

(#T G, N)) P lally,, .y < F#TG N #IGN)) 22 allg,, (16.8))-
Since o < 0 we have (#J(j,N))* = (2N + 1)* <1, hence

#T(, N) P allg,, (G < FETGN) 2P allg,, 16,3
Taking the supremum over all j € Z and N € Ny yields

lalle,, 5, @) = jEZS%IDENO(#J(j, N))ﬂl/plIIaHem(J(j,N))

; —X2/ A —
< jEZS:l]{[I;NU(#J(J,N)) 2P |allg,, (1G.n)) = llalle,, 1, @)-

This proves the sufficiency of (3).

Necessity. We use proof by contradiction. Suppose (3) fails, i.e.

11— 1-—A
= L 250.
b1 D2

We construct a sequence a € £p, x,(Z) for which a ¢ £, x,(Z).
Define a sequence a = (G, )mez by

a

0, =0, ) 1—A
O 1= " with 8= 2.
|m|=8, m #0 D2

Step 1. Show that a € ), \,(Z).
Fix j € Z, N € Ny and consider two cases.
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(i) Case 1: If |j| < 2N + 1, then for m € J(j,N), |m| < |j| + N < 3N + 1.
That is, J(j,N) € J(0,3N + 1). Hence

PR DI D D

meJ(j,N) meJ(§,N),m#0 mEJ(0,3N+1),m#£0
3N+1 3N+1

- Z ]m|_(1_)‘2) -9 Z m—(1=A2)
m=1

m=—(3N+1),m#0

3NA1 3N+1
— 2(1 + > m—(l—m) <2+ 2/ g~ (1=22) g
m=2 1
2 3N+1 2
—oy Zgh =2+ — (BN + 1™ 1),
)\2 1 )\2

Then

. _ 1/p2
#IG N (N faml)
melJ(43,N)
1/p2

< (2N + 1)~ re/p2 (2 + i((f&N F1)2 - 1))

(N .- 1))1/p2 3 (2+ 2 (6N + 1)&))””2
_ (N 4 1yerre B (2N + 1)%e/
(BN +1+ Z (BN + 1)Az))”p2
(2N + 1)*2/p2
11 2) (6N 1))
) . AE2J§7+1)Az/m ) = (1+A22)1/”2(m)A2/p2

2
A2/p2 4 \1/p2
< 2%/ (1 4 A2) .

(ii) Case 2: If |j| > 2N + 1, then for m € J(j,N), |m| = |j — (j —m)| >
. , . Lo, 1-j IES ]
‘|J| —|J —m]‘ > il =N > 5] + # = # > %' Therefore

IN

—(1-22)

S = Y m0ow <y ()

meJ(j,N) meJ(j,N),m#0
Hence

#IGN) (Y Janl) " <

meJ(43,N)
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M)*(lsz)/pz _ <2N + 1)(1%2)/]32

N+ 10 a4 1) (] 2

Since |j| > 2N + 1, we have 2@1721 < 2. Therefore,

(#T (5, N) 272 lallg,, sy < 20722772,

Combining the two cases and taking the supremum over all j € Z and N € Ny
shows [lalle,, .. (z) < 00, 50 a € £y, 3, (Z).

Step 2. Let us now show that a ¢ ¢,, ,(Z). Consider the intervals J(0,N) =
{=N,...,N}. For N > 1,

N N N
HGHIZ;(J((),N)) = Z |, Pt > 2 Z m PP =2 Z m~°,
m=—N m=1 m=1

where s = p18 = pil(g)@).

Because a > 0,

pl(l—)\g) (1—)\1
—— =
D1

—a) =1-A—ap <1
Moreover,

1—5—)\1:1—>\1—

1—A I—XA 1-2A
pi( 2):p1( 1 2

> =pia > 0.
p2 n b2

Since s < 1, we estimate using an integral:

al N+1 N4+ —1

Zm_SZ/ x_sdx:%.
1 1-—s

m=1

Therefore

1 1-s _ 1 1/p1
(700, N) ™ all, oy > (2N + 1) /71 24/m ((Nﬂ)_>

 olm (N_i_l)lfs_l 1/p1
-2 (<1—s><2N+1>M>

Since 1 — s > Ay, then the right-hand side tends to co as N — oo. Hence

sup (2N +1 —Ai/pr|g 0, (J(5.N)) = 09,
jeZ’NeNO( ) lalle,, (1¢.n)



154 J.V. Azizov, V.S. Guliyev

ie. [la| ¢y, = 0. This contradicts the assumed inequality, so the inequality
cannot hold when a > 0.

