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Abstract. This study develops statistical Korovkin-type approximation theorems
within the framework of Banach function spaces. The main results are established on
the shift-invariant subspace X of a Banach function space X. Statistical versions of
Korovkin-type theorems are formulated for Kantorovich polynomial operators, addressing
both rearrangement-invariant and non-rearrangement-invariant Banach function spaces.
The analysis leverages the boundedness of the Hardy—Littlewood maximal operator and
the behavior of the operators on the finite Korovkin test set {1,t¢,#*}. Applications of
the main results are demonstrated in Grand Lebesgue spaces and Morrey-type spaces,
illustrating how statistical convergence extends classical approximation theory to more
general and non-standard functional settings.
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1. Introduction

Statistical convergence has become an essential notion in modern analysis,
finding applications in summability theory, probability, and approximation. In-
troduced independently by Fast and Steinhaus in 1951 [14, 31], the notion was
later examined by Zygmund [36] in the context of trigonometric series as a form
of almost-everywhere convergence. Since then, the subject has continued to de-
velop through the contributions of Schoenberg [29], Salat [28], Fridy [15, 16],
Connor [11], Fridy and Orhan [17], and Maddox [27], reinforcing its importance
in nonlinear summability and various areas of functional analysis.
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Concurrently, Korovkin-type approximation theorems have emerged as indis-
pensable tools in determining the convergence behavior of positive linear oper-
ators. Originally formulated by Korovkin in 1953 [25], the classical result pro-
vides sufficient conditions for uniform convergence in spaces like C|0, 1]. Subse-
quent generalizations have extended its reach to LP spaces [3, 12, 26], Morrey
spaces [10, 34], and rearrangement-invariant Banach spaces [33, 34]. Founda-
tional contributions by Bohman [7], Dzyadik [13], and Gadzhiev [19] have played
a central role in shaping the general Korovkin framework. For a comprehen-
sive treatment of Korovkin-type approximation theory, we refer the reader to the
monograph by Altomare and Campiti [2].

A connection between these two areas was established with the statistical
version of Korovkin’s theorem, introduced by Gadjiev and Orhan [18], where
statistical convergence conditions were applied to operator sequences to obtain
approximation results. This approach offered a more flexible framework, espe-
cially in settings involving stochastic or measure-theoretic structures. Additional
progress on statistical convergence was made by Bilalov and Nazarova [4, 5, 6],
who examined its behavior in metric and uniform spaces.

In response to the increasing complexity of real-world problems, such as
those arising in partial differential equations with irregular data or in varia-
tional settings, a variety of function spaces with more adaptable geometric and
growth properties have been developed. Examples include variable-summability
Lebesgue spaces, Grand Lebesgue spaces, Orlicz-type spaces, and nonseparable
Morrey-type spaces [9, 21, 24, 30]. These spaces allow for a more refined descrip-
tion of function behavior than is possible within the classical Lebesgue framework.
The problem of approximating sequences of operators to the identity operator in
such spaces has been studied in several works [20, 22, 23, 30].

In this context, the recent work of Zeren, Ismailov, and Karacam [35] ex-
tended Korovkin-type approximation theory to Banach function spaces by em-
ploying shift-invariant subspaces. Motivated by their approach, the present pa-
per establishes statistical Korovkin-type theorems on the shift-invariant subspace
X C X, where X denotes a Banach function space and X, is generated through
translation operators.

Our goal is to establish sufficient conditions under which sequences of
Kantorovich-type positive linear operators exhibit statistical convergence on X,
relying on their behavior on the finite Korovkin test set {1,¢,¢?}. This viewpoint
is rooted in classical Korovkin-type approximation theory, where convergence can
be verified through a small but structurally meaningful collection of test functions.
The analysis makes use of boundedness properties of the Hardy—Littlewood max-
imal operator, a central tool in harmonic analysis that provides control over local
averages and oscillatory behavior [32]. Alongside these operator-theoretic meth-
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ods, the study also draws on structural aspects of both rearrangement-invariant
and non-rearrangement-invariant function spaces, highlighting how symmetry,
modular behavior, and local regularity influence convergence. Applications are
presented in classical Lebesgue spaces, grand Lebesgue spaces and Morrey-type
spaces [8, 33]. These examples illustrate the robustness of the framework across
different integrability and regularity settings in statistical approximation.

