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Î Ïîëíîòå Ñîáñòâåííûõ Ôóíêöèé Îäíîãî Ðàçðûâíîãî
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Àííîòàöèÿ. Èçó÷àåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ ðàçðûâíîãî äèôôåðåíöèàëüíîãî îïåðàòî-

ðà âòîðîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåòðîì â óñëîâèÿõ ñîïðÿæåíèÿ, êîòîðàÿ âîçíèêàåò

ïðè ðåøåíèè çàäà÷è êîëåáàíèÿ íàãðóæåííîé ñòðóíû ñ çàêðåïëåííûìè êîíöàìè. Íàéäåíû

àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è, äîêàçàíû

òåîðåìû î ïîëíîòå ñîáñòâåííûõ ôóíêöèé â ïðîñòðàíñòâàõ Lp ⊕ C è Lp.
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1. Ââåäåíèå

Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó

y′′(x) + λy(x) = 0 , x ∈
(

0,
1

3

)
∪
(

1

3
, 1

)
, (1)

y(0) = y(1) = 0,
y(1

3 − 0) = y(1
3 + 0),

y′(1
3 − 0)− y′(1

3 + 0) = λmy(1
3),

 (2)

êîòîðàÿ âîçíèêàåò ïðè ðåøåíèè çàäà÷è êîëåáàíèÿ íàãðóæåííîé ñòðóíû ñ çàêðåïëåí-
íûìè êîíöàìè [1-3]. Â ñëó÷àå, êîãäà ãðóç ïîìåùåí â ñåðåäèíå ñòðóíû, ýòà çàäà÷à
èññëåäîâàíà â ðàáîòàõ [4;5]. Àíàëîãè÷íûå âîïðîñû äëÿ çàäà÷è êîëåáàíèÿ ñòðóíû, êî-
ãäà ãðóç çàêðåïëåí â îäíîì èëè â äâóõ êîíöàõ ñòðóíû, äðóãèìè ìåòîäàìè èññëåäîâàíû
â ðàáîòàõ [6-9].
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2. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé

Ïîëîæèì λ = ρ2 è äëÿ êðàåâûõ ôîðì èç (2) ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ.

Uν(y) = Uν1(y) + Uν2(y), ν = 1, 4, (3)

ãäå
U11(y) = y(0),
U21(y) ≡ 0,
U31(y) = y(1

3 − 0),
U41(y) = y′(1

3 − 0),

U12(y) ≡ 0,
U22(y) = y(1),
U32(y) = −y(1

3 + 0),
U42(y) = −y′(1

3 + 0)− ρ2my(1
3 + 0).

Ñïåðâà äîêàæåì ñëåäóþùóþ òåîðåìó

Òåîðåìà 2.1. Ñïåêòðàëüíàÿ çàäà÷à (1), (2) èìååò äâå ñåðèè ïðîñòûõ ñîáñòâåííûõ

çíà÷åíèé λ1,n = (ρ1,n)2, n = 1, 2, ..., è λ2,n = (ρ2,n)2 , n = 0, 1, 2, ..., ãäå

ρ1,n = 3πn,

ρ2,n = 3πn
2 + 2+(−1)n

πmn +O( 1
n2 ).

}
(4)

Èì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè un(x), n = 0, 1, 2, ..., çàäàâàåìûå ôîðìó-

ëàìè

u2n−1(x) = sin 3πnx, x ∈ [0, 1] , n = 1, 2, ...

u2n(x) =

{
{sin ρ2,n(x− 1

3) + sin ρ2,n(x+ 1
3), x ∈

[
0, 1

3

]
,

sin ρ2,n(1− x), x ∈
[

1
3 , 1
]
, n = 0, 1, 2, ... .