Combining sufficiency and necessity, we conclude that (3) is the necessary
and sufficient condition for (4) to hold.

Corollary 1. [12, Proposition 2.4] Let 1 < p < oo. Then 0 < Xy < A\ <1lisa
necessary and sufficient condition for

b () = Ly (Z) with [l , o < llalle, @)

for any a € £y, ,(Z) to hold.

3. Discrete weak Morrey spaces

Let 1 < p < oo and A € R. The discrete weak Morrey space wlp z(Z) is
defined as the set of all sequences a = (am)mez € wEéOC(Z) such that

. =2
lellutyo = sup, BTG el oy < o

The following proposition will be used to prove the second part of the next
lemma.

Proposition 1. Let 1 < p < o0, j € Z and N € Ny. Then for any sequence
a = {am}tmez € wly(J(j,N)), the following inequality

laj] < llallwe, (10,3 (5)
holds.
Proof. Since J(j,N) ={j — N,...,j + N}, then j € J(j, N). We consider
B =laj| —¢, 0 <e < |aj|.
Then |a;| > /3, and hence
je{me J(G,N):lam| > B}.

Therefore
#{m € J(G,N) : |an] > B} > L.

Using the definition of |||y, (¢, n)), We obtain

. 1/p
lalhu, (r.3)) = supy (#{m € TG, N) ¢ lam| > })
v>0
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> B(#m € 1G.N) lanl > 8) "
> [ =|a;| —e.
Since € > 0 is arbitrary, then
lallwe, 10,8y = lajl-

This completes the proof.

Lemma 3. Let 1 < p < oo and X € R. The following properties are valid.

1. If X =0, then wl, \(Z)

bp(Z) and |allwe, \(z) = llallwe,@)-

w
2. If A <0, then wlp \(Z) = {0}, where § denotes the zero sequence.
1

3. If A\ > 1, then wl, \(Z)

o(Z) and |allwe, \(z) = lallew@)-
4. If 0 < X < 1, then wly \(Z) is nontrivial.
Proof.

1. Let A =0. Then

lallwe, o(z) = P lallwe,(1¢,n5))-

If a = (am)mez € wlp(Z), then ||al|ye,z)y < 0o. For every interval J(j, N)

1
lallwe, (1.3 < Supy (#{m € Z: |am| > 7}) /P _ lallwe,z)-
Y

Hence

Al|lwe. (7)) = sup allwe,(J(5,N < |a||we..(z) < 00.
allwe, o(z) jeZ,NeNOH lwep(1G,8)) < lallwe, 2)
So a = (am)mez € wlyo(Z).

Conversely, let us show that wfy, o(Z) C wl,(Z). Let a = (am)mez € £po(Z),
then [|aly, o(z) < 00

Taking j = 0 we get J(0, N) = {—N,..., N} and

allwe,(J(0,N)) < Sup allwe,(J(,N)) = 1llwe, o(z)-
lallwe, (s0,3)) P lallwe, (1G,3)) = llallwe, o(z)
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For each fixed v > 0, define
En(y) :={m e J(O,N) : |am| > 7}

Then En(v) € Eny1(7) and
U Ev(y) ={m € Z: |am| > ~}.
N=0

Hence, by monotone convergence,
#{m € L: |ap| >} = lim #Ey(7).
N—oo

Therefore, for each fixed v > 0,

’7(#{771 EZL: |am| > 7}) 1/p _ ]\}grloo'}/(#EN('}/)) l/p.

Since for every N € Ny,

1/p
V(HEN) " < lallut, 0.8

we obtain
1/p
Y(#m e Z: lam| >7}) " < sup llallue,(0.8)-
NeNg
Taking the supremum over v > 0 yields

lallwe,z)y < sup [|allwe,s0,8)) < llallwe, @) < 0o
NeNy

Hence, a € wl,(Z).

Since both inclusions hold, we obtain
wlpo(Z) = wlp(Z) and  |lallwe, z) = llallwe,(z)-

2. Let A < 0. Then (2N +1)"*? — 0o as N — oo.

Suppose a = (am)mez € wlpr(Z) is nonzero. Then there exists mg € Z
such that |ay,,| > 0. For every N € Ny, according to Proposition 1, we have

allwe, (I(mo,N)) = l@mg-



Thus
lallwe, 2y = FT (M0, N)) P ([l (16mo,ny)
> (2N +1)"P|ay,| = 00, N = .
So no nonzero sequence can belong to wfp (Z). Hence
wly \(Z) = {6}.
. Let A > 1. Let a = (am)mez € loo(Z), i.e.,

lalley (z)y = sup lam| < .
meZ

Then for any j € Z and N € Ny, from (1) it follows that

1

lallugy 6.8 < ooy = (3 laml?)’
meJ(3,N)

< (BTG N Nlall?_ )P = HIGNDY falle o

Thus

(#IG,N) M2 alwe, vy < FIG NP all, iz
Since A > 1, then (1 — \)/p <0, and thus

(#J(G, N)TVP = aN + 1)ANP <1 forall N >0.