2. Preliminaries and Definitions

Throughout this paper, we let |Q2| denote the Lebesgue measure of a measur-
able set Q@ C R™. Given Banach spaces X and Y, we write B(X,Y") for the space
of all bounded linear operators from X to Y, and abbreviate B(X) := B(X, X).

Let (S, A, 1) be a measure space, where A is a o-algebra of subsets of S, and
1 is a measure defined on A. Let M denote the set of all measurable functions
on S, My the set of all nonnegative measurable functions, and My the set of
functions in M that are finite a.e. For a measurable set £ € A, we write yg for
its characteristic function.

We also set RT := [0, 00) and let m denote the Lebesgue measure on RT. The
space C3°(§2) stands for the set of infinitely differentiable functions with compact
support in an open set {2 C R™.

We begin by recalling some fundamental facts from the theory of Banach
function spaces.

Definition 1. A functional p : My — [0,00] is called a function norm if it
satisfies the following properties for oll f, g, fn € M4, a > 0, and measurable
sets E € A:

1. p(f) =0if and only if f =0 a.e.; moreover, p(af) = ap(f) and p(f+g) <
p(f) +p(9)-

2. If g < f a.e., then p(g) < p(f).

5. If fut [ ae., then p(fa) 1 p(f).
4. If p(F) < oo, then p(xg) < oo.

5. If un(E) < oo, then there exists a constant Cg > 0 such that for all f € My,

/ fdu < Cgp(f),
E

where C'g depends only on E and p, but not on f.
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Then X consists of all measurable functions f such that p(|f]) < co. Let X
be a Banach function space generated by p, a Banach space of functions f € M
equipped with the norm

1fllx = p(1.f])-

Definition 2. Let X be a Banach function space. A function f € X is said to
have an absolutely continuous norm if

IfxE.llx =0 asn— oo,

for every sequence of measurable sets E,, € A satisfying E,+1 C By for alln and
Mozt En = 2.
The set of all functions in X having absolutely continuous norm will be de-

noted by X,.

2.1. Statistical Convergence in Metric Spaces

Let A C N. For each n € N, we define

If the limit

5(4) = lim §,(4)

exists, then §(A) is called the statistical density of the set A.

Let (X,d) be a metric space and let {zp}nen € X. The sequence {z,} is
called statistically convergent to 2 € X (denoted st-lim,, o0 x,, = ) if

Ve >0, §(A4:) =0,

where
A. ={neN:d(x,,x) > c}.
The sequence {z,} is called statistically fundamental (st-fundamental) if

Ve >0, 3n. € N such that 6(A,.) =0,

where
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Ap. ={n eN:d(zy,z, ) > €}
Define the set

K={ACN:5§A) =1}

Theorem 1 ([4]). Let (X,d) be a metric space and let {zp}nen C X. The
following conditions are equivalent:

(i) st-limy, oo Ty, = x;
(i) The sequence {xy} is statistically fundamental;

(11i) There exists a sequence {y,} C X such that lim, oo yn = = and {n € N :
Tn =1Yn} € K.

Corollary 1 ( [5]). Let (X, d) be a metric space and let the sequence {xy }nen C X
be such that

st- lim x, = x.
n—oo

Then there exists a strictly increasing subsequence {ny}tren C N such that
lim z,, =z,
k—o0

and the set {n; : k€ N} e K

Moreover, the following elementary fact shows that the family K is closed
under finite intersections.

Lemma 1 ( [5]). If A,B €K, then ANB € K.