(5)

Äîêàçàòåëüñòâî. Â êà÷åñòâå ëèíåéíî�íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (1) âîçüìåì

y11(x) = sin ρx, y12(x) = cos ρx,

ïðè x ∈
[
0, 1

3

]
è

y21(x) = sin ρ(x− 1

3
), y22(x) = cos ρ(x− 1

3
),

ïðè x ∈
[

1
3 , 1
]
. Ñîáñòâåííûå ôóíêöèè çàäà÷è (1) , (2) áóäåì èñêàòü â âèäå

y(x, ρ) =

{
c11y11(x) + c12y12(x), x ∈

[
0, 1

3

]
,

c21y21(x) + c22y22(x), x ∈
[

1
3 , 1
]
,

=

=

{
c11 sin ρx+ c12 cos ρx, x ∈

[
0, 1

3

]
,

c21 sin ρ(x− 1
3) + c22 cos ρ(x− 1

3), x ∈
[

1
3 , 1
]
.

(6)

Ïîòðåáóåì, ÷òîáû ôóíêöèÿ y(x, ρ) óäîâëåòâîðÿëà ãðàíè÷íûì óñëîâèÿì (2). Òîãäà äëÿ
îïðåäåëåíèÿ ÷èñåë cj.k ïîëó÷èì ñèñòåìó ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé{

C11Uν1(y11) + C12Uν1(y12) + C21Uν2(y21) + C22Uν2(y22) = 0,
ν = 1, 4,

(7)
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îïðåäåëèòåëåì êîòîðîé ÿâëÿåòñÿ

∆(ρ) = det ‖Uνj(yjk)‖ , j, k = 1, 2, ν = 1, 4.

Ó÷èòûâàÿ (3) äëÿ çíà÷åíèé ôîðì Uνj(yjk) èìååì
U11(y11) = 0, U11(y12) = 1, U12(y21) = 0, U12(y22) = 0,

U21(y11) = 0, U21(y12) = 0, U22(y21) = sin 2ρ
3 , U22(y22) = cos 2ρ

3 ,
U31(y11) = sin ρ

3 , U31(y12) = cos ρ3 , U32(y21) = 0, U32(y22) = −1,
U41(y11) = ρ cos ρ3 , U41(y12) = −ρ sin ρ

3 , U42(y21) = −ρ, U42(y22) = −ρ2m

(8)

Ðàñêðûâàÿ îïðåäåëèòåëü ∆(ρ), ñ ó÷åòîì (8) ïîëó÷èì

∆ (ρ) = ρ sin
ρ

3

(
−ρm sin

2ρ

3
+ 2 cos

2ρ

3
+ 1

)
. (9)

Èç ôîðìóëû (9) î÷åâèäíî, ÷òî ôóíêöèÿ ∆ (ρ) èìååò äâå ñåðèè íóëåé, ïåðâàÿ èç êî-
òîðûõ ñîñòîèò èç íóëåé ôóíêöèè sin ρ

3 ò.å. ρ1,n = 3πn, à âòîðàÿ ñåðèÿ ρ2,n ñîñòîèò èç

íóëåé ôóíêöèè −ρm sin 2ρ
3 + 2 cos 2ρ

3 + 1.
Ðàññóæäàÿ äàëåå àíàëîãè÷íî [10, ñòð.20], ïîëó÷èì, ÷òî äëÿ ρ2,n ñïðàâåäëèâà àñèìï-

òîòè÷åñêàÿ ôîðìóëà

ρ2,n =
3πn

2
+ δn,

ãäå δn óäîâëåòâîðÿþò ñîîòíîøåíèþ

sin
2δn
3

=
(−1)n

mρ2,n
+

2

mρ2,n
cos

2δn
3
.

Èç ïîñëåäíåãî ñîîòíîøåíèÿ èìååì

δn =
1

πmn
((−1)n + 2) +O(

1

n2
)),

÷òî äîêàçûâàåò ñïðàâåäëèâîñòü (4).
Òåïåðü ïîäñòàâëÿÿ ρ = 3πn â (7), ñ ó÷åòîì (8), íàéäåì c12 = c22 = 0, c21 = (−1)nc11.

Ïîýòîìó âûáèðàÿ c11 = 1, c21 = (−1)n, ïîëó÷èì èç (8) ñîáñòâåííóþ ôóíêöèþ u2n−1(x),
ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷åíèþ λ1,n = (3πn)2â âèäå

u2n−1(x) = sin 3πnx, x ∈ [0, 1] , n = 1, 2, ...