Hence
lallwe, rz) < llalleaz) < 00

Therefore,

loo(Z) Cwlp\(Z) and  allwe, \(2z) < lalle(z)-

157

Let a = (am)mez € lp(Z). For any m € Z consider J(m,0) = {m}. Then

by Proposition 1 we obtain
lallwe, ((m0)) = laml-

By definition of the discrete weak Morrey norm,

A
Q|| = su J(m,N)) 7|la|lw m
lallwe, ,(z) m€Z7£€N0 (#J( )P llallwe, (r(m,ny)
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2
> (#J(m,0)) ? |lallwe, (s(m,0)) = laml-

So |am| < [|allg, ,(z) for all m € Z.

Hence
lallew@) < llallwe, \@) < oo

Therefore
wlp\(Z) S loo(Z)  and  lallo,(z) < llallwe, \@)-
Since both inclusions hold, we have

wly \(Z) = lo(Z) and  |al|we, ,(z) = llalle(z)-

. Let 0 < A < 1. Show that w¢, »(Z) is not trivial.

Consider the sequence a = (a,)mez defined by
1, m=0,
Ay =
0, m#0.
The wf), norm of a = (ap,)mez over the interval J(j, N) is
. 1/p
lalluey ) = supy (#{m € TG, N) : am] > 73)
¥
The norm is equal to 0 or 1, depending on whether 0 € J(j, N) or not.
—If0e J(j,N) (ie., |j| < N), then
. 1/p
a0 = spy (#(m € TG, N) : am] > 7))
v

= sup 7(#{0})1/p =1

1>~>0
- If0¢ J(j,N) (ie., [j| > N), then
. 1/p
lallwe, .y = supy (#{m € TG, N) : lam| > 1)
>0

= sup’y(# (Z)) v = 0.

>0
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Therefore

(2N +1)"MP, |j| < N,

J(j, N =A/p ) —
G, M)l ) {O, TN

Hence

oty = 5UD (BTG N) Pallugy sy = Sup (2N +1)7P = 1
JEZ, N€ENy NeNp

Therefore, discrete weak Morrey spaces are nontrivial for 0 < A < 1:

wly \(Z) # {0}

Lemma 4. Let 1 < p < oo and 0 < X\ < 1. Then (w€p7>\(Z),||a||wgp,A(Z)) is a
quasi-Banach space.

Proof.  Clearly |[lallwe,,(zy = 0 for every a = (am)mez € wlpa(Z). If
lallwe, \(zy = O then for every j € Z, and N € Ny we have |[al[,e,(1(j,n)) = 0
Thus for every v > 0 the set {k € J(j, N) : |ag| > v} is empty; hence a; = 0 for
all k. Therefore, a is a zero sequence.

Conversely, a = (@, )mez = 6 implies the quasi-norm is

1
lallwe, 52y = supy(#{m € Z: 0> 7}) —
>0
For scalar a € R, since [|aall e, (1) = || |a]lwe, (1), We get

aallwe, \(z) = lal llallwe, ,(z)-
Let a,b € wl, \(Z). For v > 0 denote the sets
Eo(y) ={m € J(,N) : [am| >},

Ey(y) = {m € JG,N) ¢ bl > 7},
Bass(y) = {m € JG,N) & lam + bm| > 7}

Then the following is true

{lam +bm| > v} C {lam| > ~/2} U{lbm| > 7/2}-
So, for every v > 0

#Earb(7) < #Ea(7/2) + #Ep(7/2).
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Since the function u — u/? is subadditive on [0,00) for p > 1, we have

(#8u/2) + #550/2) " < (#8u0/2) " + (#Eur2) .

Hence,
V(#E) " s (#E0/2) "+ (#E0/) "
Writing v = 2(y/2), we obtain

1/p

1(#a)” <2[0/2) (#Bur/2) " + /) (#E0022) ).

Taking the supremum over v > 0 yields
la + bllwe, 6.3 < 2(lellwe, 16,85y + 10llwe,(16.8))) -

Multiplying by (#.J(j, N))~*? and taking the supremum over j € Z, N € Ny
gives

la + 0llwe, 2y < 2(lallwe, \z) + 10llwe, A (2))-
Hence | - [[we, ,(z) 18 @ quasi-norm.