2.2. Shift-Invariance and the Subspace X;

Let X be a Banach function space over the interval [0,1]. For every 6 € R
define the right-shift operator Ty : X — X as

fz+0), ifz+del0,1]

0, otherwise

Tsf(x) = {

We define X; C X to be the closure in X of all functions f € X for which

lim || 75 f — =0.
lim 75/ — fllx =0
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This subspace collects functions exhibiting strong translation-invariance and
will form the analytic foundation for our approximation results. This formulation
follows the framework introduced in [35].

Theorem 2 ( [35]). Let X be a Banach function space and 1 € X,. Then the
set C§°([0,1]) is dense in X,.

We next recall a fundamental tool from harmonic analysis, namely the Hardy—
Littlewood maximal operator, which provides essential control over the local os-
cillation and pointwise behavior of measurable functions. For a locally integrable
function f on [0,1], it is defined by

1
M = — dt.
()= s o [0

Theorem 3 ( [32]). Let X be a rearrangement-invariant Banach function space.
Then the Hardy—Littlewood mazximal operator M is bounded on X if and only if
the upper Boyd index of X satisfies Bx < 1.

2.3. Classical and Statistical Korovkin Theorems

‘We now recall the classical Korovkin theorem and its statistical version. Let
{Ln}nen be a sequence of positive linear operators on C([0, 1]).

If
lim ||L,g — gllo =0 Vg€ {1,t,t2},
n—oo

then
Tim [[Laf ~ Fleo =0 VS € C(0,1)).

In the statistical setting, the analogous result holds with the limit replaced by
statistical convergence, provided the convergence occurs on the same test set.

Theorem 4 ( [19]). Let {Ly,}nen be a sequence of positive linear operators acting
on the space C([0,1]) and taking values in a normed linear space.

Assume that for the Korovkin test set {1,t,t*}, the operators converge statis-
tically:

st-1im || Lng — glloo =0, for all g € {1,t,t%}.
n—o0

Then, statistical convergence holds uniformly for all f € C([0,1]):

st-lm [|Lof — flloo =0, ¥ € C(0,1).
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Theorem 5 ( [35]). Let X be a Banach function space such that 1 € X,, and let
{Ln}nen be a sequence of positive bounded linear operators in Xy satisfying the
condition

le Lng=g inC([0,1]) for all g € {1,t,1°}.
Then the relation
lim L,f =f inX foradl fe X,
n—oo

holds if and only if

sup | Lnll ) = ¢ < +00.
n

3. Main Results

In the following section, we formulate and demonstrate the statistical coun-
terpart of the classical Korovkin-type approximation theorem, specifically within
the framework of Banach function spaces.

Theorem 6. Let X be a Banach function space such that 1 € X, and let
{Ln}nen be a sequence of positive bounded linear operators in X satisfying

st- ILm Lng=g in C([0,1]) for all g € {1,t,1°}.

If
sup [ LnllB(x,) = ¢ < 400,
then
st—nIL%OLnf =f inX forall f e X;.
Proof. From

st- lim L,g; = ¢;
n—oo

where g;(t) = t, i = 0, 1,2, by Corollary 1, it follows that there exist subsequences

{ng)}keN C N, such that
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lim ||[L gi — gilloo =0, i=0,1,2.
k—o0 ny

Let {ny} = ﬂ?zo{ng)}. It follows directly from Lemma 1 that 6({ng}) = 1.
Obviously,

lim || Ly, g — gilloo =0, i=0,1,2.
k—o00

Then, by Theorem 5, we have

lim ||Lnkf_f||X =0, VfeX,.
k—o0

Consequently, by Theorem 1, for all f € X, the sequence {L, f },en statisti-
cally converges to f in X.
The theorem is proved.

Let X be a Banach function space defined on the interval [—m, w]. To intro-
duce its 2m-periodic counterpart, we begin with some notation.
We denote by
L°(R) := {f : R — R measurable}

the space of all real-valued measurable functions on R. A function f € LY(R) is
called 2m-periodic if

f(x+2m) = f(z) fora.e. zeR.

The class of all such functions is denoted by
LY,(R) := {f € L°(R) : f(- +2m) = f(")}.