Àíàëîãè÷íî, ïðè ρ = ρ2,n èç (7) è (8) çàêëþ÷àåì ÷òî

c12 = 0 ,

c21 sin
2ρ2,n

3 + c22 cos
2ρ2,n

3 = 0 ,
c22 = c11 sin ρ

3 .

Ó÷èòûâàÿ , ÷òî sin
2ρ2,n

3 6= 0 è âûáèðàÿ c11 = 2 cos
2ρ2,n

3 , ïîëó÷èì èç (6) ñîáñòâåííóþ
ôóíêöèþ u2n(x) , ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷åíèþ λ2,n = (ρ2,n)2 â ñëåäóþ-
ùåì âèäå

u2n(x) =

{
sin ρ2,n(x− 1

3) + sin ρ2,n(x+ 1
3), x ∈

[
0, 1

3

]
,

sin ρ2,n(1− x), x ∈
[

1
3 , 1
]
, n = 0, 1, 2, ... .

Òåîðåìà äîêàçàíà.
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3. Ïîñòðîåíèå ôóíêöèè Ãðèíà è ðåçîëüâåíòû ëèíåàðèçóþùåãî

îïåðàòîðà

Ñïåðâà ïîñòðîèì ôóíêöèþ Ãðèíà çàäà÷è (1) , (2). Îíà îïðåäåëÿåòñÿ êàê ÿäðî
èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ðåøåíèÿ ñîîòâåòñòâóþùåé íåîäíîðîäíîé çàäà÷è

y′′(x) + ρ2y(x) = f(x), (10)

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì (2). Ðåøåíèå çàäà÷è (10) ,(2) áóäåì èñêàòü â âèäå

y(x) =

{
y1(x), x ∈

[
0, 1

3

]
,

y2(x), x ∈
[

1
3 , 1
]
,

(11)

ãäå

{
y1(x) = c11y11(x) + c12y12(x) +

∫ 1
3

0 g(x, ξ, ρ)f(ξ)dξ,

y2(x) = c21y21(x) + c22y22(x) +
∫ 1

1
3
g(x, ξ, ρ)f(ξ)dξ,

(12)

g(x, ξ, ρ) =

{
− 1

2ρ sin ρ(x− ξ), ξ < x,
1
2ρ sin ρ(x− ξ), ξ > x.

(13)

Ïîòðåáóåì ÷òîáû ôóíêöèÿ (11) óäîâëåòâîðÿëà êðàåâûì óñëîâèÿì (2). Òîãäà äëÿ îïðå-
äåëåíèÿ ÷èñåë Cj,k ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé

Uν(y) =

2∑
j,k=1

Cj,kUνj(yjk) +

∫ 1
3

0
Uν1(g)f(ξ)dξ +

∫ 1

1
3

Uν2(g)f(ξ)dξ = 0, ν = 1, 4. (14)

Îïðåäåëèâ ÷èñëà Cj,k èç (14) è ïîäñòàâèâ èõ çíà÷åíèÿ â (12) , äëÿ ðåøåíèÿ çàäà÷è
(10), (12) ïîëó÷èì ôîðìóëû

y1(x) =
∫ 1

3
0 G11(x, ξ, ρ)f(ξ)dξ +

∫ 1
1
3
G12(x, ξ, ρ)f(ξ)dξ, x ∈

[
0, 1

3

]
y2(x) =

∫ 1
3

0 G21(x, ξ, ρ)f(ξ)dξ +
∫ 1

1
3
G22(x, ξ, ρ)f(ξ)dξ, x ∈

[
1
3 , 1
] (14′)

ãäå
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G11(x, ξ, ρ) = 1
∆(ρ)

∣∣∣∣∣∣∣∣
g y11 y12 0 0

Uν1(g) Uν1(y11) Uν1(y12) Uν2(y21) Uν2(y22)
... ... ... ... ...

ν = 1, 4

∣∣∣∣∣∣∣∣
G12(x, ξ, ρ) = 1

∆(ρ)

∣∣∣∣∣∣∣∣
0 y11 y12 0 0

Uν2(g) Uν1(y11) Uν1(y12) Uν2(y21) Uν2(y22)
... ... ... ... ...