Let us show that w/, »(Z) is a quasi-Banach space. Let (a(™),ey be a Cauchy
sequence in wf, \(Z). Then for every ¢ > 0 there exists N. such that for all
n,m > Ne,

Ha(N) — a(m)”wép,,\(Z) = jEZsl]{[pENO(#J(j, N))—)\/PHa(n) — qlm szp(‘](j7N)) <e.

Hence for any interval J(j, N) we obtain
lat™ — a™ || e gy < FIGN))MPe  forall  nom>N.. (6)

In particular, taking N =0, k € Z (so J(k,0) = {k}), by Proposition 1 and (6),
we have

g — o™ < (1™ — ™ [l ug, 0y < (#(k,0)V7 e,

for all n,m > N..
Hence we conclude that for each fixed k € Z the scalar sequence (a,(gn))n is
Cauchy in R and hence converges in R. Define a = (ay)kez by

ap = lim al”, e

n—oo
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We now show a € wl), y(Z) and a™ — a in the weak discrete Morrey quasi-norm.
For v > 0, define

E(y) = {k € J(,N) : [a" —ax| > 7}, Ewm(y) :={k € J(G,N) : [a)" —a{™| > ~}.
Let k € E(v). Then
\@én) —ag| > 7.

Set

O = |a,(€n) —ag| —v>0.

Since a,(gm) — aj as m — 00, there exists my € N such that

]a,(ﬁm) —ag| < 6 forall m >my.
Hence, for all m > my, by the reverse triangle inequality,
|a,(€n) — a,im)| > |a,(€n) —ag| — |ag — a]gm)| > \a,(cn) —ag| — 0 = 7.

Thus k € E,,(v) for all m > my,.
Since E(vy) C J(j,N) and J(j, N) is finite, the set E(7) is finite. Hence we
may define
mo := max{m; : i € E(y)}.

Then for every m > my,
E(v) C En(v).

Therefore,
#E(v) < #Ep(y) forall m > my.

Multiplying by ~ and taking the 1/p-power, we obtain
YHEM)'" < (#En(1))"" for all m > mo.
Taking the supremum over v > 0, we get
|a™ — allwe, 1,3y < Ja™ — a(m)ngp(J(j7N)) for all m > my.
By (6), it follows that
6™ = allwe, (1.3 < (F#I(G,N)MPe.

Multiplying by (#.J(j, N))~*/? and taking the supremum over j € Z and N € Ny,
we obtain
™ — allwe, z) < € for all n > N..
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Hence a(™ — a in wl, \(Z).
Finally, since

lallwe, (z) < 2<||a — a" e, @) + ||a(")sz,,,A(Z)),

and the right-hand side is finite for sufficiently large n, we conclude that a €
wﬁp,A(Z).

Therefore every Cauchy sequence converges in w/, »(Z), and thus the space
is a quasi-Banach space.

Remark 2. Lemma 4 was proved in [12]. For the sake of completeness, we
include the proof in our setting.

Theorem 2. Let 1 < p; <py <o and 0 < A, 9 < 1. Then
1-A 1-A

p1 P2

18 a necessary and sufficient condition for
Wy 2 (L) = whpy 3o (Z) with  lallwe,, 5, < llallwe, 5, (8)
for any a € wl,, »,(Z) to hold.
Proof. Sufficiency. Assume (7) holds and set

- 11—\
p1 D2

1—)\230'

(07

Let a = (am)mez € €py 2, (Z). Fix j € Z and N € Ny. For v > 0 set
E,:={meJ(4,N): |an| >~}

Then ) ) L
Y (HEy)PT =y (B, (#E,)n 7.
1 1 1

1
Since #E, < #J(j, N) and 77— g2 > 0, we have (#E,)71 72 < (#J(j, N)) 7172,
Thus for every v > 0,

1 1

(B <y (#E,)72 (#£J(j, N))7 7.

Taking the supremum over v > 0 on both sides yields

11
lallwe,, 7Gxy < GG N)) P P2 allwe,, (1G.8))- 9)
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A1

We multiply both sides of (9) by (#J(j, N)) »1:

. _M ) M1 1
#HJ(G,N)) 7llallwe,, (1G,.8)) < (#HJI(G,N)) TRETNE llallwe,, (7.3

Then combine exponents on the right:

b1 b1 P2 p1 b2

b2

_ﬁ+ 1 1 1-—X\ 1 :(1;1)\1_1;2)\2>+(1;2)\2_})12>_ A9

Therefore

Y o o x
FHJG,N)) 71 lallwe,, (sG.ny) < FIGN)) (FIGN)) 72 allwe,, (16,.5))-

Since a < 0, we have (#J(j, N))* = (2N +1)* < 1, and so
N o x
#J(G,N)) 7 lallwe,, (16,3 < FHEIGN)) 72 (|allwe,, (16.85))-
Taking the supremum over all j € Z, N € Ny yields

allwe,, , < llallwe

P1AL P2, 2"

This proves the sufficiency of (7).