Given the Banach function space X, on [—7, 7], we define its associated 27-
periodic version by

X;T( = {f € Lgﬂ(R) : f‘[—ﬂ'ﬂr} € XS}

In what follows, we establish a statistical trigonometric Korovkin-type ap-
proximation result within the framework of Banach function spaces. We shall
use the following trigonometric analogue of Theorem 5. Let X5_ be the periodic
shift-invariant subspace. If

lim L,g =g in Cy(R)
n—oo
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for all g € {1,sinz,cosx}, and
sup || Ln | B(x3 ) < +o00,
n

then
Im L,f=f inX
n—oo

for every f € X35 .

Theorem 7. Let X be a Banach function space such that 1 € X, and let

{Ln}nen be a sequence of positive bounded linear operators acting on the peri-
odic Banach space X35 _.
Assume that

st- lim Lp,g =g in Cor(R) for all g € {1,sinx,cosz},
n—oo
and
sup || L[| p(x;,) = ¢ < +oc.
neN
Then
st- im L,f =f in X forall f e X5 .
n—oo
Proof. Since

st- im L,g =g, Vg€ {l,sinz,cosz},
n—oo
by Corollary 1 and Lemma 1, there exists a subsequence
{nk}ren CN,
such that
lim ||Ln,g — gllco =0, Vg€ {1,sinz,cosz}.
k—o0
Consequently, by the trigonometric analogue of Theorem 5, we obtain
lim ||Lnkf - fHX =0, IS X57r
k—o00

Thus, by Theorem 1, for every f € X3, the sequence {L,f}nen statistically
converges to f in X.
The theorem is proved.
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4. Statistical Korovkin-Type Theorems in Banach Function
Spaces with Regard to Kantorovich Polynomials

Kantorovich polynomials are defined for all f € L'(0,1) by the formula:

n

Kol =+ DY (F)at -y [ poan 0<a<i.

k=0 n+1

These operators are positive and linear, and play a central role in Korovkin-
type approximation theory. The following results explore their behavior in Ba-
nach function spaces.

4.1. Statistical Approximation in Rearrangement-Invariant Ba-
nach Function Spaces

We now extend classical Korovkin-type approximation results to the statis-
tical convergence setting in the framework of rearrangement invariant Banach
function spaces, employing Kantorovich polynomial operators.

Theorem 8. Let X be a rearrangement-invariant Banach function space with
1 € X,, and suppose that the upper Boyd index satisfies Sx < 1. Then, for every
f € X, the sequence {K,, f} converges statistically to f in X, that is,

st- lim Knf = f.
n—oo

Proof. Since X is rearrangement-invariant and Sx < 1, it follows from Theo-
rem 3 that the Hardy-Littlewood maximal operator M is bounded in X. There-
fore, the Kantorovich operators { K, }, which are positive and dominated by M,
are uniformly bounded:

sup [ Kn||p(x,) < +o0.
n

It is known that the sequence { K} satisfies statistical Korovkin convergence on
the test set {1,¢,¢2}, that is,

st- lim K,g =g in C([0,1]) for all g € {1,t,t°}.
n—oo

Then, by the Statistical Korovkin-type theorem in Banach function spaces
(Theorem 6), it follows that

st- lim K,f=f inX, VfeX,.
n—oo
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The theorem is proved.

As an application of Theorem 8, we consider the Grand Lebesgue space. Let
X =17(0,1), 1<p< oo,

be the Grand Lebesgue space of measurable functions on (0, 1) equipped with the
norm

1
HfHLP)(O,l) = sup &7 || fl|pp-2(0,1)-
O<e<p—1

It is well known that LP)(0,1) is a rearrangement-invariant Banach function
space and that its Boyd index satisfies 5;,) = 1/p < 1. Consequently, the
Hardy-Littlewood maximal operator M is bounded on LP)(0,1). Since in addi-
tion the shift-invariant subspace of L?)(0,1) coincides with GP)(0,1) (see [33]),
all assumptions of Theorem 8 are fulfilled. Therefore, we obtain the statistical
Korovkin-type approximation

st- lim K,.f =/ in LP(0,1), VYfeGP(0,1).