ν = 1, 4

∣∣∣∣∣∣∣∣
G21(x, ξ, ρ) = 1

∆(ρ)

∣∣∣∣∣∣∣∣
0 0 0 y21 y22

Uν1(g) Uν1(y11) Uν1(y12) Uν2(y21) Uν2(y22)
... ... ... ... ...

ν = 1, 4

∣∣∣∣∣∣∣∣
G22(x, ξ, ρ) = 1

∆(ρ)

∣∣∣∣∣∣∣∣
g 0 0 y21 y22

Uν2(g) Uν1(y11) Uν1(y12) Uν2(y21) Uν2(y22)
... ... ... ... ...

ν = 1, 4

∣∣∣∣∣∣∣∣
à ∆(ρ) � îïðåäåëèòåëü èç (7),

U11(g) = − 1
2ρ sin ρξ, U12(g) = 0,

U21(g) = 0, U22(g) = − 1
2ρ sin ρ(1− ξ),

U31(g) = − 1
2ρ sin ρ(1

3 − ξ), U32(g) = − 1
2ρ sin ρ(1

3 − ξ),
U41(g) = −1

2 cos ρ(1
3 − ξ), U42(g) = −ρm

2 sin ρ(1
3 − ξ)−

1
2 cos ρ(1

3 − ξ).

(15)

Ïîäñòàâèì (15), (8) è (9) â îïðåäåëèòåëè â ôîðìóëàõ äëÿ Gkj(x, ξ, ρ). Ïðåîáðàçóÿ
ïîëó÷åííûå îïðåäåëèòåëè àíàëîãè÷íî [11, ñòð. 95], è çàòåì ðàñêðûâàÿ èõ, ïîëó÷èì
ôîðìóëû äëÿ êîìïîíåíòîâ ôóíêöèè Ãðèíà. Ñôîðìóëèðóåì ýòî â âèäå ëåììû.

Ëåììà 3.1. Äëÿ êîìïîíåíòîâ Gkj(x, ξ, ρ) ôóíêöèè Ãðèíà çàäà÷è (1) , (2) ñïðàâåäëè-
âû ñëåäóþùèå ïðåäñòàâëåíèÿ

G11(x, ξ, ρ) =

 −
sin ρ(x−ξ)

ρ + 1
∆(λ) sin ρx · sin ρ(1− ξ)− ρm sin ρx·sin 2ρ

3
·sin ρ( 1

3
−ξ)

∆(λ) , ξ < x,

sin ρ(x−ξ)
ρ + 1

∆(λ) sin ρξ · sin ρ(1− x) +
ρm sin ρξ·sin 2ρ

3
·sin ρ(x− 1

3
)

∆(λ) , ξ > x,

(16)

G12(x, ξ, ρ) = −sin ρ(1− ξ)
∆(λ)

sin ρx, (17)

G21(x, ξ, ρ) = −sin ρξ

∆(λ)
sin ρ(x− 1), (18)

G22(x, ξ, ρ) =


sin ρ(x−ξ)

ρ − sin ρ(1−ξ)
∆(λ)

(
− sin ρx+ ρm sin ρ

3 · sin ρ(x− 1
3)
)
, ξ < x

sin ρ(x−ξ)
ρ − cos 2ρ

3
∆(λ) sin ρ(x− 1

3)(− sin ρ(1
3 − ξ) cos ρ3 + ρm sin ρ(1

3 − ξ)+
+ cos ρ

(
1
3 − ξ

)
(− 1

∆(λ) cos ρ
(
x− 1

3

)
sin 2ρ

3 (− sin ρ
(

1
3 − ξ

)
cos ρ3−

− sin ρ
3(− cos

(
1
3 − ξ

)
− ρm sin

(
1
3 − ξ

)
)), ξ > x.

(19)
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Ïåðåéäåì òåïåðü ê ïîñòðîåíèþ ëèíåàðèçóþùåãî îïåðàòîðà. Îáîçíà÷èì ÷åðåç
W k
p

(
0, 1

3

)
⊕W k

p

(
1
3 , 1
)
ïðîñòðàíñòâà ôóíêöèé , ñóæåíèÿ êîòîðûõ íà îòðåçêè

[
0, 1

3

]
è[

1
3 , 1
]
ïðèíàäëåæàò, ñîîòâåòñòâåííî, Ñîáîëåâñêèì ïðîñòðàíñòâàìW k

p

(
0, 1

3

)
èW k

p

(
1
3 , 1
)
.