Necessity. We use proof by contradiction. Suppose (7) fails, i.e.

1—A 1—A
= LI 2 50.
D1 D2

a

We construct a sequence a € wlp, x,(Z) for which a ¢ wl,, x,(Z).
Define a sequence a = (G, )mez by

0 = 1—A
A =14 m ’ with 8= 2
Im|=%, m #0 D2

Step 1. Show that a € wly, »,(Z). Fix j € Z, N € Ny. For every number
~v > 0 define

A() :=A{m € J(G,N) : lam| >~}

Since |a,| = |m|~? for m # 0, the condition |a,,| > 7 is equivalent to |m/| < 1B,
Hence
(meZ: |am| >y ={meZ: 0<|m| <~ '/P},
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so its cardinality satisfies
#{m e Z: |am| >y} <2978,
Since
A() ={m € J(G,N) : |am| >~} = J(G; N)n{m € Z: [am| > 7},

then
#A(y) <min{2N + 1, 2y 1/5}.

We want to estimate

lallwe,, (75,3 = sup ’Y(#A(’Y))l/pz-
>0

Now consider two cases:
Case 1: 2y~1/8 > 9N 4 1, equivalently

5 \5
< .
= <2N+1>

Then from (10) we obtain #A(y) < 2N + 1. Hence

1
Y (#AM)) P < A (@N + 1)VP
2 \* :
The supremum over (m) >y >0is

sup 7(#14(7))1/]92 < sup v(2N + 1)1/p2
(si1)"27>0 (si1)"27>0

B
< 1/p2 _ 98 1/pa—P.
_(2N+1> (2N +1) 27 (2N +1)

Case 2: 2y~ /8 < 2N 4 1, equivalently
> 2 ’
77 \eN+1)

#A(y) < 2978,

Then from (10) we have

SO
Y (HAM) P <y (2y VO P = 9l
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By our choice we obtain

1 1
- —=1-—=1-
6272 71;2/\2})2 1—>\2

< 0.

1
Thus the function ~ +— fyl Pr2 is decreasing, and so
Bl1—5-
2 > ( 5?2) :2/3 (2N+1)1/p2—ﬁ

sup oy (#A())'" < 217 <2N+1

'Y>(2N2+1 )B

(12)
From (11) and (12) it follows that
supy(#4(1) 7 <max{  sup  y(#AM) s y(#A()'7)

v>0 (ﬁ)ﬁZ’Yﬂ) 'y>( 2 )B

2N+1
=20 (2N 4 1)V/r275,
Multiplying by (#J(j, N))~*2/P2 = (2N + 1)~*2/P2 we obtain

(#J G, N)) 2/ supy (#A(7)) 7 < (2N 1) /2 28 (2N 4 1) e
v>0

1

A
= 28 (2N + 1)V/P2=B=%2/p2 = 9B (9N 4 1)!/P27 5" /P2 _ 989N 4+ 1)0 = 2P,

Taking the supremum over all j € Z and N € Ny we conclude

A
lallwe,, », = jEZSl]{]I;N (# (3, N)) P2 |l g, (15,3 < 2° < o0,
’ 0

Therefore a € wlp, x,(Z).

Step 2. Let us show that a & wl,, x,(Z). Consider j =0 and N € Ny. Fory >0
set

Ao(7) = {m € J(O,N) : [am| > }.
Since |a,| = |m|=? for m # 0,

Ao(y) = {m € J(O,N) : jm|™P > ~}.
Choose vy := (N +1)77. Then

Ao(yn) ={m € J(O,N) : 0 < |m| < (N + 1)},
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and therefore
#Ao(yN) = 2N — 2.

Consequently
1 - oN)1/p1
(o) = (7 1) N = EEEE
Hence, for any j € Z and N € Ny we obtain
(2N)1/P1

) _ : . 1/m > 7
llallwe, (1¢;,n)) ili%’y(#{m € J(j,N) : |am| >~} ) > N+ 1P

Multiplying both sides by (#.J(j, N))~*/P1 = (2N + 1)~*/P1 we obtain

1/p1
(TGN )P allugy oy = N + 1)l B

(N +1)8
(2N)1/P1
 (N+1)B@2N +1)M/p’
Since
1 A 1 1—A A - —
1 _71:7_72_71:1 /\1_1 /\2: >0,
p1 D1 D1 b2 P1 P1 D2

then taking the supremum over all j € Z and N € Ny gives HanémJ\l(Z) =
This contradicts (8). Thus (7) must hold.