4.2. Statistical Approximation in Non-Rearrangement-Invariant
Banach Function Spaces

In this section, we consider the statistical Korovkin-type approximation be-
havior of Kantorovich polynomial operators in general Banach function spaces
which are not necessarily rearrangement-invariant.

Theorem 9. Let X be a Banach function space such that 1 € X,, and suppose
that the Hardy-Littlewood maximal operator M is bounded on X. Then, for
every f € Xg, the Kantorovich operators satisfy

st- lim K,f=f in X.
n—oo
Proof. By the result of [35], if the Hardy—Littlewood maximal operator M is
bounded on X, then the Kantorovich operators {K,} converge in norm to the
identity on X, that is,
lim K,f=f inX, VfeX..
n—oo

In particular, this implies that

lim K,g=g¢g inX, forallge{1,tt*}.
n—oo
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Since norm convergence implies statistical convergence, we obtain

st- lim K,g =g in C([0,1]) for all g € {1,t,¢°}.
n— o0

Moreover, the operators K, are positive and uniformly bounded in X, as
they are dominated by the maximal operator M. Therefore, by the Statistical
Korovkin-type theorem in Banach function spaces Theorem 6, we conclude that

st- lim K,f=f inX, VfeX,.
n—oo

The theorem is proved.
As an illustrative example, we now turn to the case of Morrey spaces.

Let 1 < p < pp < +oo, and let X = MPPo(0,1) be the Morrey space of
measurable functions f € LP(0,1) equipped with the norm

1/p
| Fllagmrogon = sup |77 (/ I \pdt) ,

Ico,1]

where the supremum is taken over all closed intervals I C [0, 1] with |I]| > 0.

It is known that the Hardy-Littlewood maximal operator M is bounded on
MPPo(0,1) [8, 10]. Then for every f € ME*°(0,1), the sequence of Kantorovich
polynomial operators satisfies

st- lim K, f = [ in MP™(0,1).

The Morrey space MPPo(0,1) is a Banach function space that is not
rearrangement-invariant. However, it satisfies the assumptions of Theorem 9,
namely: 1 € X, the Hardy—Littlewood maximal operator M is bounded on X,
and the Kantorovich operators K, are uniformly bounded and converge on the
test set {1,¢,t2}. Therefore, by applying Theorem 9, we conclude that statistical
convergence holds in MI*°(0,1).

5. Conclusion and Future Directions

In this study, statistical Korovkin-type approximation theorems were estab-
lished in the setting of Banach function spaces. By introducing the shift-invariant
subspace X, we obtained a unified framework that reduces the verification of
statistical convergence for positive linear operators to their behavior on the
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minimal Korovkin test set {1,t,¢}. This extends the classical Korovkin the-
ory—traditionally confined to C[0,1] or LP-type settings—to functional envi-
ronments that may lack rearrangement invariance, smooth density, or standard
modular structures.

A central component of our approach is the boundedness of the Hardy—
Littlewood maximal operator, which provides uniform control of the operator
sequence and ensures the validity of the statistical Korovkin theorem on the
entire subspace Xs. The results apply to several nonclassical spaces, including
Grand Lebesgue spaces 52 (0,1) and Morrey-type spaces, where the classical Ko-
rovkin method is not directly applicable. In these situations, our findings give new
statistical approximation principles for Kantorovich-type operators and, poten-
tially, for broader classes of positive linear operators dominated by maximal-type
operators.

Future research may examine weighted versions of Grand Lebesgue and Mor-
rey spaces, statistical modular convergence in Musielak—Orlicz and variable expo-
nent spaces, and the behavior of nonlinear or sublinear approximation schemes.
Extensions to settings with non-doubling measures or to operators associated
with fractional or localized maximal functions would further expand the reach of
the statistical Korovkin framework presented here.

In conclusion, the statistical approximation approach developed in this work
refines classical techniques and offers a flexible methodology for connecting ab-
stract operator theory with modern function space analysis.
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