Îïðåäåëèì â ïðîñòðàíñòâå Lp(0, 1)⊕ C îïåðàòîð L ñëåäóþùèì îáðàçîì:

D (L) =

{ _
u∈ Lp(0, 1)⊕ C :

_
u=

(
u,mu

(
1
3

))
, u ∈W 2

p

(
0, 1

3

)
∪
(

1
3 , 1
)

u(0) = u(1) = 0, u
(
−1

3

)
= u

(
1
3

) }
(20)

è äëÿ
_
u∈ D (L)

L
_
u= (−u′′;u′

(
1

3
− 0

)
− u′

(
1

3
+ 0

)
,
_
u∈ D(L)). (21)

Ëåììà 3.2. Îïåðàòîð, îïðåäåëÿåìûé ôîðìóëàìè (20), (21) ÿâëÿåòñÿ ëèíåéíûì çà-

ìêíóòûì îïåðàòîðîì ñ ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ â Lp(0, 1) ⊕ C. Ñîáñòâåí-
íûå çíà÷åíèÿ îïåðàòîðà L è çàäà÷è (1) ,(2) ñîâïàäàþò , à ñîáñòâåííûìè âåêòîðàìè

îïåðàòîðà L ÿâëÿþòñÿ
{
_
uk

}
k∈N0

, ãäå N0 = N ∪ {0} ,
_
u2n−1= (u2n−1(x); 0),

_
u2n=

(u2n(x);m sin
2ρ2,n

3 ).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ïåðâîé ÷àñòè ëåììû âîçüìåì
_
u (u, α) ∈ Lp(0, 1)⊕

C è îïðåäåëèì ôóíêöèîíàë F (
_
u) ñëåäóþùèì îáðàçîì :

F (
_
u) = mu

(
1

3

)
− α.

Ïîëîæèì òàêæå
Uν(

_
u) = Uν(u), ν = 1, 2, 3.

Òîãäà F,Uν , ν = 1, 2, 3, ÿâëÿþòñÿ îãðàíè÷åííûìè ëèíåéíûìè ôóíêöèîíàëàìè íà
W 2
p

(
0, 1

3

)
∪
(

1
3 , 1
)
⊕ C, íî íåîãðàíè÷åííûìè íà Lp(0, 1) ⊕ C. Ïîýòîìó (ñì. íàïðèìåð,

[12, ñòð. 27-29]) ìíîæåñòâî

D (L) =

{
_
u= (u, α), u ∈W 2

p

(
0,

1

3

)
∪
(

1

3
, 1

)
, F (ũ) = Uν(ũ) = 0, ν = 1, 2, 3

}
.

ÿâëÿåòñÿ âñþäó ïëîòíûì â Lp(0, 1) ⊕ C , à L ÿâëÿåòñÿ çàìêíóòûì îïåðàòîðîì êàê
ñóæåíèå ñîîòâåòñòâóþùåãî çàìêíóòîãî ìàêñèìàëüíîãî îïåðàòîðà.

Âòîðàÿ ÷àñòü ëåììû ïðîâåðÿåòñÿ íåïîñðåäñòâåííî.
Ëåììà äîêàçàíî.

Äëÿ ïîñòðîåíèÿ ðåçîëüâåíòû îïåðàòîðà L , ðàññìîòðèì óðàâíåíèå

L
_
u −λ _

u=
_
f , (22)

ãäå
_
u∈ D(L),

_
f= (f, β) ∈ Lp(0, 1)⊕C. Óðàâíåíèå (22) ìîæíî ïåðåïèñàòü â ñëåäóþùåì

âèäå. 
−u′′ = λu+ f,
u′
(
−1

3

)
− u′

(
1
3

)
− λmu

(
1
3

)
= β,

Uν(u) = 0, ν = 1, 2, 3.
(23)
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Ëåììà 3.3. Äëÿ ðåøåíèÿ
_
u=