Combining sufficiency and necessity, we conclude that (7) is the necessary

and sufficient condition for (8) to be valid.

Corollary 2. Let 1 < p < co. Then 0 < Xo < A1 < 1 is a necessary and

sufficient condition for
Wy, (Z) = wly 2 (Z) with [allue, , @ < lallue, ,, @)

for any a € we, »,(Z) to hold.

4. Discrete Hilbert transform

In this section the main result is strong type boundedness of the discrete
Hilbert transform on discrete Morrey space ¢, y(Z) for 1 < p < oo, and weak-type
(1,1) boundedness of the Hilbert transform from discrete Morrey space ¢ (Z)

to weak discrete Morrey space wly x(Z).
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For any sequence a = (ap)nez, the discrete Hilbert transform H is defined by

1 am,
Han_; Z n—m

meZ, m#n

This operator was introduced by D. Hilbert in the first decade of 20th century.
We first present the theorems from [4]

Theorem 3. [}/ Let a = (an)nez € {p(Z) with 1 < p < co. Then

s
) Il

[ Halle, z) < cot(

where p* = max{p, p%l} Consequently, | Hll¢,(z)—e,z) < cot<27;*>.

Theorem 4. [4] Let a = (ap)nez € ¢1(Z). Then
IHallwe, zy < D llalle, z),

Lt g+t
= g n o —— . Consequently, |H|l¢,(z)—wey(z) < D-
32 T 52 a

where D =

The following theorem, which provides local estimates for the discrete Hilbert
transform, serves as a fundamental tool in establishing our main results. We note
that this local estimate is a discrete analogue of the corresponding result obtained
by the second author in [6]; see also [8].

Theorem 5. Let 1 < p < o0.
(i) If 1 < p < oo, then for a = (an)nez € £y°(Z) and (j,N) € Z x Ny, then

lalle, (7.
[Hallg, 16,3y < Cp FI(G NPy ——2=m
! S5 #IG )

i 1
where C), = 2'2’7 cot (ZZ*> +2» 80,
(ii) Moreover, if p = 1, then for a = (an)nez € €°°(Z) and (j,N) € Z x Ny,
then

||CLHZ1(J(j,n))

[Hallue sy < CLRIGN) D e 55

n>N

where C1 = 6D + %.
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Proof. Let a = (aj)rez € X°(Z). For j € Z and N € Ny, we write a as

1)

a=ab+ G(Q), a) =a- XJ(j,2N+1)> a® =a- XJ(5,2N+1)C>

where J(j,2N +1)¢ = Z\ J(j,2N + 1). In other words

m = a,%) + a%), a%) = Gm * XJ(§,2N+1)> aff) = @m " XJ(j,2N+1)C -
Then by linearity of H, for every k € Z,
1 Ay,
Hay, = T Z k—m
meZ, m#k
(1) (2)
_1 am’ 1 am’ 4, (1) (2)
=~ > s > = Hay + Hay.

T
meZ, m#k meZ, m#k

Hence by the triangle inequality for all 1 < p < oo the following inequality

[Hall, 6.8 < 1AV g, 6.3y + 1HAP g, (10.3)

is valid.
Step 1. Since #J(j,n) =2n+1, for 1 < p < oo,
1 1 & d _1
Y s Y ———rx [ = Pave
n>aN+1 (#J(G,n)) P pzaN+1 (2n+1) 7R 2N+ (204 1)7"r

Thus

Z 1 1> p 1°-

w1 (#I(,m) T 2T (2N + 1))
Using monotonicity ||all,s(jn)) > llalle,r¢j2n+1)) for n > 2N + 1, we obtain
HGHK J(j,n 1
Z % > |lalle, (7.2n+1)) Z — 1
n>N (#J(Gn)) e n>2N+1 (#J(5,n)) P

p
lalle,(1¢,2n+1))-
22N+

\%

Therefore

. 1 lalle,(1¢i.n))
(#J(4,2N +1))» — (13)
72%<#JUJnY*P

SR

lalle,(7¢,2n+1)) <
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Since #J(j,2N +1) = 4N + 3 < 3(2N + 1) = 3#J(j, N), we have
(#J(,2N +1))/P < 3Y/P(#.J(j, N))¥/P. Then from (13) we obtain