(
u,mu

(
1
3

))
óðàâíåíèÿ (22) èìååò ìåñòî ïðåäñòàâëå-

íèÿ

u(x, ρ) =
β cos 2ρ

3
·sin ρx

ρ sin ρ
3

(1+2 cos 2ρ
3
−ρm sin 2ρ

3
)
−
∫ x

0 f(ξ) sin ρ(x−ξ)
ρ dξ+

1
∆(ρ)

∫ 1
3

0 f(ξ) · sin ρx · sin ρ(1−−ξ)dξ−
1

∆(ρ)

∫ 1
3

0 ρm sin ρx · sin 2ρ
3 · sin ρ

(
1
3 − ξ

)
f(ξ)dξ−

− 1
∆(ρ)

∫ 1
1
3

sin ρx · sin ρ(1− ξ)f(ξ)dξ,

(24)

åñëè x ∈
[
0, 1

3

]
.

u(x, ρ) =
β cos 2ρ

3
·sin ρx

ρ sin ρ
3

(1+2 cos 2ρ
3
−ρm sin 2ρ

3
)
−

− 1
∆(ρ)

∫ 1
3

0 f(ξ) sin ρξ · sin ρ(x− 1)dξ+

+
∫ 1
x

sin ρ(x−ξ)
ρ f(ξ)dξ + 1

∆(ρ)

∫ 1
1
3

sin ρx · sin ρ(1− ξ)f(ξ)dξ−
− 1

∆(ρ)

∫ 1
1
3
ρm sin ρ

3 · sin ρ
(
x− 1

3

)
· sin ρ(1− ξ)f(ξ)dξ,

(25)

åñëè x ∈
[

1
3 , 1
]
è

u
(

1
3 , ρ
)

= 1
ρ(1+2 cos 2ρ

3
−ρm sin 2ρ

3
)
×

×
(
β cos 2ρ

3 + 2 cos ρ3
∫ 1

3
0 f(ξ) sin ρξdξ +

∫ 1
1
3

sin ρ(1− ξ)f(ξ)dξ

)
.

(26)

Äîêàçàòåëüñòâî. Ðåøåíèå óðàâíåíèÿ (22) áóäåì èñêàòü â âèäå

u(x, ρ) =

{
c11y11(x) + c12y12(x) + y1(x), x ∈

[
0, 1

3

]
,

c21y21(x) + c22y22(x) + y2(x), x ∈
[

1
3 , 1
]
,

(27)

ãäå y1(x) è y2(x) îïðåäåëåíû (14). Òàê êàê ôóíêöèÿ y(x) , îïðåäåëÿåìàÿ (11) óäîâëå-
òâîðÿåò êðàåâûì óñëîâèÿì (2), òî

Uν(y) = 0, ν = 1, 4. (28)

Ïîòðåáóåì, ÷òîáû ôóíêöèÿ u(x, ρ) óäîâëåòâîðÿëà êðàåâûì óñëîâèÿì Uν(u) = 0, ν =
1, 2, 3, Uν(u) = β . Òîãäà ñ ó÷åòîì (28) èç (27) ïîëó÷èì{

C11Uν1(y11) + C12Uν1(y12) + C21Uν2(y21) + C22Uν2(y22) = 0, ν = 1, 2, 3;
C11U41(y11) + C12U41(y12) + C21U42(y21) + C22U42(y22) = β

Ðåøàÿ ýòó ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ Ckj , ïîëó÷èì

C11 = − β
∆(ρ)U11(y12) [U22(y21)U32(y22)− U22(y22)U32(y21)] ,

C12 = β
∆(ρ)U11(y11) [U22(y21)U32(y22)− U22(y22)U32(y21)] ,

C21 = β
∆(ρ)U22(y22) [U11(y11)U31(y12)− U11(y12)U31(y11)] ,

C22 = − β
∆(ρ)U22(y21) [U11(y11)U31(y12)− U11(y12)U31(y11)] .
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Ïîäñòàâëÿÿ ïîëó÷åííûå çíà÷åíèÿ êîýôôèöèåíòîâ Ckj â (27) è ó÷èòûâàÿ ôîðìóëû (8),
(16)-(19), ïîëó÷èì ñïðàâåäëèâîñòü ôîðìóë (24) è (25). À ôîðìóëà (26) ïîëó÷àåòñÿ èç
(25) (èëè èç (24)) ïîäñòàíîâêîé x = 1

3 .
Ëåììà äîêàçàíî.

4. Ïîëíîòà ñîáñòâåííûõ ôóíêöèé â ïðîñòðàíñòâàõ Lp(0, 1)⊕ C è

Lp (0, 1)

Òåîðåìà 4.1. Ñèñòåìà {ûn}n∈N0
ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà L ÿâëÿåòñÿ ïîë-

íîé â ïðîñòðàíñòâå Lp (0, 1)⊕ C, 1 < p <∞.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ïîëíîòû ñèñòåìû ñîáñòâåííûõ ôóíêöèé îïå-
ðàòîðà L â ïðîñòðàíñòâå Lp (0, 1) ⊕ C íàì íåîáõîäèìà ïîëó÷èòü îöåíêó ðåçîëüâåíòû
îïåðàòîðà L ïðè áîëüøèõ çíà÷åíèÿõ |ρ|. Áóäåì èñïîëüçîâàòü ñëåäóþùèå èçâåñòíûå
íåðàâåíñòâà

|sin ρ| ≤ ce|ρ| sinϕ, |cos ρ| ≤ ce|ρ| sinϕ, (29)

ãäå ρ = reiϕ, 0 ≤ ϕ ≤ π. Êðîìå òîãî, âíå êðóæêîâ îäèíîêîãî ðàäèóñà δ ñ öåíòðàìè â
íóëÿõ sin ρ ñïðàâåäëèâà îöåíêà

|sin ρ| ≥ mδe
r sinϕ. (30)

Èç îöåíîê (29) , (30) è èç ôîðìóëû (9) ñëåäóåò , ÷òî ïðè áîëüøèõ çíà÷åíèÿõ |ρ| âíå
êðóæêîâ Kj,n (δ) = {ρ : |ρ− ρj,n| < δ} ðàäèóñà δ ñ öåíòðàìè â íóëÿõ ∆(ρ) ñïðàâåäëèâà
îöåíêà

|∆(ρ)| ≥Mδre
r sinϕ. (31)

Ïîëîæèì G (δ) = C\ ∪j,n Kj,n (δ). Èç ïðåäñòàâëåíèé (24), (25) ñ ó÷åòîì íåðàâåíñòâ
(29) �(31) ïîëó÷èì íåðàâåíñòâî

|u(x, ρ)| ≤ Cδ
|ρ|
, ρ ∈ G (δ) , |ρ| ≥ r0,

êîòîðîå ñïðàâåäëèâî ðàâíîìåðíî ïî x ∈ [0, 1]. Èç ïîñëåäíåé îöåíêè ñëåäóåò , ÷òî äëÿ
ðåçîëüâåíòû R(λ) = (L−λI)−1 îïåðàòîðà L âíå âûøåóêàçàííûõ êðóæêîâ ñïðàâåäëèâà
îöåíêà ∥∥R(ρ2)

∥∥ ≤ Cδ
|ρ|
, |ρ| ≥ r0. (32)

Èìåÿ îöåíêó (32) , ñòàíäàðòíûì ìåòîäîì (ñì íàïð. [13, ñòð. 445]) ïîëó÷àåì, ÷òî ñîá-
ñòâåííûå âåêòîðû îïåðàòîðà L îáðàçóþò ïîëíóþ ñèñòåìó â ïðîñòðàíñòâå Lp (0, 1)⊕C.

Çàìåòèì, ÷òî ó ñèñòåìû {ûn}n∈N0
ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà L ñóùåñòâó-

åò áèîðòîãîíàëüíî � ñîïðÿæåííàÿ ñèñòåìà {v̂n}n∈N0
, êîòîðàÿ ÿâëÿåòñÿ ñèñòåìîé ñîá-

ñòâåííûõ âåêòîðîâ ñîïðÿæåííîãî îïåðàòîðà L∗, êîòîðûé â ñâîþ î÷åðåäü ÿâëÿåòñÿ
ëèíåàðèçóþùèì îïåðàòîðîì ñîïðÿæåííîé ñïåêòðàëüíîé çàäà÷è :

v′′ + λv = 0, x ∈
(

0,
1

3

)
∪
(

1

3
, 1

)
, (1∗)
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v (0) = v (1) = 0,

v

(
1

3
− 0

)
= v

(
1

3
+ 0

)
, (2∗)

v′
(

1

3
− 0

)
− v′

(
1

3
+ 0

)
= λm̄v

(
1

3

)
.