1
2-3» . lalle,(1¢jn
lalle, vy < @I, NP S0 S (g
P o @I (m))

Step 2. Estimation for Ha™.
Case 1 < p < 0o. By the £,(Z) boundedness of H in Theorem 3 we have

1 1 m 1 m
0 ey < HaPllgy 2y < ot (5 ) la ey = cot (5 )l agancen-

Combining this inequality with (14), we obtain

1

2-3» m . 1 lalle,(1¢n
[HaW ey € = cot (5 ) (TGN 3 =208 1)
P P N I Gn)

Case p = 1. By the weak-type (1, 1) boundedness of ‘H in Theorem 4 we have
[HaW |ty 1.8 < 1HAY w2y < D laM |2y = D llalley(sian+1))-

Now applying (14) with p = 1, we obtain

. lalle, s
I#6 Dt 3.0 < 6D @G N)) 3 7. (16)
n>N %

Step 3. Estimation for Ha®.
For k € J(j,N) and m € J(j,2N + 1)¢ we have

1 3
Slm =l < k= m| < Sm—j,

. 102 aml ol
Ha,”| < = <2 —.
Holl< > pZa= 2 fom 2

: : m — jl
meJ(j,2N+1)¢ meJ(j2N+1)c

Let

A(G,N):={m€Z:2"2N +1) < m —j| < 2" 2N +1)}, reN,.
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Then |m — j| > 2"(2N + 1) for m € A,(j,N), so

N | o
M8

|| 2 & 1
|’Hak < Z - < - Z o T Z ||
pr |m — j| T 272N + 1) e GN)
p— 1
SEDIETE I VR
T 22N +1) meJ(j,2r 1 (2N+1))
2 & 1
==Y oo Y anl. (17)
T 22N+ 1) meJ(j,Rr(N))

where R.(N) :=2"T1(2N +1).
The following estimation is true:

#J(j,R-(N)) =2R,(N) +1=2"T22N + 1)+ 1 < 5-2"(2N + 1) (18)

Case 1 < p < co. By Holder inequality,

S laml < llalle, ., (v m e, 1GR3y
meJ (R (N))
1

= llalle, (G, ro(N))) (F#I (G, R (N))) 7"

Since
(BTG, RNV (#IG,RA(N))T | o
PEN+1) S0 G RNy U
then, for every k € J(j, N),
Ha®) < 20 i lalleyr. vy 19)

TS #IG.R(N)))
For each r € Ny let
I,(N):={neN:R.,(N) <n<2R,(N)}.

For n € I.(N) we have |lalls,s(in)) = lalle,(1¢,.(n)))> #I-(N) > Ry(N) and
#J < #J(j,2R(N)) = 2- (2R (N )) +1< 2(2R.(N ) 1) = 2(#J(j, R (N))),

lalle, (7)) lalle, (¢, R (V)))

lalle,(sG,R- ()

> #I.(N)- - > R.(N)-

1
nervy (#J(G,n)' v

(#J(j, 2R (N))) 7 (2 (#J G, Ro(N) 5
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Since
r(v). Neverey RN lelly s o)
T 1 1 1
@#JG, R(N)) T 2R (N)+ 1 95 (415, R(N)))
S 1 1 HaHﬁp(J(j R.(N)))
=3 i+l >
27 (#J(j, Re(N)))?
Then

||a”€p(J(j7R7-(N)))l < 6.9} ||aHzp<J(j,?£1
(#J(J, Rr(N)))» ner () (#J(G,m)) TP
Summing over r € Ny (the sets I,(N) are disjoint and cover {n > 2N + 1}) gives

(20)

all . lalle, (1
s 5y e,
r=0 (#J(]a T(N))>p r=0 nel.(N) (#J(]a )) P
1 — lalle,(7¢i,m))
=6-27 ) > xp(n) ST
r=0 neN (#J(jv n))1+p

_6. 2 Z H ||€p ZXIT(N)(H)

neN #J Jin )) r=0

lalle, s
—6-2v Z ol ))Hl XU, =0l (N) (1)

neN #J .]7
<625 HaHz,,(J”lzl <625 3 la ngwjﬁ . (1)
n>2N+1 (#J(]) )) n>N #J Jn ))

We insert this into (19),

o) <28 %0 3 alle,@Gmy
T SR
n>N (#J(Jan)) P

Taking the ¢, norm over k € J(j, N) (the bound is independent of k) yields

#a® , oay < 28 & G s T AsuGm o)
U won (#JI(Gn)) e

Case p=1. For k € J(j,N), from (17) and (18) it follows that

2 & 1
\Hak < p ZTH Z |aml

r=0 meJ (j,R(N))
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2 o)
== 3aNTT QNH lalles g, me )
r=0