Ñ ó÷åòîì ýòîãî èç òåîðåìû 2 ñëåäóåò

Ñëåäñòâèå 4.1. Ñèñòåìà {ûn}n∈N0
ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà L ÿâëÿåòñÿ

ïîëíîé è ìèíèìàëüíîé â ïðîñòðàíñòâå Lp (0, 1)⊕ C, 1 < p <∞.

Òåïåðü ðàññìîòðèì âîïðîñ ïîëíîòû è ìèíèìàëüíîñòè ñèñòåìû {un}n∈N0
ñîáñòâåí-

íûõ ôóíêöèé çàäà÷è (1), (2). Î÷åâèäíî, ÷òî ýòî ñèñòåìà ÿâëÿåòñÿ ïåðåïîëíåííîé â
ïðîñòðàíñòâå Lp (0, 1): îäíà ôóíêöèÿ ýòîé ñèñòåìû ÿâëÿåòñÿ ëèøíåé. Âûÿñíèì ñëå-
äóþùèé âîïðîñ: êàêóþ ôóíêöèþ ìîæíî èñêëþ÷èòü èç ýòîé ñèñòåìû ñ ñîõðàíåíèåì
ñâîéñòâà ïîëíîòû è ìèíèìàëüíîñòè, à êàêóþ - íåëüçÿ? Îòâåò íà ýòîò âîïðîñ äàåò
ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4.2. Ïóñòü n0 êàêîé- íèáóäü íîìåð èç ìíîæåñòâà èíäåêñîâ N0. Åñëè n0

÷åòíîå ÷èñëî , òî ñèñòåìà {un}n∈N0\{n0} ÿâëÿåòñÿ ïîëíîé è ìèíèìàëüíîé â ïðî-

ñòðàíñòâå Lp (0, 1) , 1 < p <∞, åñëè æå n0 íå÷åòíîå ÷èñëî, òî ñèñòåìà {un}n∈N0\{n0}
íå ïîëíà è íå ìèíèìàëüíà â ýòîì ïðîñòðàíñòâå.

Äîêàçàòåëüñòâî. Ñîãëàñíî âûøåîòìå÷åííîìó ñèñòåìà {ûn}n∈N0
èìååò áèîðòîãîíàëüíî-

ñîïðÿæåííóþ ñèñòåìó {v̂n}n∈N0
, ãäå

v̂n =

(
vn (x) ; m̄vn

(
1

3

))
,

à vn (x) ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè ñîïðÿæåííîé çàäà÷è (1∗) , (2∗). Ïðîâîäÿ
àíàëîãè÷íûå âû÷èñëåíèÿ äëÿ ñîáñòâåííûõ ôóíêöèé, ïîëó÷èì, ÷òî äëÿ íèõ ñïðàâåä-
ëèâû ôîðìóëû

v2n−1 (x) = c1n sin 3πnx, n = 1, 2...,

v2n (x) =

{
c2n

(
sin ρ2n

(
x− 1

3

)
+ sin ρ2n

(
x+ 1

3

))
, x ∈

[
0, 1

3

]
,

c2n sin ρ2n (1− x) , x ∈
[

1
3 ; 1
]
,

ãäå c1n, c2n−íîðìèðîâî÷íûå ÷èñëà. Èç ýòèõ ôîðìóë âèäíî, ÷òî åñëè n0 ÷åòíîå ÷èñëî,
òî vn0

(
1
3

)
6= 0, à åñëè n0 íå ÷åòíîå ÷èñëî, òî vn0

(
1
3

)
= 0. Ïîýòîìó âñå óòâåðæäåíèÿ

òåîðåìû ñëåäóþò èç ðåçóëüòàòîâ ðàáîòû [14] (ñì. òàêæå [15], [16]).
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