10 lalle, 6, RT N))
< .
o ZO #J (j, Re(N))

It is obvious that (20) and (21) work for p = 1. Then

120 lalle,(7¢n))
H 2) < 1 : Js .
a1 <=5 2 GG

Therefore

120 lalle, (7))
Pt BAERAAE S S UL Ml
e o < =2 @IGND) 3 G5t

and since [|b|we, () < 110ll, sy for any sequence b = (b )mes € €p(J),

120 , lalley (7Gn))
H(a®) w8y < — (#TG, N BT =
1H @ e < <2 @IGN) 3 Grrse @9

Step 4. Conclusion.
If 1 < p < oo, combine (15) and (22) to get

1
2.3p 7 160 , lalle,(1¢i.n))
IHalle, vy < cot (o ) + 25 = ) (#J(G, N)YP T AeUGm)
oo < (5, oot (g) +20 ) %:V(#J(j,n))“i

If p =1, combine (16) and (23) to obtain

lalle, (16
[Halue, 6D+ 2) GIG,N)) 3 (T
woe < (804 27) 2 @G

The proof was completed.

The following theorem is our main result in this section regarding the bound-
edness of the discrete Hilbert transform on the discrete Morrey space over Z.

Theorem 6. Let 1 <p < oo and 0 < A < 1. Then, for p > 1 the discrete Hilbert
transform H is bounded on £y \(Z). Moreover,

pC,y

IFall, @) < g7y Nalley s
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1

where C), = gp cot( )—1—211 60

Also, for p =1 the discrete Hilbert transform H is bounded from {1 \(Z) to
wly \(Z). Moreover,

Cq

Halury @ < 573 253 Il @

where C1 = 6D + lﬂﬂ'

Proof.
Case 1: 1 <p < oo. Let a € {, \(Z). Fix j € Z and N € Ny. By Theorem 5(i),

) 1 HGHKP J
1Halle, s,y < Cp (BTGNP D %
n>N (#J(],N)) P

We multiply both sides by (#J(j, N))™7 to obtain

(#7G, N)" [ Halle, vy < Cp IGN)T D lalle ooy (#7G,m) ™ 7.

n>N

Using the definition of the discrete Morrey norm we get ||aHZp( JGm)) <
(#J(j,n))7 lalle, ,(z)» and therefore

. _2 . 1-A . _1—1=2
#JT (. N)"? [Hallg,r.n) < Cpllalle, sy FTGN) P > (#JI(Gn) "7
n>N
Then the sum becomes
S (#7(,n) S @n+1)T T < / Qe+ 1) de
n>N n>N N
— & -« _ TP - —x
Hence
. _x pC,
(#J (G, N)) 7| Halle, 1,85y < =) lalle, ,(z)

Taking the supremum for any j € Z and N € Ny yields

pC,
[Hallg @) < 5755 el

which proves the boundedness H : £, \(Z) — £, \(Z) for 1 < p < occ.
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Case 2: p=1. Let a € {1 5\(Z) and fix j € Z and N € N. By Theorem 5(ii),

. 1
IHallwe, 1,3y < C1(#J (4, N)) Z BEIGR lalle,(s¢n))-

n>N

Multiply by (#J(j, N)) ™
(#J(J, N) M Hallwey (g, < Cr FEIG NN #IGn) P lalle G-

n>N

Using [|all, (smy) < (#J (G, n) Mlalle, 5 z) gives
(#J(]> )) )\HHG’HU)& J(4,N)) < Cl ||aHfl 2 (Z) (#J .]7 1 A Z #J .77 2+)\'

n>N
Then
S @G m) = 3 @n 1) < / (20 +1)"2P da
n>N n>N N
1 1
-~ (ON+41)y A= - NI
Therefore

) _ 1 C
(#J (3, N)) " MHal|wey (16,n5)) < - N lalle, @) = 2(17_1>\) lalle, \(z)-

Taking the supremum for any j € Z and N € Ny yields

Cq
[Hallwe, , < A—N lalle, »z)-

Hence H : 1 \(Z) — wly z(Z) is bounded.
The proof was completed.

Remark 3. The boundedness of the discrete Hilbert transform on discrete Morrey
spaces over Z has been previously investigated in [2]. In contrast, our work estab-
lishes this boundedness via local estimation theorems for the Hilbert transform.
Furthermore, we obtain weak-type boundedness of the discrete Hilbert transform
on discrete Morrey spaces over Z and derive explicit—and sharper—constants in
the corresponding inequalities.
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